ISSN 2075-9827 http://www. journals.pu.if.ua/index.php/cmp
Carpathian Math. Publ. 2014, 6 (1), 73-78 KapmaTcbki maTem. my6a. 2014, T.6, Ne1, C.73-78
doi:10.15330/cmp.6.1.73-78

AEBIAL B.O.

CITEKTPAABHHUM AHAAI3 ITIOBHOT'O I'PA®A 3 HECKIHUEHHUMH
ITPOMEHIMHA

Y AaHiif cTaTTi MPOBeAEHO AeTaAbHMIA CIIeKTPaAbHII aHaAi3 OBHOTO Tpadpa 3 HeCKiHYeHHMMM
npomeHsiMi. OXapakTepu30BaHO CIEKTP CaMOCIIPSIXEHOTo OIlepaTopa, sSKMi MOPOAKEHNIT MaTpu-
LIefo CyMiXKHOCTI AaHOTO Tpadpa, TOOYAOBAHO CIEKTpaAbHY Mipy, HaBeAeHi y sIBHiM dpopMi BaacHi
BeKTOPM Ta CIIEKTPAAbHMI PO3KAAA 32 BAACHUMI BEKTOPaMIA

Kntouosi croea i hpasu: 3nivenHsEi rpadp, MaTpuiis SIkobi, abcOAIOTHO HellepepBHIIL CIIEKTP, CTIe-
KTPaABHIIL PO3KAAA, CIEKTPAAbHA IIiIABHICTb.

Institute of Mathematics, National Academy of Sciences of Ukraine, 3 Tereschenkivska str., 01601, Kyiv, Ukraine
E-mail: lebiduk@gmail.com

BcTyn

Teopist rpacdiB BMHMKAA 13 KOHKPeTHMX MPUKAAAHMX 3aAad Y Teopil iHdopMaLiiiHmx, Ko-
MYHIKalLIiJTHIX, eHepreTUYHNX, TPaHCIOPTHMX MepeXX, OpTaHiuHil XiMii, KBaHTOBilT MeXaHIilli
Ta iH. CyJacHa Teopisi rpadoiB € CAaMOCTIVIHIM, aKTyaAbHMM PO3AIAOM MaTeMaTHKM, siKa PO3B’si-
3y€ psIA TEOPETUMUHNMX Ta IPUKAAAHMX 3aAad, BUKOPUCTOBYIOUM i 30aradyiount aHaAITWYHi, ar-
rebpaiuHi, TOOAOTiUHI METOAV Ta MeTOAM (PYHKITIOHAABHOTO aHAAi3y, AiHIHOI aArebpy, Teo-
pii urcea Ta Teopii pyHKIIII.

ITpoctuM HeopieHTOBaHMM rpacdpom G HasmsaioTh mapy (V,E), y sikit V — aesika Hero-
PO>XKHSI MHOXMHA (MHOXMHA BepInH), a E — MHOXIMHa pebep, KOXHe 3 SIKMX OAHO3HAUHO
BM3HAYAETHCS TAPOIO BEpILNH, sIKi BOHO 3'éaAHYe. 'eoMeTpryHO BepImHM 306paXkaloThCsl TO-
yKaMm, a pebpa — Biapiskamuy, IO 3’€AHYIOTD BiAnIOBiAHI BepumHN. 3 rpadpoM G OAHO3HAUHO
OB’s13aHa MaTpuLst cyMixxHocTi A(G) = (al-]-)fj-:l, eAeMeHTH SIKOT 4;j PiBHi 1, KO BepIumMHM
3 HOMepaMM I Ta j 3'€AHYIOThCsT pebpoM, abo 0, sIKIIo Take pebpo BiACyTHe.

Y Bumaaxy 3aivenHnx rpadpis matpuiist A(G) mopoaxye y riasbeprosomy mpocropi I (V)
CaMOCIIPSDKeHMIE omepaTop A, CIeKTp sIKOro Mae AMCKpeTHy 0, (G) Ta HemepepBHY KOMIIO-
HeHTy 0.(G), sika MoXe 6yTy abCOAIOTHO-HelepepBHOIO 0 (G) abo HaBiTh UMCTO CHMHIYASIP-
HOIO 0¢s(G) (amB. [6]). ITia cmekTpaabHMM aHaAi30M rpadpa G poO3yMiIOTh ClIeKTpaAbHMIL aHAAI3
onepaTtopa A.

3a OCTaHHIl Yac 0AepKaHO YMCeAbHi pe3yAbTaTy PO CHeKTp 3AiueHHMX rpadpis, sIKi 3Haxo-
ASITh 3aCTOCYBaHHsI y TeOpii HeBiA'€éMHMX MaTpullb, TApMOHIYHOMY aHaAi3l AMCKPeTHUX IPyTI,
aHaAITUUHIN Teopil MMOBipHOCTI ToI1o (AMB. [1], [4]).
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TTOCTAHOBKA 3AAAUI

Hexait K(n,00) — moBHWMIZ rpadp 3 1 BepIIMHAMM, AO KOXHOI BEPIIVHNA SIKOTO IPUEAHAHO
OAVH HeCKiHYeHHUI AaHIIOT (aMB. [5]). Matpuiist cyMiXHOCTI Takoro rpadpa mopoaxye oome-
>KEeHMIt caMOCIIpsDKeHutt orepartop B y riabbeproBomy mpocropi Io(V), ae V — MHOXUHA Bep-
s rpadpa K(1, 00). Onepatop B aie Ha BexTop x = (x}) € Ir(V) Tax:

‘ n , ‘ ; ;
(Bx)) = Y i+x), (BY)j=xi+x,, aaxoxmoroj=T1mi>2 (1)
k=1k+#j

TyT KoMIOHeHTM BeKTOPiB X Ta Bx i3 mpocTopy I»(V), 110 BiAIIOBiAQIOTH i-11 BepIIVHI Ha j-My
MpOMeHi, TO3HaUYeHO HVDKHIM iHAEKCOM I Ta BePXHiM iHAEKCOM j.

3BEAEHHSI AO SIKOBIEBUX MATPUIIL

Teopema 1. IToBaHOMY rpacy K(n,0) 3 n HecKIHUeHHUMI IIPOMEHSIMI BIATIOBIAA€ OOMEXeHIIT
camocnpspxerni orneparop B Buay (1), sikwot BusHadeHyit Ha BcboMy mpocropi (V). IcHye
Takyi yHiTapHi onepartop 4, 1o

UBU =T, 1 @] 10...0T_,
N’

n—1
Ae [,—1, J-1 — maTpuwi fIkobi Buay
n—11 00 0 ... -1 1000
1 0100 1 0100
0 al=1 9 1010

In1=1 09 1 01

~ j n ~ : 7 ~
Aosederns. Hexait {e)} i—1,jeN — CTAHAAPTHMI 6a3KC y MPOCTOPi I(V'), moB’s13aHmiz i3 BKa3sa-
HOIO HyMepaui€io BepimH V oBHOro rpadpa K(n, 00). Po3rasiHeMo AiVICHY YHITapHY MaTPULIO
= w7 i 7 i 4 S -
u= Huz]Hi,jzl, Y IKOI NEepIIMit PSIAOK CKAQAAETBCS 13 MCeA =, TOOTO U1j = T 1= 1,...n.
Ocxiapky MmaTpuis U aiiicHa i yHiITapHa, TO

n
Y jttmj = Sms
j=1
Ae Oy, — cumBoA KpoHexepa. 3Biacy BUITAMBaE, 11O
n
Z”i]' =0 mpui=2,...n
j=1
PosrastHeMo y mpoctopi I (V) Taxmit Hosuit 6asuc {e) }]7-’:1/1- e IO
.o ’
@é = Zu]-kei, ieN,j=1,2,...n
k=1

3riaHo 3 (1) oneparop B Aie Ha BUXiAHVI 6a31iC HACTYITHVMM UMHOM:

Bl = ) d+d Bi=c,+d

i+1
k=1k#]

AASI KOXHOro j = 1,1 ta i > 2.
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BpaxoByroun 3B’s130K MiXXK HOBUM Ta BUXiAHMM 6a3mcaMit, MaeMO:
~ _ A, A mil A ~
Bey = (n —1)e; + 2, Be; =&y + 2y,
S . g . o _
Be, = —?’1 —{—?;, IB?; =e_, +?Z+1 AASI KOXHOTO j = 2,nTai > 2.

Taxum wnHOM, ianpocTopu H; 3 6aszucom {e,.. "?k' ...} mpm xoxHOMY j = 1,11, i30MOP-

dui Ir(IN), € iHBapianTHMMMK AAST otepaTopa B, sixmit B Hy 3BoAUTBCST A0 MaTpui SIkobi J,,_1,
a B manpocropax Hp, Hj, ..., H, — ao matpui J_;. Onepatop U y mpocropi Ir(V), skt
nepeBoATH 6asuc {e 1jen Y 6asue {@ }_1,iens € YHITAPHNM i 32A0BOABHSIE TBEPAKEHHST
TeOpEeMIA

O

BAACHE CITEKTPAALHUM AHAAI3

TaxuM UMHOM, CIIEKTPaABHMIL aHAAI3 3ipkoBoro rpadpa K(#,00) 3BOAUTBCSI A0 AOCAIAXEH-
HSI CIIEKTPAABHIX BAACTUBOCTEN MaTpuIb SIko6i [, 1, [_1, KMt MOXXHA OAep>XaTH 3a AATOPU-
TMOM, HaBeA€HNM y poborax [2], [3].

Teopema 2. Matpuiisa SIkobi |, HOpOAXYe y IpocTopi I, obMexxeHynt caMOCTIPsIXXeHvt OIle-
paTop, CITeKTp SIKOTO CKAaAAEThCS i3 a6COAIOTHO HellepepBHOI KOMITOHEHTH, 1110 36iraeThcs i3
iHTepBaAOM [—2,2], Ta mpun > 3 1Ije i3 OAHOTO BAACHOTO 3HAYeHHSI A = J + %, SIKOMY BIAITO-
BiAae HOpMOBAHMI BAACHUI BeKTOPD BUAY

n(n—2)

=YLt )t W
e n—l (;]’l/l’l /]’l/ /]’l 7 )’
A€ UMCAO Y = ﬁ
Ipw npoMmy, KOKHOMY A € [—2,2| BiAITOBiAa€ y3araAbHEeHMIT BAACHVIT BEKTOP
pr = (Po(A), Pr(A) — (n = 1)Py(A),..., Pi_1(A) — (n = 1)P;_2(A),...), (2)

Ae moAinomi Py()) e moaiHOMamy cTerreHs k Bia A, 1o BupaxaroTsest y BUrasai Pe(A) = Ui (%)
sin((k+1) arccosz)
sin(arccosz)
BipHe pexkypeHTHe criBBiAHOIIEeHHS Py, 1(A) = AP(A) — Pr_1(A) 3 moyaTkoBumMu yMoBamm

P_1(A) =0, Pp(A) =1, P1(A) = A.

CnpaBeaAnBi po3KAaA 3a OpUBEAEHUMI BAACHUMM (pyHKLisIMu (2) Ta piBHICTD IlapceBaast
V42
2n((n—1)24+1—(n—1)A)
JKHOMY BEKTOpY X € I, BiamoBiaae vioro nepersopeHHs Dyp’e X = Fx 3a BAACHUMI BeKTOpaMu

e, ¢ Burasiay X = ((x,€)p,, X(A)), ae X(A) = (x, @a)1,-

BexTop X HaaexuTh riabbeproBomy mpocropy $) = E @ Ly([—2,2],p(A)dA), ae E — eBkai-
AiB ipoctip, a Ly([—2,2], p(A)dA) — mpocrip ¢pyHKLIiM, KBaapaTM4HO IHTErPOBaHVX HA BiApi3-
Ky [—2,2] 3a miporo p(A)dA.

Bipnae obepHeHe nepersoperHs Dyp’e, Br3HaUeHe Ha BCbOMY §) :

yepes noAiHomu YebuirreBa Apyroro poay, ae Uy(z) = . Aast ToAiHOMIB Py(A)

3i CIEeKTPaABHOIO LIIABHICTIO p(A) = HerlepepBHOTo crekTpy. TobTo xo-

x =3 1X(A) = (x,e)e + /2 X(A)prp(A)dA. 3)
-2

AAsT AOBIABHUX X, Y € |y cnpaBeaamBa piBHICTE IlapceBaasi:

(o) = ()9 = () we) + [ FOFAA, @
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Aosedernqg. Marpuus 5Ikobi J,_1 mopoaXye y mpocropi [r(IN) obMexeHNMit caMOCIIPSIKEHI
oriepaTop, SIKMii 6yAeMo TI03HavaTH Ti€lo X AiTeporo [,_1. Onepatop J,_1 Ai€e Ha BeKTOp X =
(x1,x2,...) € I)(IN) Tak:

Ju_1x = ((1’1 — 1)x1 + X0, X1+ X3, .., Xg—1 + Xgy1,-- )

I3 BUTAsIAy omepaTopa J,_1 BUIIAMBAE, IIIO BEKTOP €, IO BiAIIOBiAA€ BAACHOMY 3HAUE€HHIO

12 5 . .
A= n1_)1+1, € JI0TO BAAQCHUM BEKTOPOM, i AASI KOXKHOTO A € [—2,2] pyHKIIiST ¢ 3aA0BOABHSIE

PIBHICTD [,_19) = A@,.
Aerxo nepesipury, o (e, ¢, );, = 0. Bextop x € [2(IN) 6yae opTOroHaABHMM AQ € TOAI I
TIABKM TOAl, KOAM

(e 9]

k —
k=0
PosrastHemo nieperBoperHst Dyp’e 3a BAACHMMY BEKTOpaMu ¢, ¢, . BpaxoByroun siBHVMIT BU-
TASIA y3araAbHeHOI BAAcHOI pyHKILT @), AAst X € I (IN) maemo

(9]

X(A) = (x5, 00), = Y (%1 — (n = 1)xx2) Pe(A) (6)
k=0

PiBHICTB (6) MOXXHa PO3TASIAATH SIK pO3KAaa PyHKIIT X(A) 32 OPTOHOPMOBAHOO CHCTEMOIO
noainomis { P ()}, y mpocropi La([—2,2], p0(A)d(A)), ae po(A) = 5=v/4 — A2. Tomy

2
/_2 f(A)Pk(A)pO(A)dA = Xk+1 — (1’1 - 1)xk+2/ k=0,1,2... (7)

AomuOXMMO Brpas (7) Ha pf i mpocymyemo 3a k. Y BumaaKy, KOAM X e i BUKOHYIOTBCS piBHO-
. . . . 1 oo k

cTi (5), aHaAOTiuHO, SIK Y [2], i3 BpaxyBaHHSIM ¢paKTy, 110 PYHKIIisT ToE = Y oM Pr(A) e

TBIPHOIO AASI CHCTeMU TIOATHOMIB { Py (A) } 2, oTpumyemo

2
Xgy1 = /_2 X(M)@akr1p(A)dA, k=0,1,2... (8)

TakuM umHOM, KOXHMIA BeKTOp X € Ip(IN), OpTOrOHaABHIMIT AO €, PO3KAAAAETHCSI 3a y3a-
FaAbHEHVMY BAACHUMM (PYHKIISIMU @) 31 CIEKTPAABHOI0 Mipoto p(A)dA, 1110 € aBCOAIOTHO He-
IIepepBHOIO BiAHOCHO Mipu Aebera Ha iHTepBaai [—2, 2]. Tomy criekTp oneparopa J,,—1 MiCTUTb
OAHOKpPATHY abCOAIOTHO HellepepBHY KOMIIOHEHTY, L0 36iraeTecst 3 iHTepBasoM [—2,2], Ta
mpu 1 > 3 BAACHe 3HAY€HHSI A = % Ockinbku el @), To AAst p0BiABHOTO X € [p(IN)
BekTOp i = X — (x, e)e opToroHaapHMIt e Ta Y(A) = (x — (x,e)e, ) = X(A). I3 Burasiay Bupasy
(8) MaeMo y = | 32 X(A)@prp(A)dA, mo exsiBareHTHO (3).

PibHicTb [TapceBans (4) orpumyemo i3 piBHOCTI ITapceBanst AAsl BeKTOpiB x_Le 3a y3araab-
HEHVIMV BAACHVMM (PYHKIIISIMU ), OCKIABKY CHICTeMa TTOATHOMIB { @) k } t-; YTBOPIOE OPTOHOP-
MoBaHWMi1 6asuc y mpoctopi Ly ([—2,2], p(A)d(A)). O

Teopema 3. Matprrsa fIkobi |1 mopoaXye y IpocTopi Iy obMeXeHmrT caMOCOpPsIXXEHIT OIle-
paTop, CHEeKTp SIKOTO WICTO a6COAFOTHO HellepepBHMIL 1 36iraeTbcs i3 iHTepBarom [—2,2).
Koxuomy A € [—2,2] BiAIlOBiAa€ y3araAbHEHIIT BAACHIIT BEKTOP

¢ = (Po(A), Pr(A) 4+ Po(A), P2(A) + Pi(A), ..., Pi1(A) + Pj—2(A),...). )
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CrnpaBeaAnBi po3KAaA 3a OpUBEAEHUMI BAacHUMY pyHKUisIMu (9) Ta piBHICTD IlapceBaast

i ABHI — V4-A? .
31 CIeKTPaABHOIO IIIABHICTIO P(A) = 37(21 1) HEMICPEPBHOTO CTIEKTPY. TobTO KOXXHOMY BEKTO
py x € lp BiamoBiaae 1ioro nepersopeHHss Dyp’e X = §x 3a BAACHUMM (PYHKLISIMIU @) BUTASIAY
X(A) = (x, @a)1,- Bextop X HarexwuTs riabbepropomy mpoctopy Ly([—2,2], p(A)dA).

Biprae obepHeHe meperBopeHHs Dyp’e, BII3HaUeHe Ha BCbOMY §) :

2
x =3 %) = [ FW)gap(h)dr (10)
AAS AOBIABHMX X, Y € |y cipaBeAAnBa piBHicTh IlapceBansi:
2
(59 = @) = [ FOTN ()N (1)

Aosedenta. Matpuist SIko6i J_1 mopoaxye y mpoctopi [r(IN) obmexxeHmiT caMOCTIpsIKeHMiA
orrepaTop, SIKVii 6yAeMO IO3HaJaTy Tielo X Aiteporo 1. OmepaTop J_1 Ai€ Ha BeKTOp X =
(x1,x2,...) 31p(IN) Tax:

Joax = (—x1+x2, X1+ X3, ..., X1+ Xgi1,---)

I3 BUTASIAY OIepaTopa J_1 BUIIAMBAE, IO AASL KOXKHOTO A € [—2,2] PYHKIIiST ) 3aA0BOAB-
HsI€ PiBHICTD |_19) = A@,.

PosrasiHeMo neperBopenHst Dyp’e 3a BracHMMYU PYHKIISIMUI ¢,. BpaxoByroun siBHIII BU-
TASIA y3araAbHeHOI BAAcHOI pyHKILT @y, AAst X € I (IN) maemo

(e 9]

X(A) = (x, ), = Y (X1 + X 2) Pe(A) (12)
k=0

PiBHicTb (12) MOXHa pO3TASIAATH SIK pO3KAaA PYHKIIT X(A) 3a OpTOHOPMOBAHOIO CHICTEMOIO
noainomis { P (1)}, y mpocropi La([—2,2], p0(A)d(A)), ae po(A) = 5=v/4 — A2. Tomy

2
/2 X(A)Pe(A)po(A)dA = X1 + X2,k =0,1,2... (13)
I3 3araAbHOI Teopii SIKOBiEBMX MAaTPULIb BUILAMBAE, LIO iCHY€ TakKa MIiABHICTD (A ), IO
2
Xpy1 = /_2 X(M)@akr1p(A)dA, k=0,1,2... (14)

BukopucToByoun MeToA MaTeMaTMUHOI iHAYKIIii, OTpMMY€EMO BUpa3 AAsT OOepPHEHOTO Iie-
petBopenHst Dyp’e (10), Ta micas miacTaHOBKM piBHOCTI (14) y Bupa3 (13) — Bupas AAs IIiABHO-

. V4A—)\2
CT1 p()\) = m
PiBHicTb [TapceBaas (11) oTpuMyeMO aHaAOTIUHO, SIK y AOBEAEHHi Teopemu 2. 0

BUCHOBOK

I3 Teopem 1, 2, 3 BuriAmBag, 110 criekTp 3ipkoBoro rpadpa K(#,00) ckAaAa€eThest i3 1-KpaTHOI

abCOAIOTHO HellepepBHOI KOMIIOHEHTH, III0 36iraeThest i3 iHTepBasoM [—2,2], a mpu n > 3 mie
(n—1)241
n—-1 -
MeToAM MpoBeAeHHsI CTIeKTPaAbHOIO aHaAi3y IIOBHOTO rpadpa 3 HeCKiHUeHHMMM ITPOMeHsI-
MU, 110 BUKAAAEHi y AaHi po6OTi, AAIOTh 3MOTY AOCAIAXYBATH CIIEKTPAAbHI BAACTMBOCT] IIN-

POKOTO KAacy 3B’sI3HMX IpadpiB 3 HeCKiHUEHHMMM IIPOMEHSIMIL.

13 OAHOT'O BAACHOI'O 3HAUEHHSI A =

ABTOp BUCAOBAIOE NPy NOASKY A.IT. Hroxanky Ta }O.C. CaMoliaeHKy 3a KOHCTPYKTUBHI
3ayBakeHHSI.
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In the paper the detailed spectral analysis of a complete graph with semibounded infinite chains
is given. The spectrum of a self-adjoint operator which is generated by the adjacency matrix of
the graph is defined, the spectral measure is constructed, eigenvectors and spectral expansion in
eigenvectors are provided.
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B AaHHOII cTaThe TPOBEAEH A€TAABHBIN CIIEKTPAABHBIN aHAAM3 TIOAHOTO Ipadpa ¢ 6eCKOHeUHBI-
My Aydamn. OxapaKTepu30BaH CIIEKTP CaMOCOTIPSIKEHHOTO OIlepaTopa, MOPOXAEHHOTO MaTPUIION
CMEeXXHOCTHM TaKoro Tpadpa, TOCTpOeHa CIIeKTpaAbHasl Mepa, IIPMBEAEHbI B SIBHO (popMe cObCTBeH-
HbIe BEKTOPBI I CTIEKTPAAbHOE pa3A0KeHe IT0 COGCTBEHHBIM BEKTOPaM.

Kntouesvie ciosa 1 ¢ppasel: cIeTHBIN rpadp, MaTpua SIkoby, abCOAIOTHO HelTpephIBHBIN CIIEKTP,
CIIeKTpaAbHOE pa3sA0oXKeHMe, ClIeKTpaAbHas IIAOTHOCTb.



