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Subsymmetric functions on Banach spaces
with subsymmetric bases

Dolishniak D., Kravtsiv V.

Properties of subsymmetric polynomials, analytic functions and some their generalizations on
Banach spaces with subsymmetric bases are considered. We prove that if a polynomial on a complex
infinite-dimensional Banach space X has a subsymmetric set of zeros, then it is subsymmetric. From
here we deduce that the algebra Pg (X) of subsymmetric polynomials on X is factorial. We consider
conditions when a subsymmetric function on a Banach space can be approximated by subsymmetric
analytic functions or polynomials. In addition we construct some weighted backward shift-like
mappings on the metric space of point evaluation functionals on Pg (X) and prove their topological
transitivity.
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Introduction

Symmetric (invariant) functions with respect to a group or semigroup of operators on a
linear space are important in the invariant theory [34,48], function theory [4], nonlinear func-
tional analysis [23], topological algebras [5, 14, 15], quantum physics [11, 16, 30, 41, 42], neural
nets [51], approximation theory [29], and other branches of mathematics and applications.

Let X be a real or complex Banach space and S be a semigroup of continuous opera-
tors. A function f on X is said to be S-invariant (or S-symmetric) if f(o(x)) = f(x) for every
o € Sand x € X. The classic invariant theory investigates S-invariant polynomials on a finite-
dimensional complex space X = C" for a group S of linear operators on C". The fundamental
problems of invariant theory are the following (see, e.g., [47]):

— find a set of generators of the algebra of S-invariant polynomials;

— describe the relations (the syzygies) among the generators;

— write an arbitrary S-invariant polynomial as a polynomial in the generators.

If X is an infinite-dimensional Banach space, then it make sense to consider semigroups of
operators on X that are not groups. Also, it is interesting to consider algebras of S-invariant an-
alytic functions on X. In particular, the algebra Hys(X) of S-invariant entire analytic functions
of bounded type (bounded on bounded subsets of X) is important in the theory of topological
algebras. It leads to the following additional problems.
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— Does every S-invariant analytic functions on X belong to Hys(X)?

— What is the spectrum (the set of maximal ideals) of Hys(X) if X is a complex Banach
space?

— Is the algebra of S-invariant polynomials on X factorial?

— Let f be an S-invariant function on X. Can we approximate f by S-invariant analytic
functions if X is a real Banach space?

S-invariant polynomials with respect to various groups and semigroups of operators on
Banach spaces ¢ p and L, were firstly considered in [21,26-28,40]. In these papers, some genera-
tors and linear bases in corresponding algebras of S-symmetric polynomials were constructed.
These investigations were continued for different groups and semigroups by many authors
(see [10, 12,20, 35,44, 45] and references therein). Algebras Hjs(X) of S-invariant entire ana-
lytic functions of bounded type and their spectra M;s(X) (the sets of maximal ideals) were
investigated in [5, 12,14, 15,35,46] and other papers.

For every x € X the functional dy: x — f(x) belongs to the spectrum M;s(X), thatis, dyisa
linear, multiplicative, and continuous functional on Hjs(X). We have the following relation of
equivalence on X, generated by M;s(X): vectors x and y are equivalent if y = J,. Let M5 be
the set of equivalence classes. The case when S is the group of permutations of basis vectors,
M3, admits some complete metrizable topologies (see [22,33]). In this work, we consider a
metric space My = M5, where S = & is a semigroup of subsymmetric translations (the
definition in the main body of the paper).

Analytic functions of unbounded type were considered in [1,2,50]. The zero-sets of poly-
nomials on Banach spaces were investigated by many authors (see, e.g., [6,9,36] and references
therein). Approximation of continuous functions by analytic ones were studied in [7, 8,13, 37].

In this paper, we investigate properties of subsymmetric polynomials, analytic functions
and some their generalizations on Banach spaces with subsymmetric bases. In Section 1, we
provide some basic definitions an preliminary results. In Section 2, we prove that if a polyno-
mial on a complex infinite-dimensional Banach space X has a subsymmetric set of zeros, then
it is subsymmetric. From here we deduce that the algebra Ps(X) of subsymmetric polynomi-
als on X is factorial. These results are extended for polynomials of some more general form.
In Section 3, we consider conditions when a subsymmetric function on a Banach space can
be approximated by subsymmetric analytic functions or polynomials. In Section 4, we con-
struct some weighted backward shift-like mappings on the metric space of point evaluation
functionals on Pg(X) and prove their topological transitivity.

1 Definitions and preliminaries

Let X and Y be Banach spaces. A mapping P,: X — Y is an n-homogeneous polynomial
if there is an n-linear map P, from the Cartesian product X" = X x --- X X to Y such that
P(x) = Py(x,...,x). A finite sum P(x) = Py(x) + P;(x) + - - - + Py (x) of homogeneous poly-
nomials is a polynomial of degree m, providing P, # 0. Here P is a constant in Y. It is well
known that a polynomial is continuous if and only if it is bounded on any bounded subset of
X. The norm of continuous polynomials from X to Y is defined by

[Pl = sup [[P(x)]].
Ixll<1
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Let O be an open set of X. A mapping f: X — Y is analytic (or holomorphic) if for every x € O
there is a sequence of n-homogeneous continuous polynomials g, such that

g(y) = flx+y) = fogn@) W

for every y, |ly|| < rx, where ry > 0 is the radius of uniform convergence of the Taylor series
expansion (1), namely
-1
Py = <limsup|\fn|\1/”> .

n—oo

If X and Y are complex Banach spaces, then g is bounded on the ball rB = {y: ||y|| < r} for
every r < ry and unbounded (or undefined) on rB if r > r,.

A function on a complex Banach space X is entire if it is analytic on the whole space X.
An entire function is of bounded type if it is bounded on bounded subsets of X. Equivalently,
f is entire if the radius of the uniform convergence of f at zero is equal to infinity. If f is not
of bounded type, then we say that f is of unbounded type. It is well-known [1, 2] that every
infinite-dimensional Banach space admits a function of unbounded type. The space Hj(X)
of functions of bounded type is a Fréchet algebra endowed with the topology of uniformly
convergence on bounded subsets (see [3]). For a given semigroup S of continuous operators
on X we denote by Hys(X) the subalgebra of Hy(X) of S-invariant functions. It is easy to check
that Hys(X) is a closed (Fréchet) subalgebra of H,(X).

Any real Banach space X can be isometrically embedded into the complexification X© of X
consisting of vectors {(x,y) = x +iy: x, y € X} and endowed with the norm

1oyl = llx +iyll = sup 1/ (9())2 + (p(y))?

peEX®,

lpll=1
(see [13,39]). Moreover, if h is a real function defined on an open set of the real space X
that is analytic at some point x with radius of convergence r, > 0 at this point, then there
exists a complex-valued function € defined on an open set of the complexification X¢ that is
holomorphic at the point (x,0) € X© with the radius of convergence at least ry/2¢ and such
that the restriction of h€ to X equals & (see [13]).

If f is analytic at some neighbourhood of zero rB, then it has the following Taylor series

expansion

fx) =} falx)
n=0
and n-homogeneous polynomials f,, can be expressed as

nto (T g o i
fol) = 5 /_ (o) de. @)
If f is S-invariant with respect to a semigroup S of linear operators on X, then from (2) it
follows that each n-homogeneous polynomial f, is S-invariant as well.
A sequence of vectors (e,), n € IN, is a Schauder basis of X if it is linearly independent and
every x € X can be uniquely represented as

x = Z Xnen, Xxn €C, (3)

n=1
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and series (3) converges in X. Clearly that if X has a Schauder basis, then it is separable. How-
ever, for nonseparable spaces can be used the concept of an uncountable Schauder basis (see,
e.g., [25]). A Schauder basis (e,) is unconditional if (3) converges unconditionally for x € X.
A Schauder basis (ey,) is symmetric if for every bijective map (permutation) o: N — IN the
basis (e;(,)) is equivalent, that is, };° 1 x,en converges if and only if } 7> 1 xne,(,,) converges.
A Schauder basis (ey,) is called spreading invariant if for every increasing mapping c: N — IN
the basis (e,(,)) is equivalent. Finally, a Schauder basis (ex) is subsymmetric if it is spreading
invariant and unconditional (see [20,38] for details).

Let us denote by & the semigroup generated by the following sequence of linear operators

C] (xl,...,xn,...) — (xl,...,Xj_l,O,Xj,Xj+1...), jEN,

on a Banach space X with a subsymmetric basis.
For a given subsequence n = (n,...,1,...) C IN, we denote

[ee] [e¢]
Cn:x= Z Xpey > Z Xner, -
n=1 n=1

Let G be the semigroup generated by all operators Cn. A function f: X — C is said to be
subsymmetric or &-symmetric if f o A(x) = f(A(x)) = f(x) for every A € &, and f is said to
be &-symmetric if f o A(x) = f(A(x)) = f(x) for every A € &. Clearly, & C & and so each
S-symmetric function is subsymmetric.

Proposition 1. Let f be a continuous subsymmetric function on X. Then f is §-symmetric.

Proof. Letn = (ny,...,ny,...), x € Xand z = Cqn(x). For every N € IN, we denote

N

N
N = Z xep and zZN = Z Xy -
k=1 k=1

It is easy to see that for each N there is Ay € & such that zV = Ay (xN). Clearly, x¥ — x, and
zN — zas N — oo. Since f is continuous, f(xV) — f(x) and f(zV) = f(z) = f(Ca(x)) as
N — 0. On the other hand, since f is subsymmetric, we have

f=N) = F(AnGN) = £(27)
and so f(xN) — f(Cn(x)) as N — co. Thus, f(x) = f(Cn(x)) for every subsequence n. O
It is known [27] that the following (so-called standard) subsymmetric polynomials
Puooa®) = L aflxlt o
i< <in

form a linear basis in the linear space of subsymmetric polynomials on £, 1 < p < oo, where
[p] is the ceiling of p. Also, ¢y does not admit any nonconstant subsymmetric polynomial
[27]. On the other hand, there are subsymmetric continuous functions on cq. For example,
f(x) = ||x|| is symmetric (and so subsymmetric as well) on ¢g. The following function

I?

g(x) = max |x[[| (xir1, X2, .. )| = max x|
ielN 1<j

is subsymmetric but not symmetric on cy.
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For a given x € X we denote by supp(x) the support of x defined as

supp(x) = {k € N: x; # 0}.
The space
coo =9{(x1,.-.,%m,0,...): me N} = {x € X: supp(x) < oo}
is a dense subspace of any Banach space X with an unconditional basis. In [12], it was consid-
ered the following scalar-valued homomorphisms on Pg(X)

dxay(P) = P(x<y) := nl1_r>r010 P(x1,.-, Xn,Y1,Y2,--.),

associated with some x, y € X. If x € ¢qp, thatis, x = (x1,...,Xp,0,...) for some m, then there
isz=(x1,...,Xm,Y1,Y2,...) in X such that f(z) = f(x <y) for every subsymmetric function f.

In the general case, dxy: P+ P(x <y) is a linear multiplicative functional on Pg(X).
Moreover, if P is n-homogeneous, then

[P(xay)| < lx+yl"

From here it follows (see [12]) that Jy4, can be continuously extended to the algebra Hyg(X) of
all subsymmetric functions of bounded type for the case of complex Banach space X. Also, as
itis observed in [12],if X = £,, 1 < p < oo, then

m+1
Plxlrm/“m (x <]y) = Z Ple,...,lXj (x)PDl]qu,...,txm (y)/ x;y € X (4)
j=0

From (4) it follows that f((x <y) <z) = f(x<(y<z)) forall x,y,z € £, and every f € Hyg({}).
Let M be a metric space. A continuous mapping T: M — M is called topologically transitive
if for any nonempty open subsets U and V in M there exists a number 7 such that

T"(U)(V # @.

2 Algebras of subsymmetric polynomials on Banach spaces

2.1 Zeros of subsymmetric polynomials and factoriality
Lemma 1. Let Q,...,Q; be a finite sequence of mutually different polynomials on X such
that

{Ql OA/---/QMOA} = {Ql/---er}

for every A € &. Then all polynomials Qy, . .., Qy are subsymmetric.

Proof. We suppose that Q; is not subsymmetric for some 1 < i < m. If j and k are natural
numbers such that Q; o C;, = Qj, then

Qi(x) = Qj(x) for every x of the form x = (x1,...,x;_1,0,0,...).

Indeed, Cr((x1,...,%¢-1,0,0,...)) = (x1,...,%¢_1,0,0,...) by the definition of Cy. Let r be a
maximal natural number such that Q;(x) = Q;(x) for some s # i and every x of the form
x=(x1,...,%-1,0,0,...). Since all polynomials Q1, ..., Q; mutually different, we get r < oco.
Then Q;oC; & {Q1,...,Qm} \ {Q;} for every I > r. Indeed, if Q; 0 C; = Qs for some s # i,
then Q;(x) = Qs(x) for every x of the form x = (xy,...,x-1,0,0,...), which contradicts the
maximality of 7. Thus, Q; o C; = Q; for every | > r. Let

Ar,1:C10-~-OC1.
———
r—1
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Then Q; o A,_1 is subsymmetric. Indeed,

(Qi OArfl) OC]'(JC) = QZ-(O,...,O,xl,xz,...,x]-_l,O,xj,...) = QZ-(O,...,O,xl,xz,...)
r—1 r—1

for every j € IN. Since Q;0 A,—1 € {Q1,...,Qm}, there is a number 1 < s < m such that
Qio A,_1 = Qs, Qs is subsymmetric, and i # s (because Q; is not subsymmetric).

Letl <h <mbesuchthat Q,0A, 1 = Q;. Thenh #s,h #i,and (Q,0A,_1)0A,_1 = Qs
is a subsymmetric polynomial in {Qj, ..., Qu}. Since this set of polynomials is finite, we will
findamap A € S and 1 < t < m such that Q; o A is subsymmetric and Q; is not in the set
{Q10A,...,Quo A}. A contradiction with the condition of the lemma. O

A subset V C X is called subsymmetric if for very x € V and A € & we have A(x) € V.

Theorem 1. Let P be a nonzero polynomial on X such that ker P is a subsymmetric subset of X.
Then P is subsymmetric. Moreover, if P = Q’l(l .- Qk for some mutually different irreducible
polynomials Qy, . .., Qu, then all polynomials Q1, ..., Qn are subsymmetric.

Proof. Let us suppose first that P is irreducible. Since ker P is a subsymmetric set, we get
ker P = ker P o C; and, according to the Hilbert Nullstellensatz for infinite-dimensional spaces
(see, e.g., [49]), we obtaine
Po C] = ll]P
for some constant a; # 0. We claim that a; = a, for every n € IN. Indeed, denoting a = a;, we
have ‘
PoC|=Po(C,...,C;) =daP.
On the other hand, ‘ ‘ : .
PoCl = (PoCj)o C{_l =ajPo C{_l = ajajfl.
Thus a; = a for every j € N.
Clearly that for every finite vector x = (x1,...,x,,0,...), x = C;41(x) and so

P(x) = PoCyyr(x) = aP(x).

Since the set of finite vectors is dense in X and P is nonzero, a = 1. Therefore, P is subsym-
metric.

Let P be a radical polynomial. That is, P = Q1 - - - Qy; for some mutually different irredu-
cible polynomials Qy, ..., Q. Thus ker P is the union of the algebraic sets ker Q1, ..., ker Q.
The condition that ker P is subsymmetric and the Hilbert Nullstellensatz imply that for every
A € G there is a constant a # 0 such that P = aP o A. Reasoning as above, we can see that
a = 1. Hence,

{Ql OA/---/QmOA} = {er---er}
for every A € 6. By Lemma 1, all polynomials Qy, ..., Q; are subsymmetric and so P is
subsymmetric.

In the general case, let P = Q’l(1 .- Qfr for some mutually different irreducible polynomials
Q1,...,Qm. Then, as we proved above, RadP = Q1 - - - Qy, is subsymmetric and all polynomials
Q1,...,Qu are subsymmetric. Thus, P must be subsymmetric. O

Corollary 1. The algebra of subsymmetric polynomials on X is factorial.
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Proof. Let P is a subsymmetric polynomial on X and P = Qll(1 .- Qfn for some mutually dif-
ferent irreducible polynomials Qy, ..., Qn. Then ker P is a subsymmetric subset in X and by
Theorem 1, Qy, ..., Q are subsymmetric. Since the ring of polynomials on X has a unique
representation as a product of irreducible polynomials, for every representation P = P; P, we
have that polynomials P; and P; are irreducible. O

2.2 Proto-subsymmetric functions

We say that a functions f defined on an S-symmetric subset V' is proto-S-invariant if there
is an operator A € S such that f o A is S-invariant on V. Also, f is L-proto-S-invariant on V if
there is a sequence A; of operators in S such that the limit

h(x) = lim (£ o 4) (¥

exists for every x € V and the & is S-invariant on V. It is easy to see that if S is a group, then
each proto-S-invariant function is S-invariant. As we mentioned in Proposition 1, a continuous
function is subsymmetric (that is, &-symmetric) if and only if it is §-symmetric. The situation
is different for proto-S-invariant functions.

Example 1. Let us consider the following functions:

[ee]
:in-‘;
[e ]
Z xzx —xlzxzx +x22x1x + -+ Xy Z xisz—i—---;

i<j+1 j=n+2

= Z up(x) = Z Z Xy
n=1 n=1li=n+1
Then the polynomial Wy is not subsymmetric but proto-S-invarianton ¢, k > [p], because

o0
3
i=1
is subsymmetric on £ It is easy to check that the function Q> is not proto-&-invariant, but it

is proto-G-invariant. Indeed, let n = (1,3,...,2n —1,...), then
Cn(x) = (xl, 0/ x2/ O/ x3/ cecy )

x)) = X:xl-x]2
i<j
is a subsymmetric polynomial and so &-invariant. Note that Q, is L-proto-&-invariant as well.
Indeed, for Ay = Cyy 0 Cy(,,_q) © - - - 0 C, we have
lun (Q2 o An)(x) =) x x

i<j

and

The function u is an analytic function of unbounded type on {1 which is bounded on the closed
unit ball of {1 and unbounded on any ball centered at zero of radius r > 1. Each polynomial
uy is proto-G-invariant, but u is not proto-&-invariant. The restriction of u to the closed unit

ball is L-proto-&-invariant. Indeed, setting A‘ = C{, we have that

lim (u 0 Aj)( ZZx

J—ee n=1i=

is well-defined and subsymmetric for ||x|| < 1.
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It is easy to check that the set of proto-S-invariant analytic functions of bounded type form
an algebra which, however, is not complete in the general case.

Example 2. Let f € Hgp(X). We set

sm(x) = i f(Xns1, Xngo, - - )

is subsymmetric. But the limit function

s(x) = lim s

(x) _ i f(xn+1r23;n+2/ .- )
n=1

is not proto-&-invariant. Note that s is L-proto-&-invariant since
. m _
Tim (50 C}')(x) = £(x).
The following theorem is a generalization of Corollary 1.

Theorem 2. Let a semigroup S of operators on X be such that the algebra Ps(X) is factorial.
Then the algebra of proto-S-invariant polynomials is factorial as well. In particular, the algebra
of proto-subsymmetric polynomial is factorial.

Proof. Suppose that P = Qp---Qp is a proto-S-invariant polynomial on X. Then we get
Po A € Ps(X) for some A € S. On the other hand, we have Po A = (Q10A)--- (Qmo A).
Thus, each multiplier Q; o A is S-invariant, that is, each Q; is proto-S-invariant. O

2.3 Super-subsymmetric polynomials

A polynomial P of two vector variables x € C" and y € C™ is said to be supersymmetric if it
is symmetric with respect to basis vectors in C" and C™ (separately) and if

P((a/ X2, enn rxl’l)r (a/yZI s r]/m))

does not depend on a2 € C. Supersymmetric polynomials on C" x C" were studied in [32,
43]. Generalizations of the concept of supersymmetric polynomials for infinite-dimensional
Banach spaces were considered in [17-19, 24, 31, 35]. Next we propose a general definition of
supersymmetric polynomials associated with a given semigroup S of operators.

Definition 1. Let X and Y be real or complex Banach spaces with unconditional bases and S
(resp. Sy) be a semigroup of continuous operators on X (resp. on'Y). We say that a function F
on X x Y is left super-(S1, Sp)-symmetric if

(i) F(-,y) is S;-symmetricon X foreveryy € Y;
(ii) F(x,-) is Sp-symmetriconY for every x € X;

(iii) F((a,x1,%2,...), (4, y1,¥2,...)) = F((x1,x2,...), (y1,y2,...)) forevery x = (x1,xp,...) in
X,y=(y1,Y2,...)inY,anda € C.
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A function F on X x Y is right super-(S1, Sp)-symmetric if instead of (iii) we have

(iii’) Y}EEOF((xl,...,xn,a,O,...), (1, Yn,a,0,...)) = F((x1,%2,...), (y1,¥2,...)) for every
x = (x1,x2,...) € X,y=(y1,Y2,...) € Y,and a € C and the limit exists and finite.

If a function is both left and right super-(Sy,Sy)-symmetric, we will call it super-(S1,Sy)-
symmetric. If X = Y is a Banach space with a symmetric basis and S = S; = S is the
group of all permutations of basis vectors, then F is left super-S-symmetric if and only if it
is right super-S-symmetric. In this case we say that F is supersymmetric. If X = Y is a
Banach space with a subsymmetric basis and & = S1 = Sy is the semigroup of subsymmetric
translations, then F is a left (or right) super-subsymmetric function.

From the definition and properties of subsymmetric polynomials we have the following
proposition.
Proposition 2. A polynomial P is left super-subsymmetric on X x X if and only if
P(z<x,z<y) = P(x,y),
and P is right super-subsymmetric on X x X if and only if
P(x<z,y<z)=P(x,y)

forallx,y,and z € X.

Example 3. The following polynomial

Qi e, (6, Y) = Prey ey (x) + Pr, (x) Prey () + Prey ey (¥) — Prey o () — Py (¥) Pry (x) — Prey iy (%)

is left super-subsymmetric on ¢1. Indeed

Qky ky (29%,2QY) = Piy gy (24%) + Py (2 4%) Py (2 Q) + Pryi, (2 1Y)
— Py, k,(2<Y) — P, (29y) Pr, (2<9x) — Py i, (< x)
= DPiy fy (2) + Piy (2) Py () + Pk, () + (Pry (2) + Py (%)) (Pry (2) + Pry ()
+ Piy iy (2) + Pry (2) Py () + Py, (v)
— Py (2) = Piy(2) Py (¥) — Piey i, (v) — (Piy (2) + Piy () (Pry (2) + Py ()
(2) = Pr, (2) Py (%) = Pryy () = Qpyip (%, 1)

It is easy to check that Qy, ,(x,y) is not right super-subsymmetric. By the similar calculations,
it is possible to check that the following polynomial

Ri, ey (%, 4) = Pry ey (%) — Pry ey (X) + Pry ey () — Pry ey (y) + Prey (%) Prey (y) — Pr, (x) P, (y)

is right super-subsymmetric but not left super-subsymmetric.

— Py ey (2

Clearly, the sets of left (right) super-subsymmetric polynomials form algebras. The proper-
ties of these algebras, their spectra and generators, are subjects for further investigation.
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3 Approximation of subsymmetric functions

3.1 The complex case

If f is an analytic function on a domain O of a complex Banach space X, then, by the defi-
nition, for every x € O there is a neighbourhood U of x, U C O and homogeneous continuous
polynomials g, such that

flx+y) = Zgn (5)

for every y € U and the series converges absolutely and uniformly on U. But, if f is S-invariant,
then for some fixed x € X the function y — f(x + y) is not need to be S-invariant, and
polynomials g, are not need to be S-invariant.

Example 4. Let X = {1, f(x) = Py(x) = Y2, x2. Then f is subsymmetric (even symmetric)
while

flx+y) =Pa(x+y) = Zx + Zyz +22x1%
is a subsymmetric of y only if x = 0.
It is easy to see that if f is a subsymmetric analytic function in a domain O containing
zero, then polynomials g, of the Taylor series expansion (5) are subsymmetric if x = 0 and not

necessary subsymmetric otherwise.
From the definition of subsymmetric functions we have the following proposition.

Proposition 3. If f is a subsymmetric function on a subsymmetric subset () C X, then for
every x, y and z in X such thaty <x <z € ) the function x — f(y < x <z) is subsymmetric.

Taking into account the continuity of standard polynomials and equation (4) we have the
following corollary.

Corollary 2. If P € Pg(X), then for every y and z in X the function x — P(y<x<z) is
in PG (X)

Theorem 3. Let f be an analytic function on a subsymmetric open subset O of X. For every x €
O Ncgo there exists ¢ > 0 such that the function g(y) = f(x <Qy) is analytic and subsymmetric
in the open balleBx = {y € X: ||y|| < ¢}.

Proof. Let x = (x1,...,xm,0...) for some m € IN. Then the function z — f(x + z) is analytic
in eBx for some e > 0. Let f(x +z) = Y hn(2z) be the Taylor series expansion of f(x + -) in
eBx. If y € eBy, then

zZ = (0,...,0,y1,]/2,...> S EBx.

m
On the other hand, x +z = x <y, and so

flxay) Zhn X%)hn<0,...,0,y1,y2,...>:X:Ogn(y)
n= n—=

m
where g, (y) = hy ( 0,...,0,y1,y2,... ) . Since the function y — f(x <y) is subsymmetric, each

m
n-homogeneous polynomial g, is subsymmetric. O
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Let 2 be an infinite set of indexes. We denote by ﬂp(Ql), 1 < p < oo, the normed space of
functions z: A — C such that

Izl = (I letnlr) " < o

yeU

Clearly that the finiteness of this norm implies that z(y) # 0 only for a countable amount of
v € 2. It is well-known that £, (%) is a Banach space with respect to this norm and functions

ep, B € 2, defined by
1, ifp=1,
¢ =
ﬁ(,)/) {O, otherwise
form a Schauder basis (not necessary countable) in £,(2). That is, every z € £,(2) can be
uniquely represented by

yeU
where z, = z(7) are coordinates of z with respect to the basis (e, ),cu. A set 2 is well-ordered
if it is linearly ordered and every nonempty subset of 2 has a minimal element. In [12], it is
proved that if (2, <) is a well-ordered infinite set, then there exists an isomorphic embedding

]Q[Z Ep — Ep(gl)

such that

]Q[Z ey — 2%
and k < m implies 7y < 7u. Moreover, each standard polynomial Py, ., on £, can be ex-
tended to a polynomial P on £,(2A) by

Po%i,,..,an (Z> = Z Z?l e Zf‘)’;;’
==
and the operator of extension is linear and multiplicative. From the fact that every polynomial
in Pg(£}) is a finite linear combination of standard polynomials it follows that each subsym-
metric polynomial P on £, can be extended to a polynomial P* on ¢,(2) and, it is easy to check
that ||P|| = ||P%||. Also, in [12] it was observed that 2 and Jy can be chosen so that for given x
and y in £, there are X and i/ in £,(2) such that

P(x<y) = P(X+7) (6)

for every P € Pg({}). For example, let 2f = IN; U N, where INy and IN; are copies on natural
numbers with the usual order, and ifi € N; and j € N, then i < j. If x and y are in £, then

f—Ffl]: (xl,...,xi,...)—i—(yl,...,yj,...) EEP(H\HUNQ), iENl,jENz.

Therefore, P(x <y) = P*(X + 7).
Taking into account the representation (6) and proceeding as in the proof of Theorem 3, we
obtain the following corollary.

Corollary 3. Let f be an analytic function on a subsymmetric open subset O of £, with
1 < p < oo. For every x € O there exists ¢ > 0 such that the function g(y) = f(x<y) is
analytic and subsymmetric in the open ball eB3;, = {y € X: |y|| < e}.
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3.2 The real case

M.C. Boiso and P. Héjek in [13] extended Kurzweil’s result in [37] to a real separable Banach
space X admitting a uniformly analytic and separating function. According to [13], a real
analytic function g on X is uniformly analytic, if the radius of uniform convergence of ¢ at any
point x € X is greater than or equal to R, for some R; > 0. A real analytic function ¢ on X is
separating if the set {x € X: d(x) < a} is a nonempty subset of the unit ball By of X.

It is easy to see that if X admits a separating polynomial, then it admits a uniformly analytic
and separating function (see [13, p. 93]). On the other hand, any closed subspace of ¢y admits
a uniformly analytic and separating function (see [13]) while ¢y does not admit a separating
polynomial. In particular,

oo
2
g(x) =) 5"
n=1
is a uniformly analytic and separating function on co.

Theorem 4 ([13]). Let X be a real separable Banach space admitting a uniformly analytic and
separating function, O be an open set of X, and f be a uniformly continuous mapping defined
on O and with values in a closed convex set C of an arbitrary Banach space Y. Then, for every
e > 0, there exists an analytic mapping h defined on O and having its values in C such that

|f(x) —h(x)|| <e forany x € O.

In [27, Theorem 2.3], it is proved that for a given real Banach space X with a subsymmetric
basis (e,) and an N-homogeneous polynomial on X, there is an N-homogeneous subsymmet-
ric polynomial P* on X such that for each € > 0 there exists an infinite set H of integers such
that [|[P — P*||x,, < ¢, where X is the closed subspace generated by {e,;: n € H}.

Moreover, for every k € IN, we have

k k
Pr( L) =, Jim, P() xien)
= nieH =
(see [27]) and so || P*|| = ||P||, and the mapping P — P* is an algebra homomorphism [14].

Theorem 5. Let X be a real Banach space with a subsymmetric basis and f: X — R a uni-
formly continuous subsymmetric function. If there are numbersr > 0, ¢ > 0 and an analytic
uniformly continuous function h: rBx — R such that

sup |f(x) —h(x)| <e¢,

llxll<r

then there is a subsymmetric analytic function u: RBx — R such that

sup [f(x) —u(x)| <¢
XERBy

— I
where R = -

Proof. Let f€ and h® be the complexifications of f and h, respectively. Then they are analytic
in the 5-neighbourhood of (x,0) € X®. Let H be a subset in N such that

| (K€)* (x) —HC(x)| < % x € RBye () X§.
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Then .
W () ~h(x)| < 5, x € RBx() Xy
as well. Since f is subsymmetric and continuous, it is &-symmetric (by Proposition 1) and so

f(x) = f(Ch(x)) = f(lixieik), (i, ... i,...) = H.

Note that x € RBx implies Cy(x) € RBx. Thus,
sup [f(x) —h*(x)| = sup |f(x) —h"(x)]

X€ERBx x€ERBxNXy
< sup  |f(x)—h(x)|+ sup |W(x)—h(x)] <e.
x€ERBxNXy x€ERBxNXy
Therefore, we have the required inequality for u = h*. O

4 Metric space of ordered multisets

4.1 A metric on the space of ordered multisets

Let us define the following relation of equivalence on X: we say that x ~ y if there is a
bijection ¢: supp(x) — supp(y) such that o(i) < o(j) whenever i < j, and x; = y,; for every
i € supp(x). Clearly, x ~ y if and only if there are 7; and T in & such that 7;(x) = T (y). Let
[x] be the equivalence class containing x. We define the canonical representative of [x] as

X = (xi, Xy, ..., %;,,0,0,...) € X,

where i, iy, ...,iy are in supp(x) and 1 < m < oco. In other words either all coordinates x; of
X are nonzero or if X; = 0, then x; = 0 for every j > i. It is easy to check that the canonical
representative always exists and unique. For a given x € X, X can be obtained removing all
zero coordinates x; for i < M, where M is the maximal number such that x; # 0 or M = oo if
x has infinite many nonzero coordinates.

If is easy to see that f(x) = f(X) for every subsymmetric function f and x € X. Conversely,
if fp is a function on the quotient set X/ ~, then it can be lifted to a subsymmetric function f
on X by f(x) = fo(X), x € X.

The following propositions shows that the mapping x — X is discontinuous in X.

Proposition 4. The mapping w: x — X acting from X to X is discontinuous at any point x of
the formx = (0,x2,...,%4,0,...), wherex; # 0,2 <i < m < co.

Proof. Let x(m) = (€n,x2,...,%m,0,...) be a sequence of vectors in X, such that ¢, # 0, and
¢, — 0asn — oco. Since w(x(")) = (eén,x2,..., %X, 0,...) and w(x) = (x2,x3,...,%m,0,...),

we obtain [|x(") — x| = |e,] — O, that is, (" — x. On the other hand, we have
w(x") —w(x) = (g4 — X2, %2 — ¥3,...,%,0,...). Thus, we get [|w(x™) —w(x)|| > |x2| > 0
and so w(x™) 4 w(x). Hence, the map w is discontinuous at x. O

Let us denote by Mx the quotient set X/ ~ . The set My can be thought of as a set of
ordered multisets of nonzero numbers (nonzero coordinates of vectors x € X). We introduce
the following metric d on Mix by

d([x],[y)) = Ix =yl xyeX
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Lemma 2. The function d is a metric on M.

Proof. Let x ~ x’ and dy ~ y'. Since each equivalence class [x] has a unique representative X, we
get ¥ = x’,and § = y'. Hence, ||X — 7| = ||x’ — /|| and so the distance d is well-defied on M.
Since || - || is a norm on X, we have d([x], [y]) = ||¥ — ]| > 0 for all [x], [y] € Mx. Also,

A~

d([x],y]) =0 <= [x-§ll =0 &= ¥=§ = x~y < [x] =[y].

For any [x], [y] € Mx we have d([x], [y]) = [IXx —¥ll = |y — xI| = d([y], [x]).
Let us check the triangle inequality. If [x], [y], [z] € Mx, thenX —Z = (X — ) + (¥ — 2), and
from the triangle inequality for the norm || - || we obtain

[x—zll=x-y+y—z|| < |x—-7l + Iy -zl
Thus,

d([x], [2]) < d([x], [y]) +4(ly], [2])-
0

It is well-known that every metric space M is completely Hausdorff, that is, for every u
and v in M such that u # v there is a continuous function f on M such that f(u) # f(v). Let
C(M) be the algebra of all continuous functions on M endowed with the topology of point-
wise convergence. In other words, the topology of C(M) is the weakest topology such that all
functionals d,,: u +— u(x) are continuous. Thus, if M = My, then x ~ y if and only if 5, = dy.
In [12], it was observed that for X = /,,, x ~ y if and only if f(x) = f(y) for every f € Hyg({}).

Proposition 5. Every continuous function f on (My,d) can be lifted to a continuous subsym-
metric function f on X by f(x) = f([x]). If f is bounded on bounded subsets of My, then f is
bounded on bounded subsets of X.

Proof. Clearly, f is subsymmetric. If f is continuous, then [x,] — [xo] implies f([xx]) — f([xo])
asn — o0. But f(x,) = f([x,]) and f(xo) = f([xo]). Thus, f is continuous.

If U C X is a bounded subset and [U] = {[x]: x € U}, then [U] is bounded. Thus, if f is
unbounded on U, then f must be unbounded on [U]. Hence, fis bounded on any bounded
subset of X if f is bounded on bounded subsets of M. O

4.2 The completeness of (Mix, d)

Theorem 6. The metric space (Mx,d) is not complete for any infinite-dimensional Banach
space X with a subsymmetric basis. The completion of (Mx,d) is isometric to X endowed
with the metric generated by the norm of X.

Proof. Let I: [x] — % € X be the natural embedding of My to X, and X = T(My). Then T is
isometric and X is dense in X. Indeed, for a given vector x = (x1,xp,...) # 0in X we consider

the following sequence of vectors x(") = (xgn), xén), ... ) such that
L _ ﬁ, if j ¢ supp(x),
/ Xj, if j € supp(x).
It is easy to see that x(") — xin X as n — oo, and x(") = x( for every 1.

Since X is complete, it is a completion of X. Thus X is isometric to the completion of
(Mx,d), and sice X # X, the metric space (Mx, d) is not complete. O
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4.3 Topological transitivity of the backward shift on (Mix, d)

Let Myy denotes the subset of M consisting of elements [x] such that supp(x) is a finite set
for every x € [x]. Clearly that | supp(x)| = | supp(y)| for every y € [x]. Thus, if x € My, then
we can write X = (x1,...,%,0,...) forsome m < oco.In this case, we will write X = (x1,..., Xy)
ifx;#0,i=1,...,m,and X = 0if x; = 0 forall i € IN.

Let [x], [y] € Moo be such that X = (x1,...,%n) and ¥ = (y1,...,¥;). We introduce the
following algebraic operation on 9ty by

[x] < [y] = [(xl,...,xm,yl,...,yj)].

Proposition 6. Let [x] € My and [y™] be a sequence in My convergent to 0 in (Mg, d) as
n — co. Then [x] <1 [y™] — x as n — oo, while [y(")] < [x] -+ x as n — oo in the general case.

(1) (n) (n)

Proof. LetX = (x1,...,xy) and y(") = ( 1 reees ].(n)). Then
<y — 2] = [[Cers oy Y = Ge )l = Iy ) =0
as 1 — oo. On the other hand, it is not difficult to find [x] and [y(")] in Mgy such that
Iy <x =21 = 11",y 21, %m) = (31, xm) | = 0
asn — oo. UJ

Let us denote by B, the weighted backward shift operator on X, defined by
By:(x1,coe,Xp, o) = Axo, oo, X, 0n),

where A € C. For a given A € C we define By: My — My by B, ([x]) = B, (). Note that
d(Bx([x]),Bxr([y])) < Ad([x], [y]) and so B, is continuous on Mx.

Theorem 7. If |A| > 1, then B, is topologically transitive on 90x.

Proof. For given open subsets U and V in (Mxd) we choose [x] € U N Moy, and [y] € Moo. Itis
possible because My is dense in Nx. We assume that ¥ = (x1, ..., xy), thatis, | supp(x)| = m.
Clearly, m = m(x) is a function of x. For every k € IN we define the map S ,, x: Mx — Mx by

1
SA,m,k([]/]) = W[(l,l...,l,yl,yz,...”.

m

Note that

k
”SA,m,k([y])H < ML‘KJL‘ —0 as k— o

for every [y] € Mx. Let k € N be such that [x] < S, ,,x([y]) € U.Such a number k can be
chosen since, by Proposition 6, we have [x] <S, ,, k([y]) — [x] as n — oo.
Let [z] = [x] < Sy mx([y]). Since [x] <S5 mi([y]) € U, [z] € U. Let us compute B ([z]):

B () = By

1 1 Y1 Ym
<x1,...,xm, Am+k""’Am+k’Am+k""’Am+k’O"">:|
*

. 1 1
= Y1 Ym _
N BAKWWFMOH ~ b

k
Therefore, we have that for every pairs of open sets U and V there exist [z] € U and
n = k+m € N such that BS™([z]) = [y] € V. Hence, B, topologically transitive. O
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PO3rASIHYTO BAACTMBOCTI CyOCHMETPUYHMX TIOATHOMIB, aHAAITUYHMX PYHKITIN Ta AKX IXHiX
y3araAbHeHb Ha HaHaX0BMX IPOCTOpax i3 cybcumeTpwdarHmMy 6asyucaMmi. My AOBOAMMO, IO SIKIIIO
IIOAIHOM Ha KOMIIAEKCHOMY HecKiHdueHHOBMMipHOMY 6aHaxoBoMy mpoctopi X Mae cybcumerpum-
YHY MHOXVHY HYAIB, TO BiH € Cyb6CMMeTpIUHNMM. 3BiACK MM pO6MMO BUCHOBOK, 110 aAretpa Pe (X)
CyOCUMeTPUYHMX TIOAIHOMIB Ha X € dpakTOpiaAbHOI. MM PO3TASIAAEMO YMOBM, KOAM CyOCUMETPU-
uHY (PYHKIIiIO Ha 6aHaXOBOMY IIPOCTOPi MOXXHA allPOKCHMMYBaTH Cy 6CMMEeTPIYHMMI aHAN TIHIMI
dyuxisimm abo moaiHoMamu. Kpim Toro, Mu 6yayemo aesiki 3BaXkeHi BiaobpaskeHHsI TUITY “3CyB Ha-
3aa” Ha METPUUHOMY IIPOCTOPi PYHKITIOHAAIB 3HAUEHB B TOUKax Ha IpocTopi Pe (X) Ta A0BOAMMO
X TOMOAOTIUHY TPAH3UTUBHICTb.

Kntouosi cnosa i hpasu: TOAIHOM Ha HECKiHUEHHOBMMIpHMX IIPOCTOpaX, MHOXIHA HYAiB IIOAIHO-
MiB, CMMETPUYHMIA TOAIHOM, TOITOAOTIYHO TPaH3UTUBHII OIIepaTop.



