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Estimates of the characteristics of nonlinear approximation of

classes B?e of periodic functions of many variables in the
space B,

4

Fedunyk-Yaremchuk O.V., Hembars’ka S.B., Solich K.V.

Exact order estimates of the best m-term trigonometric approximation and the best orthogo-
nal trigonometric approximation of functions from the Nikol’skii-Besov-type classes BSB in the
Lebesgue subspaces B, for certain relations between the parameters p and q are obtained. It is
shown that in the considered cases the mentioned approximation characteristics of the classes BSB
in the spaces B 1 and L, differ in order. In addition, it was found that for 1 < g < p < o, in contrast
to the case 2 < p < g < oo, the obtained orders of these quantities are realized by approximation of
functions from the classes Bge by their step hyperbolic Fourier sums with a corresponding number
of harmonics.
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trigonometric approximation, best orthogonal trigonometric approximation.
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Introduction

In the paper, we investigate the approximation characteristics of the Nikol’skii-Besov-type
classes ng of periodic functions of many variables in the space B;1, 1 < g < co. The norm
in this space is not weaker than the L;-norm. As indicated in the papers [4,7, 11, 13-15, 30~
33,35,36,43], a motivation for considering approximation characteristics (best approximations,
widhts, best m-term trigonometric approximations, etc.) of the Nikol'skii-Besov classes B, ,

and their generalizations ng in the spaces B, 1, q € {1, 0}, was the fact that in certain impor-
tant cases the questions on the orders of respective characteristics in the spaces L; and Le, still
remain open. Later, in the works [8,12,18-22, 34], the approximation characteristics of some
functional classes were studied already in the spaces B;1, 1 < g < oo, which was due to a
similar motivation. The obtained results complement and generalize some statements from
the above-mentioned works [8,12,18,19].

The paper consists of three parts. In the first part, we introduce notation and define func-
tional classes ng and spaces B, 1. In the second part, we define approximation characteristics
under investigation and formulate auxiliary statements.

The third part of the paper is the main one. In Theotem 1 we establish exact order estimates
of the best m-term trigonometric approximations of the classes B;?e (denoted by em(ng) By1)
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in the space B;1, 2 < p < q < oco. In Theorem 2, in addition to the mentioned approxi-
mation characteristic, we also investigate the best orthogonal trigonometric approximations
eﬁ;,(B’%)Bqll, 1 < g < p < co. Itis shown that in this situation, the quantities em(B;%)Bql1 and

eﬁ,;(B?e) B,, have the same orders. We will comment on this more in remarks to the obtained
results.

1 Definition of functional classes and spaces B, ;
Let R? denotes d-dimensional space. Let (x,y) = x1y1 + ... + x4y, be a scalar product of

d
elements x = (x1,...,%;),y = (y1,...,y4) € R%. By L,(T?), T¢ := [] [0,27), we denote the
j=1
space of functions f(x) which are 27r-periodic in each variable and such that

£l = Wl nn = (@0 [ FP ) <o, 1< p<en,

1 flleo := [l fllL., ey := esssup [f(x)] < co.

xeTd

Thus, we assume that for f € L,(T%) the condition

27
: f(x)dx; =0, j=1,d,

is satisfied. We denote the set of such functions by Lg(Td). Sometimes instead of L,(T%) and
Lg("ﬂ"d) we use the simpler notations L, and L), respectively.
We denote the Ith difference of a function f € Lg, 1 < p < oo, with a step hj in the
variable x; by the formula
l
A;l]f(x) = Z;)(—l)l”C?f(xl, cee Xjo1, X + Tlh]‘, Xjt1s vy xd).
n—=

ForfeL,1<p<oo,h=(hy,...,hg)and t € lR‘i we introduce a mixed [th difference

ALf(x) = By A f(x) = B, (- (8], f(x)))

and we denote the mixed modulus of continuity of order I by

f, )= sup (ALl
‘hj|§tj,j:1,d

Let Q(t) = Q(#y, ..., t;) be a given function of the type of mixed modulus of continuity of
the order /. This means that the function Q)(t) satisfies the following conditions:

1) Q(t) >0,t>0,j=1,d and Q(t) = 0, if n;?:l ti=0;

2) Q)(t) is noncreasing in each variable;

]

(
I
3) Q(mltl,...,mdtd) < (Hdzl m]> Q(t), m; € N,j =1,d;
(

4) O(t) is continuous for t; > 0,j = 1,d.
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Following S.N. Bernstein [5], we call the function of one variable ¢(7) almost increasing on
[a, b], if there exists a constant C; > 0, which does not depend on 13, T, such that

(1) <Cip(n), a<m <1 <D,

and almost decreasing on [g, b], if there exists a constant C, > 0, which does not depend on
T1, T2, such that
p(t1) > Ce(r), a<tu<1n<b

We assume that the function Q)(t), t € R, satisfies also the conditions (S*) and (S;), which
are called the Bari-Stechkin conditions [2,42]. This means the following.

A function of one variable ¢(t) > 0, T € [0,1], satisfies the condition (5*) if ¢(7)/T"
almost increases for some a > 0.

A function ¢(7) > 0, T € [0, 1], satisfies the condition (S;) if ¢(7) /7" almost decreases for
some(0 <y <[, I €N

In the case of d > 1 we say that Q(t),t € ]R‘i, satisfies these conditions if Q)(#) satisfies
these conditions in each variable ¢; for fixed t;, i # j.

We now define the functional classes ng, which were considered in the paper [46] by
S. Yongshen, W. Heping.

Let1 < p,0 < oo and let Q)(t) be a given function of the type of mixed modulus of conti-
nuity of the order /, which satisfies conditions 1) — 4), (§*) and (S;). Then the classes BSG are
defined as follows

Bl = {f € LT : flgo, <1,

1fllze, = (/w (%Yﬁi—?)é 1<0< oo,

j=1

o O (f,t)p
1fllsg, = f;% EORE

where

We note that, in the case r = (r1,...,74),0 < rj < I, j = 1,d, and Q(t) = H 1 t]] the
classes B?e are identical to analogs of the Besov classes B! , which were considered in the
papers [1,16]. In turn, for 8 = oo the classes Br, = H I are analogs of the Nikol’skii classes [17].
The classes B%oo =H 19 were studied by N.N. Pustovo1tov in [23].

In the following considerations we will use the definition of classes ng in a slightly differ-
ent form. To do this, we recall the definition of order relation.

For two non-negative sequences (a,)5_; and (b,)S_; the relation (order inequality) a, < by
means that there exists a constant C3 > 0, which does not depend on n and such thata,, < C3bj,.
The relation a,, < b, is equivalent to 4, < b, and b, < a,,.

To every vector s € INY we put the set

o(s) i= {k ez < k| <29, =1, }
in correspondence, and, for f € 19,1 < p < oo, we denote

()= 0lfx) = L P,

kep(s)



Estimates of the characteristics of nonlinear approximation ... 147

where
Fy = @m0 ar

are the Fourier coefficients of the function f.

Therefore, for f € ng, 1< p<oo, 1<6 < oo, where ()(t) is a given function of the type
of mixed modulus of continuity of order I, which satisfies conditions 1) — 4), (5*) and (S;) the
relations

(Zo eI ) 1<0<e,

a =< seN 1
e, e (Pl - "

e O '
hold. Here and below, Q(27%) = Q(27°1,...,275), sieN,j= 1,d.
Note that the case 1 < 6 < o0 in (1) was considered in [46], and the case 8 = oo in [23].
For the norms of functions from the classes ng for p = 1and p = oo we can write relations
analogous to (1) by replacing the “blocks” Js(f) by others. Namely, by V;,(t),m € IN,t € R,
we denote the Vall’ee-Poussin kernel

=l om—k
Vi (t) _1+2Zcoskt+2 Y ( >coskt
k=m+1 m

(for the correctness of the definition of V,,(t), we should assume that the last sum in this
formula vanishes for m = 1).
To every vector s € INY, we put the polynomial

d
As@) =TT (Vs () = Vg (%)), xRS,
j=1
in correspondence, and, for f € 19,1 < p < oo, we set

As(f) i= As(fx) == (f * As) (%),

where * means the convolution operation.
Then the following relations

0
x o 2l ) 10,
HAs (F)llp
sup ———+—,
ent Q27)
hold. Note that the case 1 < 8 < oo in (2) was considered in [40], and the case 8 = oo in [23].

In the following research, we consider the classes 329 defined by a function of the type of
a mixed modulus of continuity of order ! of the special form

t):w(jlit]), 3)

where w(7) is a given function (of one variable) of the type of a modulus of continuity of order
[ that satisfies conditions (S%) and (S;).

Hf”BQQ = (2)

0 = oo.
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It is easy to verify that the function Q)(t) of the form (3) satisfies properties 1) — 4) of a
function of the type of mixed modulus of continuity of order /, and satisfies conditions (5%)
and (S;). Therefore, the above mentioned relations (1), (2) for the norms of functions of the
class ng remain true.

: ' 0 —
Define the norm || - [/, in the subspaces By; C L;, 1 < g < oo, by |/t[p,, := Zﬂ;\}d | As(t)]]4,
s€
(the sum contains a finite number of terms), where ¢ is a trigonometric polynomial with respect

to the trigonometric system {ei(k’x ) } kezd

Similarly we define the norm for functions f € LY, such that the series ¥ [ As(f)l|4 is
s€N?
convergent, namely

”fHBq,l : Z | As(f ”qr 1<g< oo

s€INd
Note that in the case 1 < g < o the relation

£lls, =< X 118s(F)llg

s€INd

is valid.
For f € B;1,1 < g < oo, the following relations

1Allg < Wfllsys If ey, < M fllBy, < N fllBos-

hold.

2 Approximation characteristics and auxiliary assertions

Forn € N and s € IN? we set

U p(s), where ||s|li:=51+... 45,

[Is[ly<n

The set Q,, is called the step hyperbolic cross. For the number of elements of the set Q,,, the
following order equality |Q,| < 2"n%~! holds.
Next, we will consider the sets of trigonometric polynomials

T(Qn) := {t ) =) ce'®), e, x e ]Rd}
keQu
and for f € LI(T?) we put
SQn(f) _SQn Z f kx’ XGIRd
keQu

Polynomials S, (f) are called step hyperbolic Fourier sums of the function f. According
to the notation considered above, Sp, (f) can be expressed in the form

S, (f) = Z 55(f) == Z S5 (f, x).

Islli<n [[slli<n

Taking into account the sets of trigonometric polynomials defined above, consider the fol-
lowing approximation characteristics.
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Let X be a normed functional space with the norm || - || y. For f € X we define by

Eo,(flae= inf [If ~tl

the best approximation of the function f by polynomials from the set T(Qy). Accordingly, for
the functional class F C X we set

Eq,(F)x = S}UIF? Eg,(f)x- (4)

In addition to the quantity (4), we will consider approximation characteristic

£q,(F)x :=sup &g, (f)x :=sup [|f — Sq, (f)llx-
feF feF

In the paper [9] it is shown that for f € ng the following statements hold.

Theorem A ([9]). Letd >2,1<g<p <00,1<6 < 00,and Q) = w(H?Zl tj>, where w(T)

satisfies condition (S*) with some « > 0 and condition (S;). Then the following relations
- —1)(1-1
an(BSQ)Bqll = EQM(B;),Q)B%1 = w(2 n)n(d Ha-5
hold.

Theorem B ([9]). Letd > 2,1 <p<g<o00,1<6<o0,andO(t) =w <H?:1 tj) , where w(T)

satisfies condition (S*) with some « > % - % and condition (S;). Then the following relations

_ 11 _1)(1-1
E0u(B)n,, = Eo, (B, = w(2 (51 yld-10-4)
hold.

Let ®;, be a set of m arbitrary d-dimensional vectors with integer coordinates. Let us denote
by
P(@n) == P(@n,x):= Y ce®™, ¢ eC
ke®,
a trigonometric polynomial with “numbers” of harmonics from the set ®,,. For f € X, we
consider the quantity
en(f)ac i= infinf [ = P(©4) .1,

which is called the best m-term trigonometric approximation of f. For a class F C X, we set

em(F)x :=supen(f)x.
feF

The quantity en(f)2 := em(f)r, (r) for univariate functions was introduced by S.B. Stechkin
[41] in order to formulate a criterion of absolute convergence of orthogonal series in the general
case of approximations by polynomials with respect to arbitrary orthogonal system in a Hilbert
space.

Further, the quantities e, (F) x for certain functional classes and spaces X' = L, (T4),d > 1,
as well as other normed spaces, were studied by many authors. The detailed overview can be
found in the papers [3, 8, 10,12,15,18,19,26-29,34,37,38] and monographs [6, 25,44, 45].
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To formulate the auxiliary statement, we introduce the necessary notations and definitions.
Let D be a bounded set in R%,d € N, and ® = {¢,(x)}®_; be a system of functions from
Ly(D),1< g < o0. For f € Ly(D) we set

m /q) = inf - i$n; s
em(f )Lq(D) {nj}:ACl%+, Al=m f ];C]q’, L)
{Cj}E]Rm

where Z = INJ{0}, and |A| denotes the number of elements of the set A.
Further, if F C Ly;(D) is some class of functions, we define

em(F,CD)Lq(D) = ?ruIF)em(f,CD)Lq(D). (5)
€

Remark 1. The space Ly(D) is defined analogically to the space Ly(T%) by changing in the
definition of || - HLq(Td) the multiplier (27t) ™% by the multiplier (mesD)~! and the integration
is taken over the region D.

Remark 2. In the case of trigonometric system T := {ei(k'x) } yezdr We will write definition (5)
as

en(F.T)ty0) = en(E A} p0) ) = em(Fl

In what follows, for the vector s € IN? with even numbers Si,J = 1,d, we denote

}

D, := {s :(s,1) =2 E}}, Vo= p"(s),

seDy,

ot ()= {ke N 297 <k <2, j=T1.d

and for n € IN set

where [a] is the integer part of the number 4.
Note that for the number of elements in the sets D, and ), the following relations

|D, | < ni-1 | V| < 2npd-1

hold.
Let 7 (Vx) be a set of polynomials of the form

tx):= ) cre' (%),
[k|€Vn

where |k| = (|k1],..., |k4])-
If X is a normed space with the norm || - ||x , by 7 (Yn)x we denote the unit ball in the
space T (V). In the introduced notation the following statement holds.

Theorem C ([15]). There exists a constant C4(d) > 0, such that for any set of functions
D = {(pj}§21 C By, 1 < Cs5|Vy|, the following estimate

em(T (Vi) Bur ®)By, = Con™ !, Co = Co(d, C5) > 0
holds for all m < Cy(d)|Vu|.
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Remark 3. The space Be,o is defined as follows

Bowo = {f € L% [ fllgn < o},

where | f| 5., = sup [[As(t)] -
seIN9

Lemma A ([3]). Let 2 < q < oo. Then for any trigonometric polynomial P(®,) := P(®,, x)
and any m < n, one can find a trigonometric polynomial P(®,,) := P(©,,, x) such that

IP(©1) - (@l < Crla)y L P(©,)]2

and, moreover, ©,, C ©,.

In the statement obtained in Theorem 2, in addition to the quantity em(B?G) Byas the follow-
ing approximation characteristic is considered.
For f € X we denote

m
ng(f) = S@m Z i(Kx) , X € ]Rd,

where f(k) := (271)~4 Jra f (t)e*i(kj't)dt are the Fourier coefficients of the function f, which
correspond to the set of vectors ©,.
We consider the approximation characteristic

e(f) 1= inf|f — Se, ()1
and for the functional class F C & we put

e (F)x = sup e (f)x.
feF

Quantity e;;(F)y is called the best orthogonal trigonometric approximation of the class
F in the space X. The quantities e,;(F)y for classes of functions B, and 829 in spaces
Ly, 1 < g < o0, and By, 1 were studied in the works [3,7,12,13,24, 25,29, 33, 35].

Note that from the definitions of the quantities e, (F)y and e;;(F)y we get the following
relation

em(F)y < ep(F)x. (6)

3 Main results

The following statement is true.

Theorem 1. Letd > 2,2 < p <g<o00,1<60<o00,and Qt) =w <H?:1 t]-) , where w(T)

satisfies condition (S*) with some « > % and condition (S;). Then for any natural numbers m
and n, such that m =< 2"n%~1, the tollowing relation holds

em(BY)p,, = w(2 M)n@ D=0, 7)
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Proof. First, we establish the upper estimate in (7). Note that in view of the embedding
B?Q - B?e, p > 2, it is sufficient to consider the class Bg)g.

So, let f € BSY. We can write the function f as

f: Z 5S(f)+ Z 5S(f)+ Z ‘SS(f)/ (8)

[Islli<n n<|lslli<pn lIsll1=pn

where > 1 is some real number that will be chosen in the process of proving.
For a given number m, we choose the number 7 from the relation m =< 2"n%~1. We consider
for the function f an approximation polynomial of the form

P(©u):= Y &)+ Y, PO,,), )

lslla<n n<|slli<pn

where P(®,,) are the polynomials, constructed for each “block” Js(f) with respect to
Lemma A, i.e.

sl 2
J0:07) = P@u)ly < (%) 10 (10

Suppose that the polynomial P(®,,) has been constructed. Then, taking into account (8)
and (9), we can write

S

If = P(®M)HB,4,1 = | |X: os(f) — |X|: P(©n,) 5
s|lh>n n<||s|j1<pn g1
= Y () =PO)+ Y &(f) (11)
n<|lsll1<pn [[sll1=pn By
<| © wn-re) +| T an| =ben
n<|s|l1<pn Bga [[sll1>Bn Bga

Next, let us estimate each term in (11). According to Theorem B for the quantity I, we
obtain

b= 'f - Y ap| <suplf- T a0 <w@ G-y,
l[sll1<pn B feBE, [Isll1<pn Bya
(12)
Next, we estimate the term [;. Using the definition of the norm || - ||, ,, Lemma A, and the
estimate (10), we get
h= Lo ¥ @n-re.))
seINd n<||s'l1<Bn q
1 (13)
2llsllt\ 2
- ¥ sn-redl< T (57) 180k
n<|[s|l1<pn n<|ls[l1<pn °

Substituting (13) and (12) into (11), we obtain the relation

lIsllx

F=P@s, < ¥ Il +w@ P2 D000 2 g, g

n<|slh<pn ng




Estimates of the characteristics of nonlinear approximation ... 153

Now we choose the numbers 8 and 7 as follows

lisly

2] +1

, o ongi=[w (2725 w(27 k)2

and let us show that with this choice of numbers 15 the number of harmonics in the polyno-

mials P(®,,) does not exceed 2"n%~1 in order,ie. Y  n, < 2"l
n<|sli<pn

We have

n lIs]|
ns< Y 14w '@2m2f Y w(@ k)2t
n<llshi<pn  n<|sli<pn n<|lsi<pn
w(2-lslhy
22l

<n'+w 22 Y 2= (@=3)lsh .— .

[sll1=n
d
To estimate the term I5, we note the following. Since Q)(t) = w( I1 t]-> satisfies the condi-

tion (S*) with a > %, then (see [46])

w(zfl\s\ll) w(2™")
r—alsl S o

» sl = (15)

s

In addition, the following relations

5 o lslh — i y o—lislh — iz—f Y o1x iz—fjd‘l = 2=l (16)

Islli=n j=nlls[li=j j=n lslh=j j=n

hold.
Thus, taking into account (15) and (16), the estimation of the quantity Is can be continued
as follows

—n
Is < n + w—l(z—n)z’éwz(in) Y o=l

lIs]l1>n

~ pn +2%2an2—n(a—%)nd—1 S +2nnd—1 < ongd—1

Regarding the choice of numbers 15, we make the following remark. It is possible that for
some vectors s = (sq,...,54) the inequality n; > 2lsli holds. In this case, we take the corre-
sponding “block” Js(f) as the polynomials P(®,, ), which does not affect the further estimate.

Hence, returning to estimation of the quantity I3 and taking into account the values of n;
and B, we can write

lis| n lisl
e Y 2Twi2 iw @2 s,
<

n:HSH1<ﬁn n 1 lIsl1 (17)
= w2(27")27 4 Z w—l(z—l\S\Il)”(gs (f) w2 (2—HSH1)2T.

n<|ls[ly<pn

Further we consider several cases, depending on the values of parameter 6.
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Case 1. Let 1 < 6 < oo. Applying to the last sum in (17) the Holder inequality with the
exponent 6 and using the relations (15) and (16), we have

I < w22 <n<§<ﬁnw9(251)55(”3)5(%?2@”( oz Tl>%'>;,

1. _n w(2- sl 1 97 %
<w42®z4wh%<§:<7%mrb<agmv )

(18)

< w(27M)271272°

where § + 5 =1
Case 2. Let 8 = 1, then we may write

1,
I < w%(z_”)z—% sup Mz—%HSle@
lIs|l1=>n 2—3llslh

%: w @2 ) 85 (f) I
n<||s|l1<pn

2 £ llsg,

1 H H1

< w%(Z_”)Z_%w%(Z_”)Z% sup 2~ (1)

[sll1=n

n

< w(27M)2712727721 = w(27M).
Case 3. Let 8 = oo. Using the relations (15) and (16), we get
n HSH
I < w%(z—n)2—1 Z 105 (f)HZ = %(2 H5H1)
w(2-ls Hl)
n<|slly<pn <

Homt sup NS %<z|'|s'1>2(,x

IN

w

[[sll1>n w(z—\lslh) n<|s|l1<pn (20)

1
7
< w227 fllgp S )y o

[[sll1=n

2
< w%(2*”)2*%}%(2*”)2%2’72%”’*1 = w2 ML,

So, combining the relations (18)—(20), the estimate (17) takes the form
I < w@ M@0, 1<6<c. 1)

Let us estimate further the quantity ;. Taking into account that in our case ¢ > 2 and
B > 1, and using the relation (15), we obtain

w2 ) —pn(a-i+1) @-na-i) . @@7")
2 Ae0h « 985 (22)

_ w(z—n)zan2—zxnn(d—l)(1—%) _ w(z—n)n(d—l)(l—%).

Iy=

Finally, by substituting (21) and (22) into (14), we obtain the required upper estimate

em(Bp 9) < em(Bz 9) < w(z )n(dfl)(lfé).
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Let us get the respective lower estimate in (7). For a given number m, we choose the number
n from the relation m = 2"n9-1 and consider the class B?G N T (Yn), which contains functions

with B?Q that are simultaneously polynomials with 7 ())). In this case we can write

en(Byg)B,; = em(Bg N T (Vu))B,,- (23)

By Py, we denote the operator of orthogonal projection on T (Yn), which to each function
f € By put in correspondence polynomial from 7 ();,). Then for the norm of this operator, as
an operator from B, 1 to B;1 1 < g < oo, we have

o\ itk
1Py, By, = sup || 3o flk)e'™)
<1 B
I£llz, ;<11 [k|€V, 01 (24)
< sup Y &)l < sup Y [I6:(f)lly < Cs, Cs>0.
I£llg, , <1s€Dy I£11B,,<1seNd

Therefore, in view of (24), for an arbitrary polynomial P(®,,) C B,1 and fe ng NT (V)
we can write

If = P(®w)llB,, > [Py, (f — P(Om))ls,, = IIf — Py,P(®Om)ll5,,

Then for the trigonometric system T = {ei(k'x ) } rezq the following relation holds

en(Byg VT (Vn), T)p,y > em(Byo N T (V) ¢} ey, )5, (25)
Thus, taking into account (23) and (24), we obtain

EM(BSQ)BM > em(B;?e NT(Vn), {ei(k’x)}weyn)Bq,y (26)

In what follows we consider two cases.
Case 1. Let 1 < 6 < co. Then for any polynomial t € 7 (),) we get

‘tHBQ = ( Z w (2" B H1 165 (¢ )Mi)é xw1(2”)< Z ”As(t)Hfg)é

seD, seDy,

<ot m Al T1) =e @ myx Al @

s€D, seDy,
—1(p—ny,, &1 —1/m—ny,, 41
< w27 n e max||As(f)|leo = 0™ (271 7 |t|p, .
s

n

Case 2. Let 0 = co. Then for t € T (),) we get

_ 165 ()] p | As(8)][p
Ht”BO ~ max —=—-—"— max ——=——-
P seDy w(2 HSH1) s€Dy w(2 HSH1) (28)

= w2 max || As(t) | < W0 (27")[|H] By -

~
—~
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From (27) and (28) we conclude that the following embeddings
Cow(2 )™ T T (Vn)Bun € BN T (Va), 1<8 <00, Co>0, (29)
Crow(27")T (V1)Buoso C Bpoa N T (Vn), 6 =00, Cig>0. (30)
hold. Thus, using (29) and Theorem C, for & = {¢/(k*)} e

en(Bfl)as 2 en (B 0T ), {4} 0y, )

y, and [ = |V, |, we obtain

By
2 M Te (T i(kx) (31)
> @@ e (T(V)baw 1€ byey, ),
> w(Z_”)n_dfglnd_l = w(2_”)n(d_1)(1_%), 1<6 < oo
Similarly, in the case 8 = oo, taking into account (30), we have
em(BSo)p,, > w(27 "), (32)
The lower estimate in (7) is established. Theorem 1 is proved. O

In the following statement, in addition to the quantity em(B;%) B,, We consider the best

orthogonal trigonometric approximation ef”-(B’%)Bql inthecasel < g < p < co.

Theorem 2. Letd > 2,1 < g<p <o0,1 <0 <o0,and Qt) =w (H}izl t]-) , where w(T)
satisfies condition (S*) with some a > 0 and condition (S;). Then for any natural numbers m

and n, such that m = 2"n%1, the following relations hold
_ _1)(1-1
em(BSg)B,, = em(Bg)p,, =< w(2 ")n@" D070, (33)

Proof. According to the relation (6), it is sufficient to prove the upper estimate in (33) for the
quantity e;; (ng) B,, and the lower estimate for e, (B?,e) Byi-

So, using the result of Theorem A, for m =< 2191 we can write
_ 1) (1-1
en (BB, < €q,(Byy)p,, = w2 )nlD170),

The lower estimate for the quantity e, (3;99) B,, can be obtained using similar considerations
as in the proof of Theorem 1, namely, as in the proof of estimates (31) and (32). Theorem 2 is
proved. O

At the end of the work we will make some comments on the obtained results. Comparing
the estimate obtained in Theorem 1 with the estimate of the corresponding quantity e, (B?Q)q

(see [39]), we observe that the best m-term trigonometric approximations of the classes BSG in
the spaces B, 1 and L, differ in order. A similar situation is under the conditions of Theorem 2.
In addition, we note that Theorem 2 considers, in particular, the case 1 < g < p < 2, which for
the corresponding quantities in the space L, still remains unstudied. It is also important that
the orders of approximation characteristics established in Theorem 2 are realized by approxi-
mation by trigonometric polynomials from the set T(Q,,), m < 2"n%~!, more precisely by step
hyperbolic Fourier sums Sq, (f), f € ng (see Theorem A).

Regarding Theorem 1, the situation is fundamentally different in this case. Comparing the
estimates obtained in Theorem 1 and Theorem B under the condition m = 2"n%~1 we conclude
that the mentioned polynomials do not realize the orders of quantities ey, (ng) B,,- Inaddition,

the question on the orders of the best orthogonal trigonometric approximations e;, (B?,Q) B,, for
2 < p < g < oo remains open.
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B po6oTi oaepxaHO TOYHI 3a IOPSIAKOM OLIHKM HalMKpaIMX #-UYA€HHMX TPUTOHOMETPIYIHIX
HabAVDKeHD i HalfKpalx OpTOrOHAABHMX TPUTOHOMETPUYHIX HabAVDKeHb (DYHKIIIN i3 Kaacis Ty
Hixoabcpkoro-becosa B’% y mianpocropax Aebera B;1 AAsl AeSIKMX CTiBBiAHOIIEHb MiX Mapame-
Tpamu p Ta q. IlokaszaHo, 1110 B pO3TASIHYTUX BUITAAKaX 3rajaHi alpOKCUMAMilHI XapaKTepUCTIKI
KAaciB BSB y mpocropax By i Ly € pisHmMu 3a mopsiAkoM. KpiM I1bOro TakoXX BUSIBAEHO, IO NpK
1 < g < p < o0, Ha mpoTUBary BunaaKy 2 < p < g < 00, OAep KaHi HOPSIAKM VX BEAUUVH peanisy-
IOTBCSI 32 HAOAVDKeHHST (PYHKIIN 3 Kaacis B 29 IxgiMu cxiavactumu rinepboaigammm cymamu dyp’e
3 BiATIOBIAHOIO KiABKICTIO TapMOHIK.

Kntouosi cnosa i ¢ppasu: xaac vy Hikoascbkoro-becosa, cxiauacro-rimepboaiuna cyma ®yp’e,
HaliKpallle /M-UYAeHHe TPUTOHOMeTpUUHe HabAVDKeHHsI, Halfkpallle OpTOTOHaAbHE TPUTOHOMETPH-
JHe HabAVDKeHHsI.



