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Hereditarily and super Bassian modules over certain rings

Danchev P.V."*, Quynh T.C.2, Zemlitka J.3

We characterize in certain basic cases when a module over a ring is either hereditarily Bassian
or super Bassian in the sense that either each its proper submodule is Bassian or, respectively, each
its proper epimorphic image is Bassian. We prove several structural criteria for both hereditarily
Bassian and super Bassian modules over non-primitive Dedekind prime rings, and in particular
Dedekind domains. Over these rings, we establish that a singular module is super Bassian exactly
when it is Bassian, which is true if and only if it is Bassian. In addition, for an arbitrary (not nec-
essarily singular) module over a non-primitive Dedekind prime ring, the property of being super
Bassian curiously implies the property of being hereditary Bassian always.

Our achievements somewhat continue and supply recent results due to A. Tuganbaev in [Mathe-
matics 2026, 14 (1), 108] and N. Blacher in []J. Algebra 2026, 693, 362-371].
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Introduction and motivation

Let M be a module over a ring R. Imitating the article [4] (see also [2,3] as original sources),
we say that M is Bassian, provided that the existence of a monomorphism M — M/N for
some submodule N of M forces that N is the trivial submodule of M, that is, N = (0). More
generally, if N is a (possibly proper) direct summand of M, then M is said to be generalized
Bassian.

Moreover, if L is a module such that each its factor-module L/K is Bassian for any (proper)
submodule K < L, then L is called super Bassian. It is quite surprisingly that super Bassian
modules are just Hopfian (see, e.g., [4, Proposition 3.5 (3)]). Since there is a Hopfian abelian
group that is not super Bassian (see, for instance, [3, 5]), this unambiguously shows that these
two concepts are not the same at least for Z-modules.
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On the other hand, if T is a module such that each its (proper) submodule is Bassian, then
T is called hereditarily Bassian.

As a pioneer work on the present subject, L. Rowen and L. Small explored in [7] when some
large classes of (affine) algebras are Bassian proving that any semi-prime affine Pl-algebra over
a field is Bassian, and any semi-prime affine Goldie algebra of finite GK dimension satisfying
the ACC property on semi-prime ideals is Bassian.

Likewise, recently in [3, 5], were studied and characterized those Bassian abelian groups
whose proper subgroups are again Bassian, as well as those Bassian abelian groups whose
proper homomorphic images are Bassian too.

On the other side, very recently, N. Blacher examined in [1] those rings whose all proper
subrings are either Noetherian or Artinian.

That is why, it is quite logical to continue the investigations in this way for other algebraic
structures like modules over some classical types of rings. We, however, treat here the more
global case of modules over a few large classes of rings such as (possibly non-commutative)
non-primitive Dedekind prime rings and principal ideal domains.

Our work is organized as follows. We distribute the main results into two subsequent
sections which are devoted, respectively, to the super Bassian and hereditary Bassian cases. In
the first section, we establish that the property of any module over a non-primitive Dedekind
prime ring to be super Bassian is equivalent to the existence of a finitely generated submodule
of the former module such that the corresponding quotient is singular and all its primary
components are again finitely generated (see Theorem 1). In the second one, we establish
that the property of any module over a non-primitive Dedekind prime ring to be hereditary
Bassian is tantamount to the fact that each primary component of its singular submodule is
finitely generated and the existence of a finitely generated submodule that is singular modulo
the given module. Moreover, each module over a semi-local ring with nilpotent Jacobson
radical is hereditarily Bassian precisely when its socle is finitely generated (see Theorems 3
and 2, respectively).

1 Super Bassian modules

Traditionally, E(M) denotes an injective envelope of M. If R is a domain, then 7(M) stands
for the torsion part of M. Our basic notation and terminology are mostly standard, whereas
the new notions will be specified in detail in what follows.

We begin here by listing once again our pivotal instrument.

Definition 1. Let R be a ring. A right R-module M is said to be super Bassian if every epimor-
phic image of M is Bassian.

It is worthwhile to emphasize that not all Bassian modules are super Bassian, so this new
concept makes some sense to be investigated hereafter.

The next statement is worthy of mentioning. Remember that a ring is called right duo if
every right ideal is two-sided.

Example 1. Any right duo ring R is super Bassian as a right R-module.
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Proof. Suppose R is a right duo ring, and both I and H are right ideals of R with I < H.
Let f : R/I — R/H be a monomorphism of right R-modules. Then we may assume that
f(141) =a+ H forsome a € R. Forall x € H, since R is right duo, we have ax € H and so
f(x+1) =ax+ H = 0. We thus deduce that f is a monomorphism and hence x € I. It follows
now that I = H. Therefore, this shows that Ry is super Bassian, as stated. O

The following technical observation is pretty obvious, so that we can omit its proof.
Lemma 1. Let M be a right R-module. Then the following conditions are equivalent:
1) M is super Bassian;
2) each quotient of M is super Bassian;
3) if the sequence 0 — M/N — M/K with N < K < M is exact, then N = K.

Since direct summands are isomorphic to factors of a module, we obtain in addition
as a consequence that the class of super Bassian modules is closed under taking direct
summands.

A module M is called distributive, provided AN (B+ C) = (AN B)+ (ANC) holds for
all submodules A, B, and C of M. It is well known that if M is distributive, then M/N has
square-free socle for each submodule N C M.

Proposition 1. Let M be a distributive right R-module. Then the following two conditions are
equivalent:

(1) M is super Bassian;
(2) every factor module of M is generalized Bassian.

Proof. (1) = (2). It is obvious, because every Bassian module is generalized Bassian.

(2) = (1). Assume that every factor module of M is generalized Bassian. Furthermore, let K
and I be submodules of M with I < Kanda: M/I — M/K = (M/I)/(K/I) be a monomor-
phism. Since M/ is generalized Bassian, K/ is semi-simple and (K/I)“) is embeddable into
M/ 1 by [4, Proposition 4.4]. But, as noticed above, M/I has square-free socle, we infer that
K/I = (0) whence K = I. We, thereby, conclude that M is super Bassian, as wanted. O

Since an infinite direct power of a non-zero module is manifestly not Bassian, we can for-
mulate the following easy observation.

Lemma 2. A module M over a ring R is not super Bassian if there exists N < M and a non-zero
module S such that M/N =2 §(w),

The next claim is also helpful for further applicable purposes and so worthy of document-
ing.

Lemma 3. Let M be an infinitely generated module over a right perfect ring. Then
(1) there exists a simple module S and a submodule N such that M/ N = S(w).

(2) M is not super Bassian.
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Proof. (1) Let R be a right perfect ring with Jacobson radical J, and let M be an infinitely
generated module. Since M] is superfluous in M, the factor M/(M]) has the structure of an
infinitely generated module over the semi-simple ring R/, thus it is an infinitely generated
semi-simple module. Notice that there exists up to an isomorphism only finitely many simple
modules over each perfect ring, hence there exists a simple module S and a submodule N such
that M] < N < M and M/N = §(@).

(2) Note that M is not super Bassian according to (1) and Lemma 2. O

Recall that a module M is called g.f.d. if each quotient of M has finite Goldie dimension
(= uniform dimension), i.e. no quotient of M contains an infinite direct sum of non-zero sub-
modules (cf. [6, Definition 6.2 and Proposition 6.4]).

As a consequence of the previous assertion, we derive the following result.

Proposition 2. Let M be a right module over a right Artinian ring R. Then the following three
conditions are equivalent:

(1) M is super Bassian;
(2) M is finitely generated;
(3) M is a q.f.d. module.

Proof. (1) = (2). It follows from Lemma 3 (2).

(2) = (1) and (3). Since a finitely generated module over a right Artinian ring is necessarily
of finite length, it is a super Bassian q.f.d. module.

(3) = (2). Assume that M is an infinitely generated module. Then, exploiting Lemma 3 (1),
there exist a simple module S and a submodule N of M such that M/N = $(@), which is a
contradiction to the finite Goldie dimension of M/ N, as expected. O

We now intend to look at the more complicated situation of when a module over a right
Noetherian ring is super Bassian by establishing the following (see [4, Example 2.1] too). Recall
the plain facts that any Noetherian module is Bassian, as well as any finitely generated module
over a right Noetherian ring is Noetherian.

Lemma 4. Any finitely generated module over a right Noetherian ring is super Bassian.

Proof. Let R be a right Noetherian ring and M a finitely generated R-module. Then, for any
proper submodule K of M, the factor-module M/K remains finitely generated. Since R is right
Noetherian, this quotient M /K is too Noetherian. Hence, M /K is Bassian. Thus, M is super
Bassian, as asked. U

We are now prepared to prove the following assertion.

Lemma 5. Let M be the set of all maximal ideals of a non semi-simple Abelian regular ring R,
and let M be an R-module. If M is super Bassian, then

gen(M) < |M| < 2RI,
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Proof. Observe first that M is an infinite set, because R is not semi-simple. Given I € M, then
M/ MI is finitely generated invoking Lemma 2, so we may fix a finitely generated submodule
Fr such that M = F; + MI. Therefore, one writes that M = Y ;v F; since J(M) = (0). Thus,
it automatically follows that

gen(M) < |w x M| = M| < 2R,
as requested. O
The following statement could be useful.

Proposition 3. If M is a module which is not Bassian, then it contains a countable generated
submodule which is not Hopfian.

Proof. Let M be non-Bassian and let N < M be a non-zero submodule such that:: M — M/N
is an embedding. Let 0 # x € N and define a sequence of elements x,, € M inductively by the
rule xo = x and x,,41 + N = i(x). Put X := ¥, 5 x, R and note that

(X) = Y i(xa)R =Y (xaR+N)/N = Y (xaR+ N)/N = (X + N)/N,

n>0 n>1 n>0

because xp € N.
Thus, ¢ injectively maps X onto (X + N)/N = X/(XNN)and xp € XN N # (0). We
thereby have proved that X is a countably generated non-Hopfian submodule. O

In the rest of the section, we describe super Bassian modules over non-commutative gener-
alization of Dedekind domains. To that end, we need to recall some useful notions from [8].

Let M be a right R-module over a ring R. We denote by Sing(M) the singular submodule
of M consisting of those elements of M whose annihilators are essential right ideals in R,
and we say that M is non-singular if Sing(M) = (0), it is singular if Sing(M) = M, and it is
Goldie-radical if M/Sing(M) = Sing(M/Sing(M)). The abbreviation B < M means that B is
an essential submodule of M and a HNP ring means a hereditary Noetherian prime ring. Likewise,
a non-primitive Dedekind prime ring is HNP with the classical ring of fractions Q such that it is
not primitive and every non-zero ideal is invertible in Q. For some basic properties of these
notions and other non-explained terminology, we refer to [8].

We now formulate and prove the following useful technicality.
Lemma 6. Let R be a right non-singular ring, and A, B be submodules of a module M. Then
(1) if B < M, then M /B is singular;
(2) if A < B and M/ B is singular, then M/ A is singular;
(3) the following are equivalent:

(a) M/B is singular;
(b) B+ Sing(M) < M;
(c) there exists a submodule H of B such that HN Sing(M) = (0) and M/ H is singular.
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Proof. (1) It is pretty clear, because xR N B < xR for each non-zero x € M.

(2) Since both B/ A and M/ B are singular, the quotient M/ A is a Goldie-radical module.
As R is right non-singular, the assertion follows at once from [8, Remark 11.3].

(3) Set S := Sing(M).

(a) = (b). Proving indirectly, we assume that B + S is not essential in M, i.e. there exists
non-zero m € M such that mRN (B+S) = (0). Thus, mR N B = (0), hence mR embeds into
M/B. As mR is non-singular, M is not a singular module.

(b) = (c). Let H be a maximal submodule of B with respect to the condition HN S = (0).
Thus, H+S < B+ S < M and so M/(H + S) is singular by (1). Furthermore, (S+ H)/H is
singular, which gives that M/ H is Goldie-radical. Therefore, M/ H is singular again applying
[8, Remark 11.3].

(c) = (a). It is straightforward. O

We are now prepared to establish the following necessary condition for a super Bassian
module.

Proposition 4. Let R be a non-primitive HNP ring, and let F be a finitely generated submodule
of a module M. If M/F is singular such that the P-primary component of M/ F is Noetherian
for each maximal invertible ideal P, then M is super Bassian.

Proof. First, note that R is non-singular, because it is obviously hereditary. We will show, for
arbitrary factor M of M, that it satisfies the hypothesis of [8, Theorem 3], i.e. that M/ Sing(M) is
finite dimensional and every primary component of Sing(M) is Noetherian, which will suffice
to get the desired assertion.

To that target, let X be an arbitrary submodule of M, and denote M=M/X F=F+X/X
and S = Sing(M).

Since M /F is singular, observe that M/ (F + S) is singular as well. Furthermore, [8, Proposi-
tion 1.1] reaches us that M /S is non-singular, whence (F + S)/S < M/S employing Lemma 6.
As F is finitely generated and R is Noetherian, one knows that (F + S)/S is Noetherian too,
which means that M /S has finite Goldie dimension.

Next, suppose that P is a maximal invertible ideal of R. Thanks to Lemma 6, there ex-
ists a submodule H of F such that HN'S = (0) and M/H is singular. Then S and so the
P-primary component S(P) of S embeds into M/H. Moreover, (S(P) + F)/F embeds into
the P-primary component of M/F, which is a quotient of the P-primary component of M/F
viewing [8, Remark 8]. Hence,

(5(P)+E)/F

S(P)/(S(P)NF)

I

is Noetherian by hypothesis. Since S(P) N F is clearly Noetherian, we have proved that S(P) is
Noetherian as well.

Consequently, it remains to apply [8, Theorem 3], which claims that M is Bassian. This
proves that M is super Bassian after all, as wanted. O

Before to proceed, we come to the following assertion.

Lemma 7. If M is a super Bassian module over a non-primitive Dedekind prime ring, then
there exists a finitely generated non-singular submodule H of M such that M/ H is singular.
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Proof. First, observe that a Dedekind prime ring is HNP and so a non-singular Goldie prime
ring (see, e.g., [8, Remark 2]), which means that we may apply Lemma 6 and [8, Lemma 4].

Put S := Sing(M) and notice that, by Lemma 6, there exists a submodule B of M such that
BNS = (0), M/B is singular, and B is non-singular. Assume to contrary that B has infinite
Goldie dimension. Then, looking at [8, Lemma 4.3], there exists a free submodule F of B of
infinite rank.

Now, denote by G a maximal submodule of B satisfying the condition GNF = (0), and
suppose that P is an arbitrary maximal invertible ideal of R. Since

G®OFP®S 4 GOF®S < BS <4 M,

we obtain that M = M/ (G @ FP @ S) is singular again with the aid of Lemma 6. Note that
M is Bassian and F/FP is embedding into P-primary component of M. But, as F/FP is in-
finitely generated, we get a contradiction with [8, Theorem 1], which asserts that all primary
components of M are Noetherian.

Thus, B is of finite dimension meaning that B contains a finitely generated essential sub-
module H. As H+ S < B+ S < M, the module M/ H is singular with the help of Lemma 6,
and we are done. O

We now have at our disposal all the ingredients necessary to attack the following statement.

Theorem 1. The following conditions are equivalent for a module M over a non-primitive
Dedekind prime ring:
(1) M is super Bassian,
(2) there exists a finitely generated non-singular submodule H of M such that M/H is
singular and all primary components of M/ H are Noetherian;

(3) there exists a finitely generated submodule H of M such that M/ H is singular and all
primary components of M/ H are finitely generated.

Proof. (1) = (2). Consulting with Lemma 7, there exists a finitely generated non-singular
submodule H of M such that M/H is singular. As M/H is Bassian, all primary components
of M/ H are Noetherian thanking to [8, Theorem 1].

(2) = (3). Itis just obvious.

(3) = (1). Since R is right Noetherian owing to [8, Remark 2], all primary components of
M/ H are Noetherian. Now, M is super Bassian in conjunction with Proposition 4. ]

The following immediate consequences of [8, Theorem 1] and the previous theorem clar-
ify the connection between Bassian and super Bassian modules over non-primitive Dedekind
prime rings.

Corollary 1. Let M be a module over a non-primitive Dedekind prime ring.

(1) If M is singular, then the following conditions are equivalent:

(a) M is super Bassian;
(b) each primary component of M is Noetherian;
(c) M is Bassian.

(2) M is super Bassian if and only if M is Bassian and there exists a finitely generated
submodule H of M such that M/ H is singular Bassian.
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We conclude the section by a reformulation of the result in commutative case equipped
with one easy example.

Corollary 2. A module M over a Dedekind domain is super Bassian if and only if there exists
a finitely generated torsion-free submodule F of M such that M/F is torsion and all primary
components of M /F are finitely generated.

Note that the above corollary follows in case of abelian groups also from [3, Theorem 2.5].

Example 2. If M is a torsion-free module of rank 1 over a principal ideal domain R such that
pM # M for each prime element p € R, then M is super Bassian having in mind Corollary 2.
In particular, the abelian group

“ . . .
A= {HPz‘ €Q:z€Z, p1,...,pn are distinct prlmes}

is always super Bassian.

2 Hereditarily Bassian modules

We start here by recalling once again the second version of the strengthened notion of a
Bassian module.

Definition 2. Let R be a ring. A right R-module M is said to be a hereditarily Bassian module if
every submodule is Bassian.

Observe immediately that the class of all hereditarily Bassian modules is closed under sub-
modules. Our first preliminary observations concern the necessary condition of being a hered-
itarily Bassian module over a semi-perfect ring.

Lemma 8. If M is a hereditarily Bassian module over a semi-perfect ring, then the socle of M
is finitely generated.

Proof. Showing indirectly, assume that Soc(M) is infinitely generated. Since there exists only
finitely many non-isomorphic simple modules, Soc(M) contains a submodule of a module
S(@) for a suitable simple module S, which is not Bassian, and thus M is not hereditarily
Bassian. 0

Lemma 9. Any finitely generated module over a right Noetherian ring is hereditarily Bassian.

Proof. It is apparent, since every Noetherian module is Bassian, every submodule of a Noethe-
rian module is Noetherian as well, and every finitely generated module over a right Noetherian
ring is Noetherian too. O

Now, we are ready to characterize hereditarily Bassian modules over quasi-Frobenius rings.
Recollect that a ring is said to be quasi-Frobenius, provided that it is simultaneously right
Artinian and right self-injective (cf. [6]).
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Proposition 5. The following three conditions are equivalent for a module M over a quasi-
Frobenius ring:

(1) M is hereditarily Bassian;
(2) M is finitely generated;
(3) Soc(M) of M is finitely generated.

Proof. (1) = (3). As a quasi-Frobenius ring is semi-perfect, every hereditarily Bassian module
has finitely generated socle by Lemma 8.

(3) = (2). Since a quasi-Frobenius ring is (right) Artinian, the module M is semi-Artinian,
hence Soc(M) is essential in M. Furthermore, the injective envelope E(Soc(M)) = E(M) of
finitely generated Soc(M) is a finitely generated projective module, which proves that E(M)
as well as M are Noetherian.

(2) = (1). Since a quasi-Frobenius ring is (right) Noetherian, the assertion follows from
Lemma 9. O

A natural question which immediately arises is of whether or not the previous claim re-
mains true for right Artinian rings. Before we answer it, we need to prove two assertions. The
tirst one is an elementary but helpful technical observation.

Lemma 10. Let Q, S, X, Y be submodules of a module A such that Q C SNX and X C Y. If
S/Q =Soc(A/Q) and Soc(A/X) CY/X, thenS C Y.

Proof. Since (S + X)/X = ((S/Q) + (X/Q))/(X/Q) is a semi-simple module, we get
(S+ X)/X C Soc(A/X) C Y/X, which immediately implies that S C S+ X C Y, as
claimed. O

Recall that a module is termed semi-Artinian (or, in other terms, a Loewy module) if every
non-zero quotient of it contains a simple submodule or, equivalently, every non-zero homo-
morphic image of this module contains a simple submodule. Moreover, a ring is named semi-
local if its quotient modulo the Jacobson radical is semi-simple (compare with [6] as well).

Lemma 11. Let M be a semi-Artinian module over a semi-local ring R with the Jacobson
radical | such that Soc(M) is finitely generated. If there exists natural n satisfying MJ" = (0),
then M is Bassian.

Proof. Proving indirectly the stated claim, we assume that M is not Bassian. Then there exists
X # (0) and an embedding v : M — M/X, ie. M Z v(M). Set Xp := 0, X3 := X, My := M,
and let M; be a submodule of M satisfying X; C M; and M;/X; = v(M). Since

M= My/Xy = M1/Xq,

we can proceed by induction to get sequences of submodules (X, : n < w) and (M, : n < w)
such that X; € X;11, M; O M1 and M;/X; = M for each i < w. Put A := U, X». Since
A is semi-Artinian, there exists a socle sequence (S, : Sy < k) of A, i.e. a smooth sequence of
submodules such that

So=0, Su41/Su =S0c(A/Sy) and A= ] Sa.

<K
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We will show now that « is infinite. First, we will prove by induction on « that, for each
x < min(w, ), there exists an index iy < w for which S, C X; . As Sy = Xp = (0), we
may put ip = 0. Let S, C X; . Since Soc(A/X;, ) C Soc(M;, /X, ) is finitely generated and
A/Xi, = Upsi, Xn/Xi,, there exists an index k > i, such that Soc(Xy/X;,) = Soc(A/X;,).
However, as S,11/S« = Soc(A/Sy), we may apply Lemma 10 claiming that S,11 C X;. We
next put i,41 := k, thus finishing the induction.

Now, if we assume that « is finite, we get that A = S5,_; C X C A, an obvious contra-

i1 &
diction.

Thus, A and so M have infinite socle lengths, which means that M]" # (0) for each n < w,
as asserted. O

Now, we are able to generalize Proposition 5 in the following way.

Theorem 2. Let R be a semi-local ring with nilpotent Jacobson radical and let M be a module.
Then M is hereditarily Bassian if and only if Soc(M) is finitely generated.

Proof. Necessity. It follows directly from Lemma 8.

Sufficiency. If Soc(M) is finitely generated, then the socle of every submodule N of M is
finitely generated. Furthermore, there exists n such that J” = (0) for the Jacobson radical of R,
whence NJ" = NO = (0). An application of Lemma 11 gives the desired conclusion. O

Note that the hypothesis of the previous theorem is satisfied by every one-sided Artinian
ring. The following example unambiguously shows that the condition (2) of Proposition 5 is
not an equivalent condition of hereditarily Bassian modules over right Artinian rings.

~_(Q R (R R
R—<O lR) and M_<1R ]R>'

Then a simple inspection demonstrates that R is a right Artinian ring (which is not left
Artinian), Mg has a natural structure of a right R-module, and

Soc(Mg) = <8 £>

is a finitely generated R-module. Thus, My is an infinitely generated module which is heredi-
tarily Bassian viewing Theorem 2.

So, there are right Artinian rings R over which the injective envelope E(Rr) = E(Soc(RR))
is definitely not finitely generated.

Example 3. Let

Similarly, as in the case of super Bassian modules, we now characterize hereditarily Bassian
modules over non-primitive Dedekind prime rings.

Lemma 12. Let F and N be submodules of a module M over a right hereditary right Noetherian
ring R. If F is finitely generated and M/F is singular, then there exists a finitely generated
submodule G of N such that N/G is singular.

Proof. Firstly, denote by S the singular submodule of M and observe that Sing(N) = SN N.
Since M/F is singular, F + S < M by Lemma 6(3). As M/S is non-singular and M/(F + S) is
singular, one checks that (F +5)/S < M/S again by Lemma 6 (3). Thus,

(N+S)/S)N((F+S)/S) I (N+5S)/S.
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Clearly, (F + S)/S is Noetherian, hence the module ((N +S)/S) N ((F + S)/S) is finitely gen-
erated. This guarantees existence of a finitely generated submodule G of N such that

G+S=(N+S)Nn(F+5),
which is an essential submodule of the module N + S. Finally,
G+(SNN)=(G+S)NNIN

via the modular law, and N/(G + (SN N)) = N/(G + Sing(N)) is singular. Therefore,
Lemma 6 informs us that N/ G is singular as well, finishing the argumentation. O

We now have at our disposal all the machinery needed to prove the following equivalencies.

Theorem 3. The following items are equivalent for a module M over a non-primitive Dedekind
prime ring:

(1) M is hereditarily Bassian;

(2) each primary component of Sing(M) is Noetherian and there exists a finitely generated
non-singular submodule G of M such that M /G is singular;

(3) each primary component of Sing(M) is finitely generated and there exists a finitely gen-
erated submodule G of M such that M /G is singular.

Proof. Put S := Sing(M).

(1) = (2). Since S is Bassian, each primary component of S is Noetherian in accordance
with [8, Theorem 1]. However, from Lemma 6 it follows the existence of a submodule H of
M such that HN'S = (0) and M/ H is singular. Evidently, H is non-singular. Using the same
argument as in the proof of Lemma 7 and assuming H has infinite dimension, we obtain a free
submodule F of H which must have infinite rank bearing in mind [8, Lemma 4.3]. This, in
turn, contradicts the hypothesis that all submodules of M are Bassian. We thus have shown
that H has infinite dimension, hence it contains a finitely generated essential submodule G.
Now, Lemma 6 suggests that M /G is singular, because GBS < H® S < M.

(2) = (3). This implication is straightforward.

(3) = (1). First, observe that every submodule of M also satisfies condition (3). Let N be
a submodule of M, and P be a maximal invertible ideal, then Sing(N) = SN N, whence the
P-primary component of Sing(N) is a submodule of the P-primary component of S. As R is
Noetherian, S(P), and so Sing(N)(P), is Noetherian as well. The existence of finitely generated
submodule H of N such that N/H is singular follows now from Lemma 12.

Resuming, we have just shown that it suffices to prove, without loss of generality, that M
is Bassian by application of [8, Theorem 3]. In fact, we have already noted that each primary
component of S is Noetherian. Since M /G is singular, we get G + S < M, and so

(G+8)/S<aM/S

in virtue of Lemma 6. Furthermore, as (G + S)/S is finitely generated, the quotient M/S has
finite dimension. We thus have verified the hypothesis of [8, Theorem 3], implying that M is
Bassian, and we are set. ]
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Corollary 3. Let M be a module over a non-primitive Dedekind prime ring.
(1) If M is super Bassian, then M is hereditarily Bassian.
(2) If M is singular, the following conditions are equivalent:

(a) M is hereditarily Bassian;
(b) M is super Bassian;

(c) M is Bassian.

(3) A non-singular module M is hereditarily Bassian if and only if M is of finite Goldie
dimension.

Proof. (1) Let M be super Bassian and set S := Sing(M). Then Theorem 1 insures that there
exists a finitely generated submodule H of M such that M/H is singular, HN'S = (0), and
each primary component of M/ H is Noetherian. Since S is embeddable into M/H, each pri-
mary component of S is Noetherian as well, and hence M is hereditarily Bassian in view of
Theorem 3.

(2) It follows from combination of Corollary 1 (1) and Theorem 3.

(3) It is obvious. O

The following assertion reformulates Theorem 3 in the commutative case.

Corollary 4. A module M over a Dedekind domain is hereditarily Bassian if and only if all
primary components of M are finitely generated and there exists a finitely generated torsion-
free submodule F of M such that M/F is torsion.

In case of abelian groups, one can say that a (reduced) group is Bassian if and only if it is
hereditarily Bassian (compare with [3, 5]).

We now finish this section with two examples which illustrate that the notions of super
Bassian and hereditarily Bassian modules are independent one another, thus motivating a
serious further research examination in order to obtain their complete structural characteriza-
tion.

Example 4. The abelian group Q of rank 1 is hereditarily Bassian looking at Corollary 3 (3),
and since it is well-known that

Q/Z= @2y,
p
it follows at once that it need not be super Bassian adapting Corollary 2.

Example 5. Let K be a field, V a vector space over K of infinite dimension, and denote by R a
trivial extension of K by V, that is,

R/J(R)=K, J(R)=V and J(R)*= (0).

Then R is a local perfect ring such that the module Ry is super Bassian (and so Hopfian),
but Ry is not hereditarily Bassian as ] (R) is not Bassian.

In closing, we pose the following two challenging questions that could be of some interest
and importance for a widely audience of researchers (see cf. [5]).
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Problem 1. Describe the structure of hereditarily and super Bassian modules over larger
classes of (possibly non-commutative) rings and domains.

In regard to [1,7], the following seems to make sense.

Problem 2. Describe the structure of hereditarily and super Bassian rings.
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Mu xapakTepn3yeMo B AeSIKIX OCHOBHIX BMITAAKAX, KOAM MOAYAD HaA KiAbIleM € ab60 CITaAKOBO
bacianoBuM, abo cymep 6aciaHOBMM y TOMY CEHCi, IITO KOXeH JOTo BAACHMI MAMOAYAD € baciaHo-
BUM a60, BIATTOBiAHO, KOXK€eH JI0r0 BAaCHMIL emidpOpMHIIT 06pa3 € 6aciaHoBMM. Mt AOBOAMIMO KinbKa
CTPYKTYPHMX KpUTepiiB AASI CTAAKOBO 6aciaHOBMX i cymiep 6aciaHOBMX MOAYAIB Hah HEPMMITHB-
HUMM AeAeKiHAOBVMMI TIPOCTVMM KiABIISIMM, 30KpeMa Hah AeAeKiHAOBVMMU ObAACTSIMM. AAST TaKmxX
KiAellb MM BCTAaHOBAIOEMO, IO CMHTYASIPHIMII MOAYAD € CyIlep 6aciaHOBVMM TOAI ¥ TIABKM TOAI, KO-
AU BiH € 6aciaHOBMM, a Ile BUKOHYETBCS TOAL ¥ TiABKM TOAQ, KOAM BiH € 6aciaHoBuM. KpiM Toro,
AASI AOBIABHOTO (He 060B’SI3KOBO CHHTYASIPHOTO) MOAYAS HaA HEITPUMITVBHMM AeAeKiHAOBUM IIPO-
CTUM KiABIIeM BAACTUBICTD OYTH CyliepbaciaHOBMM HECTIOAIBAHO 3aBXAM 3yMOBAIOE BAACTUBICTD 6y-
TY CTIAAKOBO OaciaHOBVM.

Hamri pesyAbTaTu IeBHOIO MipoOIO IIPOAOBXYIOTh i AOHOBHIOIOTH HEIIOAABHI pe3yAbTaTU
A. Tyranbaepa y [Mathematics 2026, 14 (1), 108] Ta H. baamrepa y [J. Algebra 2026, 693, 362-371].

Koouosi ciosa i ppasu: Tpyta, MOAYAB, KiAblIle, CIAAKOBO baciaHOBMIT MOAYAB, CyIiep baciaHOBYI!
MOAYAb, CUHTY ASIPHUI, IPUMITUBENI, AeAeKiHAOBe IIPOCTe KiAblle.



