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AVYKAIIEHKO M.IT.

KIABLS 3 HIABITOTETHUMH AU®EPEHIHIFOBAHHSIMH IHAEKCIB < 2

BcraHOBAEHO, IO B HATIBIIEPBMHHOMY KiABIIi BCi AMidpepeHIIII0BaHHS (BiAIIOBIAHO BHY TPIllIHi AV-
depeHIIifOBaHHS) HIABIIOTEHTHI TOAL i TIABKM TOAI, KOAYM BOHO AMdpepeHIIiHO TpyBiaAbHe (BiAIOBiA-
HO KOMyTaTuBHe). PaauKkaa AXXeKOOCOHA KiABIISI 3 HIABIIOTEHTHMMMU AMdpepeHITiIOBaHHSIMI iHAEKCIB
< 2 MICTUTBD BCi HIABIIOTEHTHI €AeMEeHTM KiABIISI.
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1 BcTvyn

Hexai1 Hapani R — acomiaTtuBHe Kiablle 3 oamHyeo 1. Binobpaxkenus d : R — R Ha3uBae-
ThCSI 8u¢epeuuim6aHHﬂM KIABIISI R, IKIIIO

dla+b)=d(a)+d(b) Ta d(ab) =d(a)b+ad(b)

AASL 6yAB-sIKMX 4, b € R. MHOXUHY BCiX AMdpepeHIIifoBaHb KiAbLsS 6yAeMO IO3HaYaTH CMMBO-
AoM DerR. 3po3yMino, 0 HyAbOBe BiaOOpakeHHs

Or:R>r—0€R

€ AncpepentitoBanHsIM, T06T0 Og € DerR. MHOXmHa DerR — kinble Ai CTOCOBHO omnepariiif
MOTOYKOBOTO AOAA@BaHHS ” + ” Ta MOTOUKOBOro MHOXeHHsT Ai “[—, —|”. Skuro DerR = {Og},
TO KiAblle R 6yaeMo HasuBaTV AdpepeHwiHO TpuBiarbEMM [1]. fkimio a, x € R, To mpaBuao

9q(x) = ax — xa = [a, x|

BM3Havae AMepeHIIiIOBaHHs KiAbLS R, sike IPUIIHITO HasMBaTU 6HYMpiiHimM AMdpepeHLito-
BaHHSIM R, MOPOAXXEHMM eAeMeHTOM 4.

Hmska pobiT mpucBsiueHa AOCAIAXKEHHIO Pi3HMX aCIeKTiB HiABIIOTEHTHOCTI, ITOB sI3aHMX 3
AndpepennitoBanasMu (auB. [4], [7]). Haraaaemo, mo andpepennitoBansst d € DerR Ha3uBae-
ThCST HibNOMeHMHUM, sIKIIO d" = Or AAST A€SIKOTO AOAATHBOTO IIIAOTO umcaAa 1. HariMmeHriie
TaKe 71 IPYITHSITO Ha3MBATY iHOEKCOM HINbnomeHmHocmi AidpepeHIIiFoBaHHS d.

Hamu BcTaHOBAEHO TaKi pe3yAbTaTu.

Teepaxennsa 1. Hexait R — KiAblle BiAbHe Bia 2-CKpYTYy, BCI AvipepeHIIIFOBaHHS SIKOTO HIAb-
HOTEeHTHI IHAeKCY HIAPIOTeHTHOCTI < 2. TOAI:

YAK 512.4
2010 Mathematics Subject Classification: 16N60, 16W25.

@ Ayxamenxko M.IT., 2014



92 AYKAIIEHKO M.IT.

(i) Bci 7fOro HIABIIOTEHTHI €eAeMEHTH MICTSThCSI B paAnkaAi AxexkobcoHa J(R),
(ii) sixmo J(R) = 0, To R ancpepeHtiiriHo TpmBiaAbHe.

Haraaaemo, 1m0 Kinblle R Ha3MBa€TbCsI NepeUHHUM, SIKIIIO AASI 6yAb-kux 4,b € R crpas-
AKYE€ThCSI IMITAIKALIisT
aRb=0=a=0abob =0.
Kiabiie R Ha3MBaeTbCsT HANIBNEPEUHHUM, SIKIIIO BOHO He MiCTUTb KOAHOTO HEHYABOBOTO HiAb-
MOTeHTHOro iaeara [6]. Hexait n — aoaaTHe 1iae umcao. Kiabite R Ha3suBaeThCst 8i1bHUM 810
n-cKpymy, SIKIIO AAsI KOKHOIO X € R cmpaBAXXYeThCsT IMITAIKALIiST

nx=0=x=0.

Teopema 1. Hexari R — HamiBrepBuHHe KiAbLe. SIKIIO BCi AM¢pepeHIlifoBaHHS (BIAIIOBIAHO
BHYTPIIIIHI AVigpepeHIIifoBaHHS) KiAbL R HiAbIOTeHTHI, TO R AndpepeHIiniHO TpyuBiaAbHe (BiA-
TIOBIAHO KOMYTaTHBHe).

Haaani B pobori: p — mpocre uncao; [A, B] = {ab — bala € A,b € B} — B3aeMHMII KOMy-
TaHT maMHOXVH A, B C R; C(R) — KoMyTaTOpHWMII iaeaA KiAbLst. [HIIN mo3HavyeHHs i dpakTn
MoO>XHa 3HauTH B [5] i [6].

2 EAEMEHTAPHI BAACTUBOCTI

Aema 1. Hexait R — kiabe, d € DerR. Sxmo d> = Og, 1o 2d(x)d(y) = 0 ars 6yab-sxmx
x,y € R.

AosederHs. CripaBai, AASI AOBIABHUX X, Y € R BCTAHOBAIOEMO
0= d*(xy) = d(d(x)y + xd(y)) = d*(x)y +d(x)d(y) + d(x)d(y) + xd*(y) = 2d(x)d(y)-
O

Aema 2. Hexait R — kiAblle, BCi AM¢pepeHIIiIFOBaHHS SIKOTO HIABIIOTeHTHi iHAekciB < 2,d,0 €
DerR taa € R. Toai:

[a,d(a)] =0,

d(e) = 0 AAsT 6yAB-SIKOrO iAeMITOTeHTa ¢ € R (a TOMy KOXeH IAeMIIOTEHT € LIeHTPaAbHVM
BR),

)

(ii) sixkmwo2[R,R] =0, Tod(R) C Z(R),
ii)
v)

xoxeH R-miamoayap A i3 DerR — iaeaa xiabig Ai DerR,

3[R,d(R)] =0, [R,d(R)]> = 0 Ta3d([R,R]) =0,
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(ix) sxmo R — xomyTaTusHe xiabire, To (ad(a))? = 0.

Aosedennsa. Hexait Bcroayt HvK4e x,a € R.

(i) 3HaxoAMMO, 110

0= (d+6)*(x) = (d+5)(d(x) + 5(x))
= d*(x) + (d5)(x) + (8d) (x) + 6*(x) = (d6)(x) + (3d)(x),

TobTO d6 = —0dd.

(ii) I3 piBHOCTEI

[x,d(a)] = xd(a) —d(a)x = 0x(d(a)) = —d(9+(a)) = —d(xa — ax)
= —d(x)a — xd(a) +d(a)x + ad(x)
BUILAVBAE, IIIO
2[x,d(a)] = 2(xd(a) —d(a)x) = ad(x) — d(x)a. (1)

SIkmro 2[R, R] = 0, o d(x) € Z(R).

(iii) TTokaaparoun B (1) x = a, orpumyeMo, 1o [4,d(a)] = 0.

(iv) Ockinbku d(e) = d(e?) = d(e)e + ed(e), To ed(e)e = 0. 3acTocosytoun (iii), pobumo
BUCHOBOK, 1110 d(e) = 0.

(v) Hexan 6 € A.Tlosasik [0, 5] = 206, To

[6,0](R) < 20(6(R)) € 26(R) < 6(R),
TO6TO
[6,6] C RO C A.
(vi) Hexaii c € Z(R). Toai koMmo3mist
d(cd) = —(cd)d
KOCOCMMETPUUHA, a, OTXe, AASL 6YAb-SIKOTO eAeMeHTa X € R MaeMo
d(c)d(x) +c(dd)(x) = —c(dd)(x) = c(dd)(x).
SIK HacAiAOK,
d(c)o(x) =0.

(vii) 3 OorAsiAy Ha BAACTUBICTD (if),
—d(x)a —xd(a) +d(a)x +ad(x) = —d(xa —ax) = —(ddy)(a) = (0xd)(a) = xd(a) —d(a)x,

a ToMy

2(xd(a) —d(a)x) = ad(x) —d(x)a. (2)
[Toai6HMM urHOM A0 (1), OTpUMyeMO
xd(a) —d(a)x = 2(ad(x) —d(x)a). 3)

Toai 3 (2) Ta (3) BUmAuMBag, 1110
3[a,d(x)] = 0. 4)

Cymyroun (2) Ta (3) orpumyemo, mwo 3[x, d(a)] = 3[a,d(x)], a 38iacu 3d([x, a]) = 0. 3a remor0 1,
2[R,d(R)]? = 0, 3BiaKM Ha OCHOBI (4) OTPUMYEMO CTBEPAXKYBaHe.

(viii) Crpasal,

0= —(d*0x)(a) = d(8x(d(a))) = d(xd(a) — d(a)x)
= d(x)d(a) + xd*(a) — d*(a)x —d(a)d(x) = [d(x),d(a)].

(ix) SIkmro R — xoMyTaTuBHe Kiablle, TO ad € DerR, i 3aAMIIIa€TbCS 3aCTOCYBATH BAACTH-

BicTs (0i). O
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3 AOBEAEHHS

Hacaiaox 1. Hexart R — kiAblle, BCi AvichepeHLIFOBaHHS SIKOI'O HIABITOTEHTHI iHA€KCIB HiABIIO-
teHTHOCTI < 2, Tad,d € DerR. Toai:

(i) sikmo R BiAbHE Bia 2-cKpyTy, TO Kommo3utist dd € DerR,

(ii) sixmo R BiabHe Bia 3-ckpyty, T0 d(R) C Z(R),d([R,R]) = 0 ta rpyna oamanmps U(R)
HIABIIOTEHTHA CTyIIeHs < 2.

Aosederna. (i) Ockinbkm
A6 +0d = d*> +dé + 6d + 6% = (d +6)*> =0 € DerR

tadd — dd = [d, ] € DerR, to 2dé € DerR, a Tomy dé — AndpepeHIiFOBaHHSI.
(ii) BuriamBae 3 Aemu 2 (vii) Ta Teopemn 3 [3]. O

AoBeaeHH TBepA>KeHHd 1.

Aosedenna. (i) Hexait x € R ta x? = 0. Toai AAst 6yab-sIKOTO ereMeHTa @ € R MaeMo

2

0=02(a) = dy(xa — ax) = x(xa — ax) — (xa — ax)x = x°a — xax — xax + ax* = —2xax. (5)

3 orAsiAy Ha Te, IO R BinbHE Bia 2-CKpYTy, oTpuMmyeMo xaxt = 0 aast 6yap-sikoro t € R, a Tomy
(xR)? = 0. Lle o3nauvae, mo x € xR C J(R).
(i) BumamBae 3 OrAsiAy Ha Aemy 1. O

Hexai1 Hapaai IP(R) — 11e mepeTH BCix MepBUHHMX iAeaaiB kiabiist R. SIk Biaomo (aus. [6]),
P(R) — Hiab-iaean B R.

Aema 3 (aus. [6], §3.2, TBepaxenHs 2). B HamiBreppuHHOMY KiAbLl R mepBUHHIDI pasVKaa
P(R) = 0 HyABOBWMIA.

Hacaiaox 2. fIkmo R — kiAblle, BCi BHYTPILLIHI AVipbepeHIIiIFOBaHHS sIKOTO HiABIIOTEeHTHI, TO
C(R) S P(R)NJ(R)
Aosedenns. SIkmo x € R Ta P — mepsuHHWMI isean B R, To

=0

=3

AASL X = x + P € R/P Ta AesIKOTO IIiAOTO AOAAQTHBOTO UMCAa 1. 3a TeopeMoto 3 i3 [2], dakTop-
Kiabe R/ P xomyTtatusae, a tomy C(R) C P(R). O

Hacaiaox 3. SIkio R — peryAsipHe KiAblle 3 HIABIIOTEeHTHUMI AVicbepeHIIIFOBaHHSIMU (BIAIIO-
BIAHO HiABIOTeHTHUMM BHYTPIIIIHIMU AVi¢hbepeHIIIFOBaHHSIM), TO R AucbepeHIIIIHO TpyuBiaAb-
He (BiAITOBIAHO KOMyTaTUBHe).

Aopsedenns. 3a HACAIAKOM 2,

C(R) C J(R)
— HiAb-iAean B R. Ockinbkut paaykan Akekob6cOHa He MiCTUTh HETPUBiaABHMX iA€MIIOTEHTIB,
10 J(R) = 0. Toai R — xoMyTaTuBHe Kiablie. PelliTa BUIIAMBAE 3 OTASIAY Ha HacAiao0K 1. UJ
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Hacaiaox 4. Hexart R — KiAblle, IO € aHTUCUMHTYASIPHUM 1IpaBuM R-moayaem. SIKIIO BCi BHY-
TPIIIHI AM{pepeHIIIFOBAHHS HIABIIOTeHTHI IHAEKCIB HIABIIOTEHTHOCTI < 2, TO KiAblle R komyTa-
THBHE.

AoBeaenns Teopemu 1. Ockiabky 6yAb-siKe BHY TPillTHE AVidpepeHITIFOBAHHSI HiABIIOTEHTHE,
TO AASI KOXKHOTO X € R 3HaIA€THCSI TaKe AOAATHE IiAe UICAO 11 = n(X), IIo
n —
dy(a) =0

AASI BCix a4 € R, TobTO

n pasiB
3a Teopemoio 3 i3 [2], kiabme R komyTaTuBHe. Toal 3 orasiay Ha aemy 2 (ix)
aé(a) =0

AAsI BCix a € R, mo HemoxAuBo. OTXxe, R — AMdpepeHIIiiHO TpuBiaAbHe KiAblie. O
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We prove that a semiprime ring with nilpotent derivations (respectively inner derivations) is
differentially trivial (respectively commutative). The Jacobson radical J(R) of a ring R with nilpotent
derivations contains all its nilpotent elements.
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AoKasaHO, UTO B TIOAYTIEpBUYHOM KOABIIE Bce AdpdpepeHIpoBaHMsI (COOTBETCTBEHHO BHY TPEH-
Hue AMdpdpepeHIMPOBaHNST) HUABIIOTEHTHBI TOTAAQ ¥ TOABKO TOTAQ, KOTAA OHO AndpdpepeHIMaAbHO
TpUBMAABHOE (COOTBETCBEHHO KOMMYTaTMBHOe). Paaykaa A>kekobcoHa KOABIIA ¢ HUABIIOTEHTHBIMU
AMquDepeHuMpOBaHMﬂMM MHAEKCOB < 2 COAEP KUT BCe HUABIIOTEHTHbIE SA€MEHTbI KOABIIA.

Kntouesvie cnosa u ¢ppaser: amdpcpepeHLIIpoBaHNe, IOAYIIEPBUIHOE KOABLIO.



