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On injective endomorphisms of the semigroup B * with a
three-element family .7° of inductive non-empty subsets of w

Gutik O.V,, Serivka M. V.

Let .Z be an w-closed family of the subsets of the set of all non-negative integers w and B be
the bicyclic extension generated by .#, which are defined in [Visnyk Lviv Univ. Ser. Mech.-Mat.
2020, 90, 5-19]. In [Visnyk Lviv Univ. Ser. Mech.-Mat. 2023, 95, 28-45] we describe injective monoid
endomorphisms of the semigroup B, * with the family .72 = {[0),[1),[2)} and show that for every
injective monoid endomorphism ¢ of B, * there exists a positive integer k such that ¢ = a} and the

mapping [y : B/ - B/ ? is defined by the formula

(i, kj, [p)), if p€{0,1},

(G j [p))agg = {(k(i +1)=1Lk(j+1) - 1,[2), ifp=2

foralli,j € w.
In this paper, we describe injective endomorphisms of the semigroup B, *In particular, we
construct injective endomorphisms @3 and A of B * and describe the subsemigroup (A, @3) of the

Z3
Bw

semigroup End( ) of all injective endomorphisms of the semigroup B ’, generated by w3

and A. We show that for every injective endomorphism ¢ of the semigroup B, ? there exists an
injective endomorphism 1 € (A, @3) such that e = ay o« for some positive integer k, where |y is an

injective monoid endomorphism of Bf * . Also, we prove that the submonoid of Endiy; (Bf ’ ), which
is generated by the set {tX[k] : k € N} and by the endomorphism A, is isomorphic to the semidirect
product (N, -) X (w, +).

Key words and phrases: bicyclic monoid, inverse semigroup, bicyclic extension, endomorphism,
semigroup of endomorphisms, inductive set, semidirect product.
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Introduction, motivation and main definitions

We shall follow the terminology of the monographs [1,2,16]. By w we denote the set of all
non-negative integers and by IN the set of all positive integers. If f: X — Y is a map, then by
(x)f and (A)f we denote the image of x € X and A C X under f, respectively.

Let Z(w) be the family of all subsets of w. For any F € £ (w) and any integer n we
putn+F = {n+k:k € F}if F # dand n+ @ = @. A subfamily .7 C Z(w) is called
w-closed if FN(—n+F) € % foralln € w and F,F, € .#. For any a € w we denote
1) ={x € w: x >a}.
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A subset A of w is said to be inductive, if i € A impliesi +1 € A. Obvious, that & is an
inductive subset of w.

Remark 1 ([5]). (1) By [4, Lemma 6], non-empty subset F C w is inductive in w if and only if
(-1+F)NF=F.

(2) Since the set w with the usual order is well-ordered, for any non-empty inductive subset
F in w there exists non-negative integer nr € w such that [nrp) = F.

(3) Statement (2) implies that the intersection of an arbitrary finite family of non-empty
inductive subsets in w is a non-empty inductive subset of w.

For an arbitrary semigroup S any homomorphism a: S — S is called an endomorphism of
S. If the semigroup has the identity element 1, then the endomorphism & of S such that
(Is)a = 1g is said to be a monoid endomorphism of S. A bijective endomorphism of S is called
an automorphism.

A semigroup S is called inverse if for any element x € S there exists a unique x~! € S such
that xx 'x = x and x'xx~! = x~1. The element x ! is called the inverse of x € S. If S is an
inverse semigroup, then the function inv: S — S, which assigns to every element x of S its
inverse element x !, is called the inversion.

If S is a semigroup, then we shall denote the subset of all idempotents in S by E(S). If S is
an inverse semigroup, then E(S) is closed under multiplication and we shall refer to E(S) as
a band (or the band of S). Then the semigroup operation on S determines the following partial
order < on E(S): e < fif and only if ef = fe = e. This order is called the natural partial order
on E(S).

If S is an inverse semigroup, then the semigroup operation on S determines the following
partial order < on S: s < t if and only if there exists e € E(S) such that s = fe. This order is
called the natural partial order on S [20].

The bicyclic monoid € (p, q) is the semigroup with the identity 1 generated by two elements
p and g subjected only to the condition pg = 1. The semigroup operation on ¢ (p, q) is deter-
mined by

qkpl . qmpn _ qk+m7min{l,m}pl+n7min{l,m}.
It is well known that the bicyclic monoid %(p, q) is a bisimple (and hence simple) combina-
torial E-unitary inverse semigroup and every non-trivial congruence on %(p,q) is a group
congruence [1].
On the set B, = w x w we define the semigroup operation

“ 7

in the following way
(1 —j1+i2,j2), if 1 <iz,
(i1,71) - (i2,j2) = { (i, 2), if j1 =1y,
(ilrjl — i —|—j2), if j1 > is.
It is well known that the bicyclic monoid € (p, q) is isomorphic to the semigroup B, by the
mapping b: €(p,q) — Bw, 4°p' = (k,1) (see [1, Section 1.12] or [18, Exercise IV.1.11(ii)]).
Next we shall describe the construction which is introduced in [4].
Let .# be an w-closed subfamily of &(w). On the set B, x % we define the semigroup
operation “-” in the following way
(h—j+iyj,(h—2+F)NE), if 1 <i,
(ilzjlz Fl) ’ (i2/j2/ FZ) = (il,jz,Fl N Fz), if j1 = ip,
(i jh—i+jp BN —h+Ek)), if j>i.
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In [4], it is proved that if the family .7 C 2 (w) is w-closed, then (B, X .Z,-) is a semi-
group Moreover, if an w-closed family .# C Z(w) contains the empty set &, then the set
= {(i,j,@):i,j € w} is an ideal of the semigroup (B, X .#,-). For any w-closed family
F C P(w) the following semigroup
BZ _ { (Bw x #,-)/1, if @€ Z,
@ (Bw x Z,-), if o¢F

is defined in [4]. Also, the structure of the semigroup B, is studied there.

Group congruences on the semigroup B, and its homomorphic retracts in the case when
an w-closed family .# consists of inductive non-empty subsets of w are studied in [5]. In [6],
it is proven that an injective endomorphism e of the semigroup B, is the indentity transfor-
mation if and only if € has three distinct fixed points, which is equivalent to existence non-
idempotent element (i, , [p)) € B/ such that (i, ], [p))e = (i,],[p)).

In [3,17], the algebraic structure of the semigroup B, is established in the case when
w-closed family .% consists of atomic subsets of w. The structure of the semigroup B,", for
the family .%, which is generated by the initial interval {0, 1, ...,n} of w, is studied in [8]. The
semigroup of endomorphisms of B/ is described in [7,19].

In [13], the semigroup End(B,) of all endomorphisms of the bicyclic semigroup B, is
described.

In the paper [9], injective endomorphisms of the semigroup B, with the two-elements
family .% of inductive non-empty subsets of w are studies. In [10,12], the semigroup End'(B7,)
of all monoid endomorphisms of the monoid B is studied.

In [15], we study the semigroup W(sz) of all endomorphisms of the bicyclic extension
B£2 with the two-element family F2 of inductive non-empty subsets of w. The submonoid
(@)! of W(sz) with the property that every element of the semigroup W(sz) has the
unique representation as the product of the monoid endomorphism of B£2 and the element of
(@)! is constructed.

Later we assume that .%3 is a family of inductive non-empty subsets of w which consists
of three sets. By [5, Proposition 1], for any w-closed family .# of inductive subsets in & (w)
there exists an w-closed family .7 * of inductive subsets in #?(w) such that [0) € .#* and the
semigroups B, and B, are isomorphic. Hence, without loss of generality, we may assume
that the family .# contains the set [0), i.e. .72 = {[0),[1),[2)}.

In [14], we describe injective monoid endomorphisms of the semigroup B, ’. Here we
shown that for every injective monoid endomorphism ¢ of B,  there exists a positive integer k
such that ¢ = a} and the mapping a B/ - B/ ? is defined by the formula

. ki,kj, p)), if pe{0,1},
i jilpDagg = { Ek(i ¥ [1;;))— Lk(+1) - 1,[2), if 5 — g }
foralli,j € w (see [14, Theorem 5]). Also we prove that the monoid EnalmJ (B 3) of all injective
monoid endomorphisms of the semigroup Bj is isomorphic to the multiplicative semigroup
of positive integers.
In this paper, we describe injective endomorphisms of the semigroup B, In particular,
we find endomorphisms @3 and A of B, > such that for every injective endomorphism ¢ of the

semigroup B ? there exists an injective endomorphism ¢ € (A, @;) such that e = a0 for
some positive integer k.
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1 On some properties of injective endomorphisms of the semigroup B,
For any positive integer n we denote %" = {[0),...[n —1)}.
Proposition 1. For any positive integer n the following statements hold:
(i) themap A: B.," — B/ defined by the formula
(i, p)A=(>G0+1j+11[p), ijew ped{0,...,n—1},

. .. . . . an
is an injective endomorphism of the semigroup B, ;

(ii) the map @,: BJ, — B defined by the formula

(jp))on =(i+pj+pn—1-p)), ijew pe{0,... ,n—-1}

. .. . . . an
is an injective endomorphism of the semigroup B, ;

(ifi) @2 = A",
(ZU) (Dn)\ - Awn.

Proof. The proofs of statements (i) and (ii) are same as [11, Proposition 6] and [11, Lemma 3],
respectively.
(iii) For arbitrary i,j € wand p € {0,...,n — 1} we have

(i+pj+pln—1-p))o,
(i+p+n—1—pj+p+n—-1—pn—-1—(n—-1-p)))
(i+n—1,j4+n—-1,[p)),

(i), [p))@s

hence, @2 = A"~ 1,
(iv) For arbitrary i,j € wand p € {0,...,n — 1} we get

G,j,[p)onh = (i+pj+pn—1-p)A=(i+p+Lj+p+1[n—1-p))

and
(Lj p)A@y = (i+1,j+1,[p))on = (i+1+p,j+1+p[n—1-p)),
which implies the equality @w,A = A@;. ]

Recall that the semigroup B is isomorphic to the bicyclic semigroup if and only if & = [p)
for some p € w.
For any non-negative integers s and t with s < t < n we denote Z*!/ = {[s),...,[t)} and

[st

- {G,j,Ip):ijew, p=s,..., t}

F
B,

Proposition 2. Let s and t be non-negative integers such thats < t < n. Then the subsemi-
group Bf[s't] of BY" is isomorphic to the semigroup B/, ", m < n, ifand only if m = t —s + 1.

Proof. Suppose that m = t — s + 1. We define the map J: B, o, B/ by the formula

(i,j,[p+5)3=(7jlp)), i,jew, ped0,...,m—1}.
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For arbitrary iy,13,j1,j2 € wand p1, p2 € {0,...,m — 1} we have

((i1, j1, [p1 +5)) - (i, jo, [p2 +5)))3
(i1 —j1+i2j2, (1 —i2+ [p1+5)) Np2+5))J, if j1 <ip,
i, j2, [p1+s) N [p2+59))7, if j1 =1,
i, j1—ia+j2, [p1+s)N(i2—jo+ [p2+5s)))T, if j1 > ip
iv—j1+i2,j2, (1 —i2+ [p1)) N [p2))3, if j1 <ip,
i1,j2, [p1) N [p2))7, if j1 =1y,
(it 1 —i2 + o, [p1) N (l2 — ja + [p2)))3, if j1> iz

= (i1, j1,[p1)) - (12,2, [p2)) = (iv,j1, [p1 +9))T - (i2,j2, [p2 +9))7,

because [ +s)N[g+s) = ([I)N[g)) +sforalll,g,s € w.

By [4, Theorem 2(iv)] the semigroup B ! has t — s + 1 P-classes and B”" has m
P~classes. If the semigroups B;, I and B”" are isomorphic, then B, I and B”" have the
same many Z-classes, and hence m =t —s+ 1. O

(i
(i
(i
(i

For any positive integer m and p € {0,1,...,n — 1} we define
B [(m,m, [p))] = (m,m,[p)) - BZ" - (m,m,[p)) = (m,m,[p)) - BS N BS" - (m,m, [p)).

Lemma 1. Let n be an arbitrary positive integer. Then B, [(m,m,[0))] = (BJ )A™ for any
positive integer m.

Proof. For an arbitrary positive integer m, any i,j € w and p € {0,...,n — 1} we have

(m,m,[0)) - (i, j, [p))) - (m,m, [0))
(i,j, (m —l+[)) [p)) - (m,m, [0)), if m<i,

{ (m, ], [0) 0 [p)) - (m,m, [0)), if m=i,
(m, m—z+],[)ﬂ(z—m+[p))) (m,m,[0)), if m >i
(i,7,[p)) - (m,m,[0)), if m<i,

_ } (mj,[p)) - (m,m,[0)), it m=i,
(m,m—i+7j,10))-(m,m,0)), if m>iand i—m+p <0,
(mm—z+],(z—m+[))) (m,m,[0)), if m>iand i—m+p >0
(1, 1p)) - (m,m,0)), if m <,

{(mmz+],[)) (m,m,[0)), if m>iand i—m+p <0,
(mm—z+],(z—m—|—[))) (m,m,[0)), if m>iand i—m+p>0
(i—j+mm,(j—m+[p)) NI[0)), if m<iand j<m,

(i,7,[p) N[0)), if m<iand j=m,
(i,j—m+m,[p)N(m—j+]0))), if m<iand j>m,
(m—m+i—j+m,m, (j—i+[0)N][0)), if m>ii+p<mand m—i+j<m,
=< (m,m,[0)N][0)), if m>i,i+p<m and m—i+ j=m,
(mm—z+],[) (i—j+10))), if m>ii+p<mand m—i+j>m,
(m—m~+i—j+m,m, (j—m+[p))NI[0)), if m>ii+p>m and m—i+j<m,
(m,m,(i—m+[p))NI[0)), if m>ii+p>mand m—i+j=m,
(m,m—i+j,(i—m+[p)N({i—j+10))), if m>ii+p>mand m—i+j>m
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(i—j+mm,(j—m~+[p))N[0)), if m<iand j<m,
(i,7,[p), if m<iand j=m,
(i,7,[p)), if m<iand j>m,
(m+i—j,m,[0)), if m>ii+p<mand j<i,
=< (m,m,[0)), if m>ii+p<mand j=i,
(m,m—i+j,[0)), if m>ii+p<m and j>i,
(m+i—jm,j—m+|[p)), if m>ii+p>mand j<i,
(m,m,i— m—{—[p)) it m>ii+p>mand j=1i,
| (m,m—i+j,(i—m+[p))), if m>ii+p>mand j>i,

and hence we get that B, [(m,m,[0))] € (BZ")A™. Since for any i,j > m, i,j € w and
p € {0,...,n} we have

(m,m,[0)) - (i,j, [p))) - (m,m, [0)) = (i, ], [p))) - (m,m, [0)) = (i, ], [p))),
we conclude that (B )A™ C B "[(m, m, [0))]. This implies the requested equality. O
Proposition 1 (i) and Lemma 1 imply the following corollary.

Corollary 1. Letn be an arbitrary positive integer. Then B, and B, [(m, m, [0))] are isomor-
phic semigroups for any positive integer m.

We observe that the isomorphism of the semigroups B, and B;, [(n,m,[0))] is defined

as the corestriction of the endomorphism A": B — B onto its image (B, )A™.

2 On endomorphisms of the semigroup B, ’

73
In this section, for any p € {0,1,2} we denote BZ” ={(i,j,[p)):i,j € w}. Also we denote

F F3 F3 T F3 F3 F3 F3 F3
B," =B, UB,', B,” = B,,’ UB,,*, and B,,"* = B,,' UB,,’

Lemma 2. Let ¢ be an injective endomorphism of the semigroup B/ ’. Then the tollowing
statements hold:

() )e & By,
(if) )e € By,

(iif) B/3 )e € By,

J01
le
a3
/02

(iv) (0,0,[0))e & BL,".

Proof. (i) Suppose to the contrary that there exists an injective endomorphism ¢ of the semi-
group B/ * such that (B 3)8 C Bfal. If (0,0,]0))e € Bfg, then by [4, Lemma 2] we have
that (0,0,[0))e = (s,s,[0)) for some s € w. By Corollary 1 there exists an isomorphism
J: B ’ (s,5,[0)) — B ’. Then the composition e o J is an injective monoid endomorphism of
the semigroup B, * such that (B 3) (e0T) C Bfél C B *, which contradicts [14, Theorem 5].
Hence (0,0, [0))e ¢ B
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If (0,0,[0))e € B thenby [4, Lemma 2] there exists s € w such that (0,0, [0))e = (s,s, [1)).
We consider the map @;: BwO'l — B, 7o C Bj defined by the formula

. G ), if p=0,
ijilp))2 = {(i+1,j+1, 0)), if p=1.

Fz3 P
By [15, Lemma 1], the map @; is an injective endomorphism of the subsemigroup B, of B7,

0'*3

because by Corollary 1 the sem1groups B, 20 and B‘/ are isomorphic. Then the composition
gom: BZ — B 75 C B7” is an injective endomorphism of the semigroup B such that
(0,0,10))e € Bw0 , which contradicts the above part of the proof of this statement. The obtained

contradiction implies statement (7).

(ii) Suppose to the Contrary that there exists an injective endomorphism ¢ of the semigroup

F3
B7” such that (BZ")e C B, i . By Corollary 1 there exists an 1somorph1sm 3B, B'jOl

Then the composition € 0 J is an injective endomorphism of B‘j such that (Bj )(e0T) C Bwl'z,
which contradicts statement (7). The obtained contradiction implies statement (if).
(iii) Suppose the contrary, i.e. there exists an injective endomorphism ¢ of the semigroup

B7” such that (BZ)e C Bfgz. If (0,0,[0))e € Bfg, then by [4, Lemma 2] we get that
(0,0,10))e = (s,s,[0)) forsome s € w. Since (0,0, [0)) is the identity element of the monoid B, y
(0,0,[0))e is the identity element of the subsemigroup (B;, 3)8 of B *This implies that (B, 3)8
is a subsemigroup of the homomorphic image (B;, ’ JA®. By Corollary 1 there exists an isomor-

0'*3

phism J: (B, 12))\5 B/ *. This implies that the composition € o J is an injective monoid
endomorphism of B ’. Then by [14, Theorem 5] there exists a positive integer k such that
g =eoJ. Thene:a[k}oJ Land (B7") QB/“

If (0,0,[0))e € B 2, then by [4, Lemma 2] there exists s € w such that (0,0, [0))e = (s,s, [0)).

Then the composition ¢ o @3 is an injective endomorphism of the semigroup Bj such that
3

(0,0,[0))eoc @5 € B0 This contradicts the above part of proof of this statement. The obtained
contradiction implies statement (iif).

(iv) Suppose to the contrary that there exists an injective endomorphism ¢ of the semi-

oA e6\3 . .o . PR
group B * such that (0,0,[0))e € B, By statements (i) and (ii), neither the condition
73 73
(0,0,[1))e € B,," nor the condition (0,0, [2))e € B,,' holds.
73 73

If (0,0,[1))e € B_?, then by statement (ii) we have that (0,0, [2))e € B.". By [4, Lemma 2],
we have that (0,0,[0))e = (s,s,[1)) for some s € w. Proposition 1 and Corollary 1 imply that
the corestriction of the mapping A*: B P B/ * onto the image (B, 3))\5 is an isomorphism
of B * onto (B 3)AS, and we denote this isomorphism by J. Then the composition e 0 3! is
a monoid endomorphism of the semigroup B;, ’. Hence, without loss of generality, we may
assume in what follows that (0,0, [0))e = (0,0, [1)).

z3 z3

Since, by Corollary 1, the subsemigroups B,,"' and B,,"? of B”" are isomorphic under the
mapping J: (i,/,[p)) — i,j,[p+1)),i,j € w, p € {0,1}, it follows from [9, Theorem 1] that
there exist a positive integer k and p € {0, 1} such that

(i,7,10))e = (ki kj, [0)), (i,j,[1)e = (p+ki,p +kj,[1)), forall i,j€ w.
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By [4, Lemma 5], we have
(0,0,[2)) < (0,0,[1)) < (0,0,[0))  and  (2,2,[0)) < (1,1,[1)) < (0,0,[2)).
By [16, Proposition 1.4.21 (6)], we get

(0,0,2))e < (0,0, [1))e = (p, p,[2)) < (0,0,[0))e = (0,0, 1))

and

(2,2,[0))e = (2K, 2k, 1)) < (1,1, [1))e(k + p. k+ p, [2)) < (0,0, [2))e.
Since (0,0,[2))e < (0,0,[1)), it follows from [4, Lemma 2] that there exists a positive integer x
0

such that (0,0, [2))e = E ,[0)). By the equality (1,1,[0)) - (0,0, [2)) = (1,1,[1)), we have
(1,1,[0))e- (0,0,[2))e = (1,1, [1))e.

Hence, we get the equality

(k. K, [1)) - (x,x,[0)) = (k+p,k+p,[2)),

which contradicts the semigroup operation on B;, ’. The obtained contradiction implies that
the conditions (0,0, [0))¢ € B21, (0,0, 1)) € BZ2, and (0,0, [2))e € B0 do not hold.

Suppose that there exists an injective endomorphism & of the semigroup B;, ? such that
(0,0,(0))e € BT, (0,0,[1))e € BZY, and (0,0,[2))e € B.2. By Proposition 1 (ii), @s is an
injective endomorphism of the semigroup B, * and hence the composition € o 3 is an injective
endomorphism of Bgﬂ, as well. Then we get (0,0,[0))(eo @3) € Bf?, (0,0,[1))(eo@3) € Bfg,
and (0,0, [2))(eo @3) € Bfg, which contradicts the above part of the proof.

Therefore we obtain that (0,0, [0))e ¢ Bff. O

If S is a semigroup and a,b € S, then by (a,b) we denote the subsemigroup of S which is
generated by elements a and b. Also, by A and @3 we denote the injective endomorphisms of
the semigroup B ’, defined in Proposition 1 for n = 3.

Theorem 1. For every injective endomorphism ¢ of the semigroup B, > there exists an injective
endomorphism 1 € (A, @3) such thate = ayy o 1 for some positive integer k.

Proof. Lemma 2 implies that for every endomorphism of the semigroup B, ’ only one of the
following conditions holds:

3
(1) (0,0,[p))e € Bj" forall p € {0,1,2};

(2) (0,0,[p))e € B ”forallp € {0,1,2}.

Suppose condition (1) holds. By [4, Proposition 3], for any p € {0,1,2} the subsemi-

4

group BZ of BJ is 1somorph1c to the bicyclic semigroup. Hence, by [5, Proposition 4], we

have (i,],[p))e € Bw” foralli,j € wand p € {0,1,2}. Since (0,0,[0)) is an idempotent of
Bf 3, it follows from [4, Lemma 2] that there exists s € w such that (0,0,[0))e = (s,s,[0)).

This implies that (B 3)8 C (BZ 3))\5. By Proposition 1 and Corollary 1 the corestriction
AST

(BZ s B/ g (B 3))\5 of the endomorphism A* onto (B 3))\5 is an isomorphism,
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-1

and hence we get that the composition ¢ o (A°] is an injective monoid endomor-

Ca
phism of the semigroup B, ’. This implies that there exists a positive integer k such that
go (A [(353)A5)_1 = ayg. The injectivity of the map A° implies &€ = a0 A® f(sg%m

Suppose condition (2) holds. Then € o @3 is an injective endomorphism of the semigroup

= IX[H o AS.

B ’, which satisfies condition (1). By the previous part of the proof, there exists a positive
integer k such that € 0 @3 = a) o A°. We remark that the above equality holds if and only if
€0 (03003 = (] O A® o 3, because €, @3, X[k, and A® are injective maps. By Proposition 1 (iii),
we get

SO)\kil:Sowgowgzw[k]o)\sowg. (1)
Suppose (0,0,[0))e = (x, x,[2)) for some x € w. Then we have

(0,0,[0))(e0 AF 1) = (w,x, PN = (x +k—1,x +k—1,[2))

and

(0,0, [0)) (g © A% 0 @3) = (0,0,[0)) (A° 0 3) = (5,5, [0))@s = (5,5, [2)).
This implies that k — 1 < s. Then equality (1), Proposition 1, and the injectivity of above maps
imply that

e=apoA ow;o (A1 = &[0 @30 A% 0 (A=t = X[ © @30 AsTRHL — & © AL 6 3.
This completes the proof of the theorem. O

Lemma 3. Let X be a non-empty set and a and b be transformations of the set X. Then for an
arbitrary injective transtormation b of X the equality ao b = b o h) implies thata = b.

Proof. Suppose to the contrary that there exist transformation a and b of the set X such that
aoh =bobhand a # b. Then there exists x € X such that (x)a # (x)b. Since b is an injective
transformation of X, we get that (x)(aoh) # (x)(boh), which contradicts the assumption.
The obtained contradiction implies the statement of the lemma. O

We denote by Endinj(Bf 3) the semigroup of all injective endomorphisms of the semi-
group B ’,

Proposition 3. Let k be an arbitrary positive integer. Then in End ,-nj(Bf 3) the following equal-
ities hold:

(i) Aoap =apjo A,
(ll) @30 X[k © @3 = X[k © )\k+1,'
(lll) @3 0 X[k) = Q[k] © w3 0 AR=L
Proof. (i) Forany i,j € wand p € {0,1,2} we have

@ Ip)(Aoay) = (E+1,j+1,[p))ay

:{ (k(i +1),k(j+1),[p)), if pe{0,1},
(k(i+2)—1,k(j+2)—1,[2)), if p=2

B { (ki +k,kj+k [p)), if pe{0,1},
L k(i4+1) —14+kk(j+1)—1+k[2)), if p=2



On injective endomorphisms of the semigroup Bf ® with a three-element family .73 ... 443

and

s (ki kj, [p))A¥ if pe{0,1},
(irjo [P)) (g 0 A) = { (k(i+1)—1, k(]+1)—1 2)AK, if p=2
{ (ki + k,kj + K, [p)), if pe {01},
(k(i+1)—14+kk(j+1)—1+k[2), if p=2.
This implies that the equality A o ajy = a0 Ak holds in Endinj(Bf 3) .
(ii) Forany i,j € wand p € {0,1,2} we have
(i), [p)) (@3 0apgo@s) = (i+p,j+p[2—p))(ayows)
(], [2))(apq o @3), if p=0,
(+1,j+1[1))(agow@s), if p=1,
(i+2,j+2[0)(ap ow@s), if p=2
(k(i+1)—1k(j+1)—1,[2))w;, if p=0,
(k(i+1),k(j +1),[1))@s, if p=1,
(k(i+2),k(j+2),[0))c0s, if p=2
(k(i+1)—14+2,k(j+1)—1+2,2-2)), if
(k(
(k(
(
(
(k

— — N —

k(i+1)+1Lk(j+1)+1,12-1)), if
k(i+2),k(j+2),[2—-0)), if
ki+k+1,kj+k+1,[0)), if p=0,
ki+k+1,kji+k+1,[1)), if p=1,
(i+1)+kk(j+1)+k([2)), if p=2

ST TS
I
N~ O

and
» k1 (ki, kj, [p))A**1, if pe{0,1},
(i, [P)) e 0 A7) = { (k(i+1) = Lk(j+1) — 1, [2))AK1, if p=2
{ (ki+k+1kji+k+1,[p)), if pe{0,1},
(k(i+1)—14+k+1,k(j+1)—1+k+1,2)), if p=2
{ (ki+k+1,kji+k+1,[p)), if pe{0,1},
(k(i+1)+kk(j+1)+k[2), if p=2,
and hence @3 o &) 0 @3 = [ © AL in Endinj(B(;, )
(lll) The equality 030 OC[k] o3 = OC[k] o )\k+1 1mp11es that @30 {X[H 0W30W3 = OC[k] o )\k+1 0 (V3.
By Proposition 1 (iii), we get that @3 = A%, and hence @; o &[] © A2 = ([ © ANFL o @,
Since k is a positive integer and A? is an injective endomorphism of the semigroup B, ’,
Lemma 3, Proposition 1 (iv), and the equality @3 o ay o A2 = &g © A+ o @5 imply that
&7300{[](] = Q) O(D3O)\k_1. 0
Remark 2. By [14, Theorem 5], for any injective monoid endomorphism e of the semi-
group B > there exists a positive integer k such that ¢ = ajy). Also (see [14]), we have that

X[k,] © X[k,] = X[k,-k,] IN the monoid End,ln/(B‘/ ) of all injective monoid endomorphisms ofo3
for all positive integers ki and k.

By <rx[,]> we denote the subsemigroup of Endinj(Bf 3), which is generated by endomor-

phisms ay, k € IN, of the semigroup B/ ’, According to [14, Theorem 6], the semigroup <“[°]>
is isomorphic to the multiplicative monoid of positive integers (IN, -).
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Later, without loss of generality, we may assume that A° is an identity endomorphism of
the semigroup B °, and it is clear to see that A0 = ajy)- It is obvious that the semigroup
AT = {A"™:m € N} is isomorphic to the additive semigroup of positive integers (IN, +)
and the monoid A* = {A": m € w} is isomorphic to the additive monoid of non-negative
integers (w, +).

Let S and T be semigroups and h: S — End(T) be a homomorphism from S into the
semigroup End(T) of all endomorphisms of T. By b, we denote the image of s, under homo-
morphism h. The Cartesian product S x T with the following semigroup operation

(s1,t1) - (s2,t2) = (s152, (t1)bs, t2)
is called the semidirect product of S by T, and it is denoted by S x, T.

Theorem 2. In the monoid End ,-,,j(Bf 3) the following statements hold:

(1) (a0 A™) 0 (ap,) 0 A™) = g .k, © Ak mitma for any kq, ky € N and mq, my € w;

(ii) the submonoid ((af),A*) of End,-,,j(B‘f3), which is generated by the sets (w[,) and
A*, is isomorphic to the semidirect product (N, -) xy (w, +), where the homomorphism
h: (N, ) — End(w, +) is defined by the formula (n)b; = kn;

(iii) (&) 0 A™ 0 @3) 0 (A 0 A™2) = & gy © AT 0 @ for any ki, k, € N and
my,my € w;

(iv) (ap,) 0 A™ 0 @3) o (ap, 0 A™ 0 @3) = &k, © Akemitkotmat2 for any ki,k, € N and
my, My € w.

Proof. (i) By Proposition 3 (i), for any k1, k, € IN and my, my € w we have
X[ty © A" 0 ) © A2 = e 0 gy 0 A0 AT = gy 0 ATETENE,

(ii) By Proposition 3 (i), every element of the monoid ((af,),A*) is presented as
a composition ap o A™ for some k € N and m € w. It is obvious that such a presenta-
tion is unique. We define an isomorphism J: ({a[y),A*) — (N, ) Xy (w, +) by the formula
(a0 A™)T = (k,m) forallk € N and m € w. Statement (i) implies that so defined map J is
an isomorphisms of the semigroups ((a[,]),A*) and (N, -) xy (w, +).

(iii) By Proposition 3 and statement (i), for any k1, ky € IN and mq, m; € w we have

(g, © A™ 0 @3) © () © A™) = @, © A™ 0y, 0 @30 A2 0 A™

= ) © ) © A 0 03 0 A2

_ ko-mq+ky+myp
= “[kl'kz] oA O (03.

(iv) By statement (i7) and Proposition 1 (iii), for any k1, k, € IN and my, m; € w we get

= ky-my+ky+ 2
(&[] 0 A™ 0 @3) 0 (ap,) © A" 0 @3) = A, © AT 0 03

_ ko -mq+ky+my 2
= oc[kykz} O)\ O)\

_ ko -mq+ky+mp+2
= k) © A :
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Hexait % — w-3aMKHeHa CiM’sl TIAMHOXMH MHOXMHM YCiX HeBiA €MHMX IIAMX UMCeA w i :74
— 6iIMKAiYHe po3ImmMpeHHs], HOPOAXKeHe ciM’efo .#, siki o3HaueHi B [Visnyk Lviv Univ. Ser. Mech.-
Mat. 2020, 90, 5-19]. Y [Visnyk Lviv Univ. Ser. Mech.-Mat. 2023, 95, 28—-45] mu ormcyemo il eKTHBHi
MOHOIAAABHI eHAOMOpPDi3MI MOHOIAA By, 378 = {[0),[1),[2)} 1 A0OBOAMMO, IIO AAST KOXXHOTO
iH’eKTMBHOTO MOHOIAAABHOTO €HAOMOP(I3MY € HaIliBrpyIm B‘;}“@ ’ icHye Take HaTypaAbHe WmcAo k,
IO € = (fj] i BIAOGPaXKeHHST ) : B/ P :74 ® BusHauAeTHCS 3a dopmyaoro

(ki, kj, [p)), sxmo p € {0,1},

(irj' [p))‘x[k] = {(k(l + 1) _ 1,k(] +1)-1, [2)), SIKIIO p = 2,

AMSIBCIX i, ] € w.
PR . -y . . . '?3

Y 1iit mparni My omcyeMo iH'eKkTHBHI eHEAOMOpPdpiaMm HamiBrpymm By, . 3oxpeMa, TO6yA0BaHO
. . . . . 73 . . . .
iH'exTVBHi eHAOMOPisMM @3 i A HamiBrpymm By, i ommcaHa miaHamiBrpyna (A,@3) HamiBrpymi

d T3 CRC . . . Z3 .
End, (B, ") ycix in’exTuBHMX eHAOMOPi3MiB HaniBrpymm By, ", sika mopoaxeHa @3 i A. AoBeaeHo,

. . . 73 . . y
IO AAST KOKHOTO iH'€KTMBHOTO eHAOMOpPisMy ¢ HamiBrpymm B, icHye Taxuil iH eKTUBHWIL €HAO-
MOpisM ¢ € (A, @3), WO € = [y © L AASL AESKOTO HaTypaAbHOro wmcaa k. Taxox My AOBOAMMO,
. . " 73 y . .

10 TAMOHOIA MOHOIAA End,p; (Bg ), IOPOA>KEHWIT MHOXXMHOIO {tX[k] 1k e IN} i emaoMopdrizmoM A,
isoMopdprmit HamiBpsiMoMy A06yTKY (N, ) Xp (w, +).

Kontouosi cnosa i ¢ppasu: GIIMKAIUHMIT MOHOIA, iHBepCHa HamiBrpyma, 6ilMKAIUHE PO3IIMpPEHHS,
eHAOMOP(i3M, HamiBrpyma eHAOMOPpdi3MiB, iHAYKTMBHA MHOXWHA, HaIiBITPSIMIIL AOGYTOK.



