ISSN 2075-9827 http://www. journals.pu.if.ua/index.php/cmp
Carpathian Math. Publ. 2013, 5 (2), 196-198 KapmaTcbki MmaTem. mmy6a. 2013, T.5, Ne2, C.196-198
doi:10.15330/cmp.5.2.196-198

VERKALETS N.B., ZAGORODNYUK A.V.

ON GEOMETRIC EXTENSION OF POLYNOMIALS ON BANACH SPACES

We consider some questions related to Aron-Berner extensions of polynomials on infinitely di-
mensional complex Banach spaces, using natural extensions of their zeros.

Key words and phrases: homogeneous polynomials on Banach spaces, zeros of polynomials, Aron-
Berner extension.

Vasyl Stefanyk Precarpathian National University, 57 Shevchenka str., 76018, Ivano-Frankivsk, Ukraine
E-mail: nadyaverkalets@ukr.net (Verkalets N.B.), andriyzag@yahoo.com(Zagorodnyuk A.V.)

INTRODUCTION AND PRELIMINARIES

Let X be a complex Banach space, P(X) be the algebra of all continuous complex valued
polynomials on X and P("X) be a subspace of P(X) of n-homogeneous polynomials. Since
every polynomial P € P(X) admits an unique (up to a multiplicative constant) factorization
P = P{”l . P,:”k in P(X) into irreducible polynomials, where my, ..., m; € N, deg P; > 0,
j=1,...,k we can denote the radical of P asRad (P) = P; - ... .

In the general case, let ] = (P4, ..., P,) be the ideal generated by Py, ..., P, € P(X), thatis

n
Iz{ZPiQi: ge?(X)}, M)
i=1

then the set Rad | is called the radical of J, if P¥ € ] for some positive integer k implies
P € Rad J. For a given ideal ] C P(X), V(J) denotes the zero of ], that is, the common set of
zeros of all polynomials in J.

Let G be a subset of X. Then I(G) denotes the hull of G, that is the set of all polynomials in
P(X) which vanish on G.

Ideals of the form (1) is called finitely generated in P(X). The following theorem is an ana-
logue of the well known Hilbert Nulstellensatz for the infinite-dimension case (see [4, 5]).

Theorem 1. Let | be a finitely generated in P(X). Then I[V(])] = Rad J.

This theorem implies, in particular, that every irreducible polynomial in P(X) is defined
(up to a multiplicative constant) by its zeros.

In this paper we consider questions related to extensions of polynomials, using their zeros.
Here we will use the fact in [3] that zero set of every homogeneous polynomial on a complex
infinite-dimensional Banach space X contains an infinite-dimensional linear subspace. Also,
we will use the well known Aron-Berner extension of polynomials in P(X) to the second dual
X" and the fact that the extension operator P ~ P is a topological homomorphism of algebras
P(X) and P(X") (see [1, 2]).
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1 GEOMETRIC EXTENSION OF POLYNOMIALS

Let P € P(X), dim X = oo. Since Ker P consists of infinite-dimensional closed linear
subspaces ([3]), we can present Ker P = U, V,, where V, are maximal closed linear subspaces
in Ker P and « goes over a set of indexes. As usually,

Vi={feX: f(x)=0VYxeV,}.
So, V,XLL naturally contains V,; and
Vit ={pe X" q(f) =0Vf € Vi }.
Proposition1. V' = V/.

Proof. V;-+ > V;!. By the Goldstain’s theorem for every ¢ € V' there is a net (xg) € V, such

*—weak

that x3 — ¢ thatis f(xg) — ¢(f) forall f € X’. Hence if f € V5, then f(xg) = 0 for all
B. So, we have ¢(f) = 0and V;*+ > V/'.

On the other hand, if we have ¢ € V;*, then ¢ € X". For any ¢ € V] by the Hahn-Banach
theorem there exists an extension § € X'. Let g1, ¢ be extensions of ¢ to some elements in
X', theng; —¢» = 0on V,, ie. §1 — ¢ € V4. Since ¢ € Vi, then ¢(g1 — $2) = 0 and so,
¢(81) = ¢(82)-

Therefore we can define

where ¢ is an arbitrary extension.
We have proved that ¢ € V), which means that V;*+ C V. It follows that V;*+ = V. O

The main question of this paper is: does Ker P = U, V-, where P is the Aron-Berner extension
of P?
We have an affirmative answer for some partial cases.

Proposition 2. Ker P O U, V,-+.

Proof. Since each V- is naturally identified with VD/C/, then the restriction of P on V' - coincide
with the Aron-Berner extension of restriction of P onto V,. But P vanishes on V, and so,
V-t C Ker P. O

Corollary 1. If U, V- is a zero-set of a polynomial R on X", then Ker P = U, V- .

Proof. Without lost of the generality, we can assume that R is radical. By the Proposition 2,
Ker P O Ker R, thatis P € I[V(R)]. By Theorem 1, P = RQ for some Q € P(X"). Note that
Ker P = Ker R|x and Ker P = Ker R|x UKer Q|x. So, Ker Q|x C Ker P|x and we have that
Ker Q C Ker R. Hence Ker P = Ker RQ = Ker R = U, V-, O

Corollary 2. If X is a complemented subspace in X", then Ker P = U, V.

Proof. Let T : X” — X be a projection. Then T maps V;+ onto V,. Let R = PoT. So
Uy V-t C Ker R

On the other hand, if z ¢ U, V;**, then T(z) & U,V, and so R(z) # 0, that is U,V;**+ = R.
By the Corollary 1, Ker P= UaV,XLL. O

Since every dual Banach space is complemented in its second dual we have the following
corollary.

Corollary 3. If X is a dual space to a Banach space, then Ker P = U, V,;-*.
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Y poboTi pO3rASIHYTI AesIKi IMTaHHSI, ITOB sI3aHi 3 IPOAOBXeHHSIM ApoHa-bepHepa moAiHOMIB Ha
HeCKiHYeHHO BMMIipHIIX KOMITA€KCHMX 6aHaxXOBMX ITPOCTOPaX, BUKOPVCTOBYIOUM IIPUPOAHE ITPOAOB-
JKeHHSI IXHiX Hy AiB.

Kntouosi cnoea i ppasu: oaHOpPiAHI TOAIHOMM Ha 6aHaXOBMX ITPOCTOPaX, Hy Al IOAIHOMIB, TIPOAOB-
xeHHs ApoHa-beprepa.

Bepxanaer H.b., 3aropoantok A.B. ['eomempuueckoe npodonoceriie noauHoM08 Ha OAHAX0BbIX HPOCTHPAH-
cmeax // KapmaTckne maTematmdeckue mybamkarmym. — 2013. — T.5, Ne2. — C. 196-198.

Y pobore paccMOTpeHBI HEKOTpble BOIIPOCHI, CBSI3aHHbBIE C IPOAOAXeHNeM ApoHa-beprepa mo-
AVHOMOB Ha 6eCKOHEUHO M3MepPUMbIX KOMIIAEKCHBIX 6aHaXOBBIX IPOCTPAHCTBaX, MCIIOAB3YSI ecTe-
CTBEHHOE IIPOAOAKEHME UX Hy AelL.

Kouesvie cosa u ¢ppasvt: OAHOPOAHBIE IIOAVHOMBI Ha HaHAXOBBIX IIPOCTPAHCTBaX, HYAM MOAN-
HOMOB, IpOAOAXeHMe ApoHa-beprepa.



