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The problem of convergence of branched continued fractions

Bodnar D.1}, Bilanyk 1.B.2™ Bodnar O.S.2, Salamakha O.B.3, Sharyn S.V.4, Kondur O.S.4

Using the tails of the approximants of continued fractions and their multidimensional genera-
lizations, branched continued fractions, canonical numerators and denominators have been defined,
and the conditions for the degeneracy of approximants have been investigated. Certain types of
figured approximants, specifically .A-, B-, and C-figured approximants and their applications, are
considered. Various types of convergence for continued and branched continued fractions have been
classified. By analogy with Leighton’s example, a C-figured-convergent two-dimensional branched
continued fraction with independent variables has been constructed; in its structure, every fourth
element in each constituent continued fraction is an arbitrary complex number different from 0 and
—1/2. Methods for investigating the convergence of branched continued fractions are analyzed.
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gence.
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Introduction

In the theory of continued fractions, two scientific directions have been formed: the
number-theoretic and the analytic theories. The term “convergence” is interpreted differently
in these fields. In the analytic theory, it refers to the existence of a limit of the approximants,
whereas in the number-theoretic direction, a “convergent” is an approximant of a continued
fraction. The objects of study in the latter case are regular continued fractions, which always
converge in the classical sense. The primary problems in the analytic theory of continued
fractions and their multidimensional generalizations — branched continued fractions — are:
the construction of expansions of functions into continued fractions [30, 50]; the investigation
of the convergence of continued fractions [43, 45, 48, 56]; the investigation of the convergence
of numerical and various types of functional branched continued fractions with N branching
branches [13, 54], with independent variables [6,38], two-dimensional corresponding contin-
ued fractions [41,46]; as well as the construction and investigation branched continued fraction
expansions of the ratios of hypergeometric functions of several variables [2,4,32,34,35,39].
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In this paper, we define canonical numerators and denominators using the tails of the ap-
proximants of continued fractions and branched continued fractions, investigate the condi-
tions for the degeneracy of these approximants, and classify various types of convergence.
Furthermore, we consider specific figured approximants, namely A-, B-, and C-figured ap-
proximants, and their applications, analyze multiple methods for investigating the conver-
gence of branched continued fractions, and construct a C-figured-convergent two-dimensional
branched continued fraction with independent variables by analogy with Leighton’s example.

1 Convergence of continued fractions

For a compact notation of an infinite continued fraction

ar 4 (1)
az
b3 + .. ay
-+
b+ .

ay

by +

by +

where a;, b, € C, k =1,2,..., we will use the notation

D% o @@ a
) b b+ byt b ...

The definition of a continued fraction is given by the composition of linear fractional transfor-

mations baﬁ’ k=1,2,... (see [45]). Therefore, it is required that all ay # 0, k = 1,2,....
k
This is sufficient to ensure that during the evaluation of each nth approximant

n
a
fl’l:Db_kr n:172/"-r (2)
k=1 "k

there is no the indeterminate forms 0/0, i.e. that f;, is well-defined.
The pth tail of the nth approximant (2) is the continued fraction

n
Q" =b,+ ]) Z—" p=12...n-1,n>2% OMW=b, n=12.... @3
k=p+1 "k

(n) (n)

The canonical numerator A, and the canonical denominator B, of the tail (3) in the case
n > 2 are defined by the recurrence relations

Ay = by AT +ay B, By = AV, p=n—1n-2,..,1, )

with initial conditions
AW —p, BW 1, n=12.... (5)
The tail Q;n) = A;n) /Bl(gn) is not well-defined if A;n) = Bi(qn) =0.
The canonical numerator A, and the canonical denominator B, of the nth approximant (2)
are respectively equal to

Av=mB\, B,=A", n=12,.... ©6)

In the study of the convergence of continued fractions, the conditions ay # 0,k = 1,2,...,
in the definition of these fractions are often removed. For example, see the following assertion.
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Theorem 1 ([56, p. 26]). Let the continued fraction (1) satisfy the following conditions for some
integerm > 1:

ay =0 while,if m > 1, a, #0 for n =1,2,3,...,m—1.

Then the continued fraction converges if and only if there exists an index k such that the de-
nominators B,_1 # 0 forn > k. When convergent, the value of the continued fraction is
Amfl/ Bi—1.

It follows from the relations (4) that f, = A,/B, is well-defined if all g, # 0O,
k=1,2,...,n. Indeed, assuming the opposite, i.e. A(n) = B(n) = 0, it follows from (4) and (6)

that Al(gn) = B;(q”) =0,p=1,2,...,n, which contradicts condition (5).

In the analytic theory of continued fractions, various approaches to the concept of conver-
gence have been formulated.

Classical convergence (see [56]): a continued fraction (1) converges if there exists a finite limit
nlgrolo (An/By), and the number of canonical denominators By that are equal to zero is finite,
orall By # 0,k = 1,2,.... In published later monographs [45, 48,49], by convergence of the
continued fraction (1) we mean the existence of the limit nlgrgo fn (not necessarily finite). O. Per-
ron [51] called such convergence “convergence in the broad sense”. To distinguish these concepts,
we consider classical convergence to be convergence to a finite value.

A continued fraction (1) is called unconditionally convergent if the fraction itself and all its
infinite tails

by + f)o Xop=12
p b_/ P— rey ey
k=p+1 "k

converge to a finite value [52]. If the fraction (1) converges to a finite value, but there exists a
tail whose limit of approximants is oo, then (1) is called conditionally convergent.

A continued fraction is called absolutely convergent if the series Y 5 ; |fu+1 — fu| converges
(see [56]).

Generalized convergence is also considered [44,48]. Continued fraction is said to converge
generally to an f € C if there exist two sequences {v, } and {w; } in the extended complex plane
C such that lir{gglfd(vn,wn) > 0and nlgrolo Sn(vn) = nlgrolo Sn(wn) = f, where

ap  ap ap |z — w| 1
Sp(w) = — = —, d(w,z) = , d(w,0) = ——.
n(@) biy+by+...+b,+w (w,2) V1221 + [w]? ( ) /1 + [w]?

If a continued fraction converges classically, it also converges generally with v, = 0,
wy, = oo, n = 1,2,.... In [44], an example of a 3-periodic continued fraction is constructed,

which is divergent but converges generally for an arbitrary choice of w;,; there exists
nlgrgo Su(wy) = f, wy # 0, n = 1,2,..., where {w, } is bounded. This approach is used to
accelerate convergence.

The problem of convergence of continued fractions is to establish conditions on the ele-
ments ay, by, k = 1,2, ..., such that the continued fraction (1) converges [56]. The convergence
problem for continued fractions is more complex than the analogous problem for series. An
interesting example is provided by W. Leighton (see [47]), who constructed a convergent con-

tinued fraction of the form

D=, ?)
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where the elements ay, k = 1,2, ..., are arbitrary complex numbers different from 0 and —1/2.
Therefore, it is arguably difficult to formulate very general convergence criteria, as a fraction
may converge even though infinitely many of its elements are arbitrary complex numbers.

For this reason, convergence criteria are most often formulated in terms of convergence
sets. Here, it is convenient to consider continued fractions of the form

D% o D
iz 1 k=1 b’

In particular, a set G C C is called a convergence set of the continued fraction (7) if the condition
ar € G,k =1,2,..., guarantees the convergence of this fraction. If the domain G is unbounded,
an additional condition is added (divergence of an infinite series composed of the elements of
the fraction). Such sets will be called conditional convergence sets [45]. Circular, elliptic, angular,
and parabolic convergence sets are being investigated.

2 Approximants of branched continued fractions

The object of our research will be branched continued fractions (BCF) of the special form,
i.e. BCFs with independent variables at fixed values of the variables [1,6,11]

5w _ g i) 8
DY = ) P , (8)
k=1i=1 Yi(k) h=ly y i(2)
i)™ Loy 4 .
=1 i(2) .. Tk—1 ai(k)
oy i
i1 big

where Ai(k)y = Qiy,ig,... i bi(k) =b i € C, Z(k) ceJuk=12,...,

i
T ={i(k) = (ir,ia,...,ix) 1< i <ipq <---<ip}, k>1,

ip = N is a fixed positive integer, also J = U2 Jx-
To denote the BCF (8), the following notation will also be used

i ai(1) lzl a;(2) i"zl ai(k)
i1=1 bi(l) gl bi(Z) + =1 bi(k) +
Finite BCFs of the form
n ikfl a: k
fi=D X gt n=12.., ®)
k=1 Zk:]. l(k)

are called the nth approximants of the BCF (8).

2.1 Conditions for the existence of approximants

BCFs (8) are defined by means of a composition of linear fractional and multidimensional
linear fractional transformations. Naturally, as in the one-dimensional case, it is required that
all ) # 0,i(k) € T, k = 1,2,.... However, unlike continued fractions, this condition
does not guarantee that no indeterminate form 0/0 will arise during the evaluation of the
approximants, i.e. that the corresponding approximants will be well-defined.
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A BCF of the form
i!’ a; n Zk 1 ll
(n) _ i(p+1) (k)
Qipy =bim+ 2 nt D (10)
Zp+1:1 l(erl) .. Iy—1 ai(i’l) k= erllk (k)
- -

wherei(p) € Jp, p =1,n—1,n > 2,is called the i(p)th tail of the nth approximant (9), where
Qi) = bigy i(n) € Tuyn=1,2,....

Formally, we have the following recurrence relations between the tails

Q(( Z p“ (p)eTp, p=1Ln—1,n>2
ipt1= 1Q P+1)

(n)

By analogy with continued fractions, we define the canonical numerator Ai(p) and the canoni-

cal denominator Bl((n )) of the tail (10) of the nth approximant (9) as follows

(1) (n) (n)
Ai(ﬁ) H A P+1 + Z Ai(p+1) Bz(p+1) H Ai(p),]" H A +1 (11)

1p+1 1 ipr1=1 J=Lj# i ipt1=1

wherei(p) € Jp,p=n—1,n—2,...,1,n > 2, under the initial conditions

(n) _ (n) _ ) B
Ai(n) = bi(u), Bi(n) =1, i(n)€ Jp,n=12,...,

moreover, if (11) i, = 1, then H i =1,j#ip1 Ai(p),

=1
The BCF (10) is not well-defined if A((p)) Bl(np)) =0.
The canonical numerator A, and the canonical denominator B, of the nth approximant (10)
fu = Ay/ By are defined by the formulas

N
An—Zalll 1‘[ A Bi=[1A", n=12.... (12)
=1

=1, j#i
If A, = B, =0, then the nth approximant (9) is not well-defined.
From the relations (12) the next theorem follows.

Theorem 2. The nth approximant (9) of the BCF (8), in which N > 1 and a;, # 0,1 = 1N,
is not well-defined if and only if there exists an index i1, 1 < iy < N, such that the tail len)
is not well-defined, or there exist indices r and s, such thatr,s € {1,2,...,N}, r # s, and
A — Al

Proof. Let A, = B, = 0. It follows from the second equality of (12) that there exists an index iy,
1 <i; < N, such that Afln) = 0. Then the first equality from (12) can be written in the form

Ap = a; B Z H A

j=1, j#i
Hence, either Bfl ") = 0, or there exists j # i; such that A](n) =0.
(n) _

Conversely, if there exists an index i1, such that Ai1 = Bl-(ln) = 0, or there exist indices r

and s such that r,s € {1,2,...,N}, r # s, for which Bl-(ln) # 0 and Aﬁ”) = A§"> = 0, then
An — Bn — 0. D
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Corollary 1. If there exists a tail QEE;)) of the nth approximant (9) which is not well-defined,
then the nth approximant (9) is not well-defined.

Proof. 1f there exists a tail Q i(p+1) , which is not well-defined, then it follows from the formulas
(11) that Al((p)) = BZ.(() = 0, and so on. Consequently, Q( ") is not well- defined, and based on
Theorem 2, we conclude that A,, = B, = 0. O

Corollary 2. The following statements hold:

a) the tail Q of the nth approximant (9), in which all a; 7é 0,i(n) € Jyand iy, > 1
is not Well defmed if and only if there exist indices r and s such thatr,s € {1,2,...,N},
r # s, for which by, 1), = bj(,_1)s = 0;

b) the tail Q(”) ( ) € Jp, 1 < p <n—2,n > 2,is not well-defined if and only if there
exists a tail Q which is not well-defined, or in the case when i, 1 > 1, there exist

=0.

P+1)

indices r and s such thatr,s € {1,2,...,N},r # s, and AE("p)) L= BZ.(("p)) ;

The proof of Corollary 2 is conducted similarly to the proof of Theorem 2.

3 Figured approximants

In solving certain problems, other constructions of approximants arise that differ from (9).
Such approximants are called “figured” approximants. To distinguish between them, we will
use the terminology: A-, B-, C-, ... figured approximants.

The continued fraction
i1y 4i2) Ai(n)

bi) +big) + iy +
wherei(n) € J,n=1,2,...,1s a fixed set of multi-indexes, is called a (i1, 1, . .., iy, ... ) branch
of the BCF (8). If (13) is a finite continued fraction, then the number of its levels is called the
length of this branch.

We define a figured approximant of the BCF (8) as a branched continued fraction that is
a part of (8) and contains at least two branches of different lengths or at least one branch of
infinite length. Moreover, as the index of the figured approximant increases, all elements of the
BCF are exhausted; that is, the minimum branch length of the figured approximant f,, tends
toocoasn — +oo.

o (13)

3.1 .A-figured approximants

In an A-figured approximant, each subsequent approximant is formed by adding the next
partial quotient in the natural representation of the BCF:

[ R T -
1 blr 2 — bl b2 ey N = bl
N

~ N{l ~ aj;

fN+1 Zb— ceey sz:Z ail,....
b1+— i=2 i=1b; + —

b1 bia
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Let us introduce an order relation < on the set J = ;- Jx of all multiindices of the
elements of the BCF (8). Let j(g),j(p) € J, where j(s) = (j1,j2,---,Js),s =1,2,... . Then

1) i(p) <j(q), if p<qg,

2)i(p) <j(p), if i1 <j1, (14)
3)i(p) < j(p), ifthereexistsl, 1 <1< p, suchthat iy =ji, k= 1,1, iry1 < jrs1-

In [6], it is proved that the nth A-figured approximant f,, of the BCF (8) has the form

Ai(s—1) )
— ol —=), (15)
iz bigs—1) z-s; <bi<s>)

is—2

N 4.
7 (1)
fn — Z ! PP
bt +
where
5(@) _ i /bis), i i(s) 2 r(s),
bi(s) 0/1, if r(s) <i(s),
the number s and the indices r1, 7, . . ., 75 of the multi-index r(s) € Js are uniquely determined
by the following decomposition of the number n:
N+s—1 > rq—l—s—q—l)
n= + . 16
< s—1 ) q;( s+1—gq (16)
Example 1. Letn = 100, N = 5. Let us find the indices 11,13, . . ., ts of the multi-index r(s).
The maximum possible value of (°[*]) is reached ats = 4. Then (g) = 56. We successively
choose the maximum possible values for the indices r1, 2,3, 4. The maximum possible value
of (71;[2) for s = 4 is reached at ry = 5, where (Z) = 35. Similarly, the maximum possible
values for (72;1)1 withs = 4,7y = 5arer, = 3 and (3) = 4. In addition, max (3) = (3) = 3,
rs=3max (") =) =2 =3
Thus, s = 4, r; = 5, = r3 = r4 = 3. The decomposition (16) takes the following
form: 100 = 56 + 35+ 4 + 3 + 2. Here, the BCF (15) withn = 100, N = 5, floo is the fourth
Aj(4

approximant in which all partial quotients Wi; that follow % are replaced by 0/1.

Along with the BCF (8), let us consider the BCF

+oo i1 g*

DY (17)

k=1i=1 bi(k)

where a;.k(k), b:.‘(k) €C,ilk) € Jr,k=1,2,....Let f,’f denote its nth A-figured approximant.
We call the BCFs (8) and (17) equivalent if

fu=Ff, n=12,....

From the above condition, it follows in particular that
fa=fa, n=12.... (18)

Theorem 3 ([6]). The BCFs (8) and (17), in which all a; # 0, a;“(k) #0,i(k) e Jp, k=1,2,...,
are equivalent if and only if there exist non-zero constants Pi(k), i(k) € J, k =1,2,..., such
that

*

) = Pik)Pitk—1) (k) bigey = Piebiky,  1(k) € T k=1,2,..., (19)
where p;g) = 1.
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If the definition of equivalence for BCFs requires only the equality of the approximants (18),
then conditions (19) are sufficient for the equivalence of the BCFs (8) and (17), but they are not
necessary.

For example, the BCFs (8) and (17), in which N = 2,4 € C\ {0} and

2 1

aZ[k] = ga, az[k],l = ga, az[k],l[p] =da, k= 1,2, e, p= 2,3, ey
1

ﬂ;[k] - Za, aé[k],l - Za, aé[k],l[p] =da, k - 1,2, ceey p - 2,3, ceey

where 2[k]| =2,2,...,2,1[p] = 1,1,...,1 have equal nth approximants f, and f,, because they

k p
are equal to the nth approximant of the periodic continued fraction
a4 f
T+14+14+""77

However, there do not exist numbers Pi(k)s i(k) € J, k=1,2,...,such that conditions (19) are
satisfied; that is, these conditions are not necessary:.

3.2 B-figured approximants

We define the nth B-figured approximant f, of the BCF (8) as a finite BCF that is a part
of (8) and contains all those elements a;y), b;(x), i(k) € Ji k = 1,1, for which the sum of the
indices in the multi-index does not exceed n, iy + i, + - - - + i < n, i.e.

N a: infl a:
- i) i(n)
Y Y , 20
o = "<bz‘(1>>+ +2 "<bz‘(n>> 20

where

biw’/  |0/1, if ip+ip+-- i >,
i(k) € Ji, k =1,n,n > 1 (see [10]).
Figured approximants similar to (20) arise in the problem of correspondence between dou-

ble power series and BCFs of a special structure (two-dimensional corresponding continued
fractions) [31,41,46]:

ﬂi(k) B ai(k)/bi(k)’ lf il + i2 + -+ ik S n,
5 (5,)

Polz ) + ) A2 @)
i=1 cDi (le ZZ)
where
Raiyjiz1 X 122
Di(z1,22) =1+ ]) — 7 D 1
=1 =1

aj, S C,j,j =1,2,....
Let f, be the nth B-figured approximant of the BCF (21), which is a part of (21) and contains

only those elements for which the sum of the indices in their coefficients does not exceed n.
~+o0
i,j=0 -
said to be corresponding to this series if the expansions of each nth B-figured approximant f,
into a formal double power series coincide with the given series for all homogeneous polyno-
mials up to the nth order inclusive.

Such conditions allow us to determine the coefficients 4; ; of the BCF (21). With this spe-

Let a formal double power series ) ci,]-zazé be given, where ¢y = 1. The fraction (21) is

cific choice of approximants, the number of unknown coefficients a; ; in fu coincides with the
number of terms in the corresponding partial sum of the given double power series.
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This problem concerning the choice of the figured approximants does not arise for BCFs
with independent variables. In this case, the nth approximant satisfies the conditions men-
tioned above. This has allowed us to construct corresponding and associated branched contin-
ued fractions with independent variables for multiple formal power series [21,33,36,40].

B-figured approximants also arise when representing the ratio of two linearly independent
solutions of a third-order linear recurrence relation

]/n - Cn]/n—l + bn]/nfz + ﬂn]/nf?n n= 2/ 3/ R4 (22)
with the initial conditionsy_; = 1,190 =0,y1 = by andy_; = 0, yo = 1, y; = cy, respectively,
in the form of a BCF [10].

3.3 C-figured approximants

A BCF (8),where ig = N, is called N-dimensional. Let all the continued fractions within the
structure of (8), i.e.

™ 4K ™ 4i(s),1[K]
o+ DAY, b+ )
gzbum ) gzbdﬂﬁm

(1) M

converge, and let b, *, b; ©) be their respective values, where i(s) € J (2)

TP = {i(n) = (ir,i2,...,in), 2<in <ip-1< - <ip=N, n>1}.

Then the finite (N — 1)-dimensional BCF, which is a part of the BCF (8) and contains some of
its infinite branches, is of the form

n

fn—b =12...,ip=N-1, (23)
=lik= bwm
and is called the nth C;-figured approximant of the BCF (8) [18].

Let all (N — 1)-dimensional BCFs (8) that are part of the BCF (8), i.e.

+001£1 +o0 ip_q

() ANTs,i(¢)
b0+DZb€ S]+DZ el

i =i O

converge, and let b(()N_l), bg\ll\[ls?l)

the finite continued fraction

~ nooa
Fu=bNY +D - N[s -1,2,..., (24)
=1 by

is called the C>-figured approximant of the BCF (8) [18].

C1- and Cp-figured approximants are used in the study of the convergence of BCF (8) and
in estimating the approximation errors of its approximants [18]. In this process, well-known
convergence criteria for continued fractions and error estimates for their approximation by
approximants are applied.

It is impossible to define C1- and C,-figured approximants (similar to (23) and (24)) for the
following BCFs with N branches of branching

be their respective values, where iy = N — 1, s = 1,n. Then

i®, (25)

where ai(k),bi(k) €Ci,=1,Np=1Lkk=12,....
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4 Convergence of branched continued fractions

The BCF (8) converges to a finite value if there exists a finite limit of its approximants (9), i.e.

llmfn:f, fEC,f;qu, 1’121,2,...,

n—oo
provided that either only a finite number of f,, are undefined, or a finite number of canonical
denominators B, are equal to zero.
The BCF (8) converges if there exists a limit
lim fn - f, f € C,

n—oo

of its approximants (9), where C is the extended complex plane, f,;, € C,n=12...,and
provided that only a finite number of f,, are undefined.
The BCF (8) converges absolutely if the following series

(e 9]

Z |fn+1 _fn|

n=1
converges.

The BCF (8) converges unconditionally if the BCF (8) converges and all of its infinite tails
converge to finite values.

In a similar manner, one can define figured convergence, or specifically A-, -, and C-
figured convergence, by replacing f, in the previous definitions with the corresponding f,.
It is only required that the minimum length of the branches of the figured approximant tends
to infinity as n — oo in order to completely exhaust the entire BCF. By analogy with the corre-
sponding results for the BCF (25) (see [13]), the following results can be established.

Theorem 4. If a BCF (8) with positive elements converges, then it converges unconditionally.

Theorem 5. If a BCF (8), in which all a;, by, i(k) € Jr, k=1,2,..., are positive real num-
bers, converges, then the BCF (8) converges figuredly for any choice of figured approximants.

In the analytic theory of continued fractions, linear recurrence relations for the canonical
numerators and denominators of the approximants are essentially used when investigating
convergence [45]

Ay =byAy1+ayAn_n, By=0b,B,_1+ayB,—n, n=12..., (26)

with the initial conditions A_1 =1, Ag = 0, B_1 = 0, By = 1. In the first multidimensional
generalizations of continued fractions, higher-order linear difference equations were consid-
ered instead of (26) (see [14,25,26]). Such generalizations were primarily used in the number-
theoretic direction. It was shown in [10] that the ratio of two linearly independent solutions
of the recurrence relation (22) can be expanded into a BCF with two branching lines with spe-
cific coefficients. However, an arbitrary BCF with two branching lines cannot be reduced to
this form. Consequently, there are no difference equations of a higher order than (26) for the
canonical numerators and canonical denominators of an arbitrary BCF.

As a result, the first problem arose: how to investigate the convergence of BCFs.

In the early publications dedicated to BCFs, formulas for canonical numerators and denom-
inators with “thinning out” were used [29,53, 55].
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Let us order the last terminal nodes of the nth approximant 5 Zit) of a BCF with N branches
i(n)
of branching (25) with complex elements, taking into account (14)

a11,.11 411,12 a,1,..1N 411,21 aNN,..,.N,N
, ey , p ey I (27)
bia,.110 b1 b1, AN b1,.21 bNN,..,N,N
Let 7, 0 < r < N", be an arbitrary integer, and let1 < j; < j» < --- < j, < N" be an
arbitrary set of indices, if r > 1. In the nth approximant f, of the BCF (25), let us replace
the links that have the ordinal numbers jj, jo, ..., jr in (27) with % and evaluate the resulting
figured approximant. We denote its canonical numerator and canonical denominator as

ol 0 Yal )
]1/]2/-"7]1’ ]1/]2/"-7]1’

respectively. For the canonical numerator and denominator of the (n + 1)th approximant of
(25), the following recurrence relations

A1 = ZAn< 0 )HC Bpy1 = ZBn< 0

)ch =12,...,
'r ]1,]2,..., 'r ]1,]2, ..,]

(28)
hold, where the products are taken over all possible sets of indices ij,1,...,i;, and the
summations are performed over all possible r, 0 < r < N", and jy,j2,...,Jr such that
1<j1<j<--<j <N"ifr > 1 Herecy, = ag(n) if i(n) has one of the ordinal

numbers jy, jo, ..., jr in (27), and Cin) = bz'.(n) otherwise, where

N N N , N
) IT b+ X2 airy I bins iy = TT bir)-
iny1=1 iny1=1 s=1,57#1p41 iny1=1

Using these formulas, V.Ya. Skorobogatko [53] established the convergence conditions for
the BCF

b0+D Z b (29)

1Zk

Theorem 6. The BCF (29), where bi(k) >0,ik =1,N,k=1,2,..., converges if

Hb/ >1_}_Bn+1‘

The formulas (28) are quite Cumbersome for repeated use. As it is stated in [29, pp. 51-55],
LF. Kliuinyk and I.P. Pustomelnykov established formulas for calculating canonical numera-
tors and denominators using spatial matrices. Although these formulas did not find wide
application, their derivation marked the first time that abbreviated notation for representing
BCFs with N branches of branching — similar to the right-hand side of (8) — was proposed.

In the works [22,23], a formula for the difference between the approximants of the BCF (25)
was established for the first time, using the tails of these fractions

+1
ﬁ HT Bj(r)
. 1
1,02 di 1= 11_[ 1Q Hm+ Q

under the assumption that n > mandQ( #0,s=nm,i,=1,Np=1rr=1,5s.
The first theorem whose proof employed this formula, specifically for n = 2k 4+ 1 and
m = 2k, was the following result (see [23]).

(30)
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Theorem 7. The BCF (29), where bi(k) >0,ip =1,N,p =1,k k=1,2,..., converges if the
series

Zmin{bi(k) 'bi(k+1) . ip = 1,N, p = 1,k+1}
k=1
diverges.

This formula was modified for other types of BCFs: BCFs with independent variables [6],
two-dimensional corresponding continued fractions [46], and BCFs into which ratios of hyper-
geometric functions of several variables were expanded [4,39,50]. Analogs of this formula were
also established for A- and B-figured approximants. The application of this formula made it
possible to establish multidimensional analogs of many well-known convergence criteria for
numerical and various types of functional BCFs. In particular, the convergence of DCFs of a
special form in angular, parabolic [15-17], and circular domains [7, 8] was investigated. The
objects of research were functional BCFs with independent variables [20, 27, 28, 37], the BCF
expansions of the ratios of hypergeometric functions of several variables [4,39,50]. Truncation
error bounds for BCFs were obtained in [3,9,19]. In some cases, new criteria were obtained
that differ from the known convergence criteria for continued fractions themselves [6, 38].

As in the analytic theory of continued fractions, the technique of element regions and value

regions works effectively for estimating |a;(,)| and |Q1((sr))| in formula (30) to obtain an estimate
for | fu — ful.

By analogy with Leighton’s example [47], we construct a C;-figured convergent two-dimen-
sional BCF of the special form, in which every fourth element of each continued fraction within
its structure is an arbitrary complex number distinct from 0 and — %

Let us consider Euler’s continued fractions

o — m/2 1/2 a3 0y Qg
1= 1 _—1_1_1_..._1_...,
Dp—1/2 1/2 ay3 a4 Xk
I, = . . . >2
" 1 -1 -1-1-"-"1-"""==
where
N Tk o — -1 N T Mm-1)12k-2)
%-1= 57 %= 5T v k-1 = ,
2(1+ay k1)) 2(1+ay k1)) ! 2(1+ agpu—1)1[2k-2))
—1
ok — . n>2,k>2dlpl =i,...i i =12
! 2(1+ agpu—1)1[2k-2)) Plm s

P
Let {c]-,4k}, j,k=1,2,...,be an arbitrary sequence of complex numbers such that Cjak # 0,
and ¢ # —%, jk=1,2,.... We choose the elements a4 _q, k = 1,2,..., and ap,, 1) 1[ak—2),
n>2k=1,2,...,as follows

’ A2n—1],1[4k—2] = — , k=1,2,... and n > 2.

A[ak—1] = —
[ } 201 4k 2¢p, 41

Then ayx = c1,4k, @nax = Cpax fork =1,2,... and n > 2. The elements 4141 and a5, _1] 1[4,
k=1,2,... and n > 2, are chosen such that the series

Y1 = a1 <1 + Z 611[31611[5} e 611[2](”) ’
k=2

71 = A1) (1 + Y Aofu1)112) %20 —1]1[4] - -az[nl],1[2k2]>r k=2,
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converge, and their sums 7, p = 1,2,..., are non-zero. For instance, one can set
2¢1 4k . _ 2¢y, 4k
1+ 21 -|-261,4k' 2[n—1],1[4k] = rn,4k71 ¥ 20, 4
given an appropriate choice of the constants 7y 4,11 and r, 4. The continued fractions I,
k > 1, converge, and their values are equal to ¢, k > 1, respectively. Let us consider a
two-dimensional BCF of a special form
1 72 Tn

14T —14T,— " " —1+4T, —

This fraction is C;-figuredly convergent, and its value is 7 = y1(1 — 1/7), where

M[4k+1]) = —T1,4k+1 , k=1,2,...,n>2,

Y=1+) 1172 M
k=1

The numbers a1, A2k k=1,2,...,are chosen such that the series converges and its sum equals
Zero.
Let us formulate certain methods for investigating the convergence of BCFs.

Use of inequalities for harmonic means

This is used when investigating the convergence of BCFs with positive elements and N
branches of branching. Let x(1) = (X1, X0, Xnr), * = 1,k, where x;, > 0,j = 1,n,r=1%k
are real numbers.

If xﬁ? = n(x;rl + x{} +--+ x,j})’l is the harmonic mean, then

k k
3 < (L)
r=1 r=1 cp
These inequalities are used in the investigation of the convergence of BCFs with positive ele-
ments, where x; ; represent ratio of the tails of the approximants of BCF (29) [13,24,42].

Method of majorants
A BCF of the form

+o0 ig_1

C.
DY 2 @
k=1i=1 i)
with complex elements, where iy = Nj, N € IN (often N; = 1), is called a majorant of the
BCF (8) if there exist ng € IN and a real constant M > 0 such that for all n, m > ny we have

[fn = ful < M|gn — gml,
where g, k =1,2,. .., is the kth approximant of the BCF (31).
For example, if for the BCF (8) the conditions
|bz(k)| > |ai(k)|+1r l(k) eJ, k=1,2,...,
or
‘bi(k)’ > ik,llai(k)\ + i, i(k) ceJ, k=1,2,...,
are satisfied, then a majorant for the BCF (8) is the BCF

]+:°)° ZE —\ai(k)!’
k=1i=1 |bi(k)|

where N; = N (see [6]).
The proof of convergence is based on the statement that the convergence of the majorant
implies the convergence of the BCF [13].
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Method of fundamental inequalities

The method of fundamental inequalities is used in the analytic theory of continued frac-
tions to reduce the convergence of a continued fraction to the convergence of a series.
For the continued fraction

1 ay a3 an

1+1+14+ " +14+7
fundamental inequalities are satisfied if there exist non-negative real numbers 7, p =1, 2,.
such that

(32)

rpll+ap +apa| > rprpalapl +lapyal, p=12,...,
wherea; =0,rg=r_1 =0.
ap+1Bp 1

Letpp = — Bp+17 ,p=12,...,then
An n—1

B—zl—l— Zplpz...pk, n=23,....
n k=1

It follows from the fundamental inequalities that |o,| < rp, p = 1,2,.... Thus, the contin-
ued fraction (32) converges if the series ch’zl rir2...1p converges [56].
In particular, we have
An+1 _ ﬂ
Bn+1 By
A certain analogy with this last estimate can be obtained based on formula (30).

For the BCF (25), fundamental inequalities are satisfied if Qf(slg) #0,ip, =1,N,p =1k

k=1,s,s=1,2,...,and there exist positive real numbers r,, p = 1,2, .., such that

<rry.

N ai, _
Y Gl < os=12.., (33)
i1=1 Qil
N | g
Z i(k4+1) < rean|b p =1,N, p=1s,s=1,2, (34)
- (s)
igy1=1 Qi(k+1) i1 =1 Q k+1)

It follows from conditions (33), (34), and formula (30) that

m+1
\fn — fm| < Hrk/ nm=12,..., n>m.
k=1

Thus, a BCF (25) with complex elements for which the fundamental inequalities (33), (34) are
satisfied converges if [T;> ; % = 0.
This approach was used, in particular, in the works [5,13].

Expansion of the convergence domain of a sequence of holomorphic functions

In the investigation of the convergence of the continued fraction (1), we replace its numer-
ical elements with functions ay(z) and by(z), k = 1,2,..., z € D. We choose a domain D
such that, within this domain, the approximants of the functional continued fraction are holo-
morphic functions. There exists zg € D such that ay(zg) = a; and bx(z9) = by, k = 1,2,....
To investigate the convergence of the sequence of holomorphic functions {f,(z)}, z € D, the
Stieltjes-Vitali theorem is used [45].
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As such a compact set, we take the point zg, such that a(zg) = a and by(zp) = bg. Thus, we
obtain the convergence of the continued fraction with numerical elements. Such an approach
somewhat narrows the domain of convergence of the continued fraction and does not provide
an estimate for the rate of convergence.

For the BCF (8), we use the classical Stieltjes-Vitali theorem when a;(z), bi)(2),
z € D C C, or the following theorem when a;;)(z), bj()(z),z € D C cN,i(k) e J.

Theorem 8 ([13]). Let {f.(z)} be a sequence of functions of several variables, holomorphic
in a domain D and uniformly bounded on every compact subset of this domain. If {f,(z)}
converges at every point of a set A C D, which is a neighborhood of a point (either a real or
an imaginary neighborhood of this point), then the sequence converges uniformly on compact
subsets of D to a function holomorphic in D.

This theorem was used in the proof of a multidimensional analogue of the parabolic theo-
rem, specifically Van Vleck’s theorem on angular regions of convergence.

There are many unsolved problems in the analytic theory of BCFs, including: establishing
necessary conditions for the convergence of BCFs with complex elements; determining esti-
mates for the rate of convergence of BCFs, particularly in parabolic regions; and investigating
the convergence of BCFs into which ratios of hypergeometric functions of several variables
are expanded, where existing convergence criteria for BCFs cannot always be applied, among
others [12].
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BukopucToByOUM 3aAMIIKY I AXiAHMX ApobiB HellepepBHIMX APObiB Ta iX 6araToBMMipHIX y3a-
TaAbHEHb — TiANSICTMIX AQHITIOTOBMX APOGIB, 03HAUEHO KaHOHIUHI YMCeABHUKM i 3HAMEHHIKI Ta AO-
CAIAXEHO YMOBU BUPOAXKEHOCTi MiaXiAHMX Apo6iB. Po3rastHyTO Aesiki Tmmm dpirypHMX miaXiAHMX
ApobiB, 3okpema A-, B- ta C-dirypHi miaxiasi Apobu Ta ixai 3acrocysanHs. Kaacndikosaso pisgi
BUAM 30i)KHOCTI HellepepBHMX Ta TFAASICTYX AQHIIIOTOBMX ApObiB. 3a aHAaAOTI€IO 3 IpMKAaAOM AeliTo-
Ha 106y A0BaHO C-(pirypHo 36i>HI1 ABOBUMIPHIIA IAASICTIIL AQHITIOTOBII APi6 3 HepiBHO3HAUYHIMU
3MIHHVMMM, Y SIKOMY B KOXXHOMY HeIIepepBHOMY ApP00i, III0 BXOAUTD y JI0TO CTPYKTYPY, KOXHIIA Je-
TBEPTUI eAeMEHT € AOBIABHMM KOMIIAEKCHMM UMCAOM BiamiHHMM Bia 0 i —1/2. ITpoanaaizoBaHO
METOAM AOCAIAKEHHSI 361KHOCTI TIAASICTMX AQHIFOTOBUX APOOIB.

Kontouosi cnosa i ¢ppasu: TIAASCTWI AQHITIOTOBMIA Apib, 36iKHicTh, miaxiaHWT Api6, dpirypHa 36i-
XKHICTb.



