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(5,7)-DUNKL LIPSCHITZ FUNCTIONS IN THE SPACE L2(R, |x|>*+1dx)

Using a generalized Dunkl translation, we obtain an analog of Theorem 5.2 in Younis’ paper [2]
for the Dunkl transform for functions satisfying the (8, y)-Dunkl Lipschitz condition in the space
L2(R, |x|?**1dx).
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INTRODUCTION AND PRELIMINARIES

Younis Theorem 5.2 [2] characterizes the set of functions in L?(IR) satisfying the Cauchy
Lipschitz condition by means of an asymptotic estimate growth of the norm of their Fourier
transforms; namely, we have the following statement.

Theorem 1 ([2]). Let f € L?(R). Then the following are equivalent:

D5+ = @l =0 (ks ) ash 50,0 <a<1,6>0,
81

—2u

2) f|x|2r | F(f)(x)|?dx = O <W) asr — +oo,

where F stands for the Fourier transform of f.

In this paper we obtain an analog of Theorem 1 for the Dunkl transform. For this purpose
we use a generalized Dunkl translation.
Assume that Ly, = L2(R, |x[***1dx), « > —3, is the Hilbert space of measurable functions

f(t) on R with the norm
1/2
s = ([ ORI a)

The Dunkl operator is a differential-difference operator D which satisfies the condition

f) = f(=x)

X

Df(x) = %(x) + <rx+ %)

Let j,(x) be a normalized Bessel function of the first kind, i.e.,

o = () xy
Julx) = Tla+1) n;) nT(n +a+1) ()
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The Dunkl kernel is defined by
ea(X) = ju(x) +icaXjar1(x),
where ¢, = (2a +2)~!. The function y = e,(x) satisfies the equation Dy = iy with the initial
condition y(0) = 1. In the limit case with « = —2 the Dunkl kernel coincides with the usual
exponential function e'*.
Lemma 1 ([1]). For x € R the following inequalities are fulfilled
(D) lea(x)] <1,
(ii) |1 —ea(x)] < 2Jx],
(iii) |1 —en(x)| > ¢ with |x| > 1, where ¢ > 0 is a certain constant which depends only on «.

The Dunkl transform is the integral transform
Fy = [ fle(hx) e
The inverse Dunkl transform is defined by the formula
flx) = @@+ 1) [ Fhea(=Ax) AP AN,

The Dunkl transform satisfies the Parseval’s equality (f € Ly, )

1fll2a = 2T (& +1) 7 fll2a-

Consider the generalized Dunkl translation Tj, in L, ,, defined by

Tuf () = C( [ (Gl @) (x, 1, 9)sin® pdg+ [ fo(G(x,h, @))H° (x,h, @) sin® gdop ),
0 0

where
['(a+1)
C , G(x,h,¢) = /x2+h?—2|xh|cos ¢, h°(x,h,¢)=1—sgn(xh)cos¢,
T (a+3) \/
and
e
O h, ) = & 2@%2?' D) for (x,h) £ (0,0,  K(x)) =0 for(x,h) = (0,0),

fold) = 3@ +£(-x), o) = () — f(-))

From [1] we have: if f € Ly ,, then

(Tif)(A) = ea(AR)F(A). 1)
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MAIN RESULT

In this section we give the main result of this paper. We need first to define (4, y)-Dunkl
Lipschitz class.

Definition. Let0 < § < 1 and v > 0. A function f € L, is said to be in the (9, y)-Dunkl
Lipschitz class, denoted by Lip(9,,2), if

)
ITWf(8) = F(8) |2 = O ((IL) ash 0.

0g )7
Theorem 2. Let f € L, ,. Then the following conditions are equivalent

2 fpper FOOPIAPE1AN = O (i ) ast = +oo.
Proof. 1) = 2) Assume that f € Lip(J,y,2). Then we have
5
ITuf(t) = f(B)ll2e = O ((log%)”V) ash — 0.

Formula (1) and Parseval’s equality give

ITuf ) = £ = e J o (1= e PIFOR AP 1an

If [A| € [}, 2], then [Ah| > 1 and (iii) of Lemma 1 implies that 1 < Clz\l — eq(AR)|?. Then

. . )
FPAPHAL < = 11— ex(AR)P[F(A) AP A
¢ Ji<a<2

m)—-\

<[A[<

=N

1
c2
@@+ DT ()~ F0]3

h25
o <7<10g%>zv> |

—20
APy < o
/rsASZrW JFIA = (logr)?

where C is a positive constant. Now,

TV RIARAH g — [/ —I—/ —I—/ —I—] ) 2IA122 1 g0
/|/\|2r |f( )| | | r<|A|<2r 2r<|A|<4r 4r<|A|<8r |f( )| | |

+o0 —~
11— ea(AR)PIF(A) AP 1A

—o0

<

IN

We obtain

p—20 c (21,)—2(5 (41,)—25 N
(logr)?r (log2r)27 (log4r)?y
26 ~ 26
Cr— (14272 2722 4 27)P 4 ...) < CGCs

(logr)*r — " (logr)>’
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where Cs = (1 —272) 1 since 272 < 1.
Consequently

~26
FORAP A = 0 | —— .
s PO (o) 7=+
2) = 1) Suppose now that
,—20

T 21y [2a+1 —
/Azr FORARHA = 0 <(logr)27) as 7 — +oo.

We write
+o0 R
[ e FIFQPARHA =T + 1,

where

b= [  A—ea@WPIFQOPAP, L= [ L= eI A
IAl< A1>4

Firstly, we use the formulas |e,(Ah)| < 1 and

h25
L <4/ MPRARH g =0 [ .
>1 (log 7)27

Set

P(x) = /;oo |FA)[2A [+ dA.

Integrating by parts we obtain
X -~
| RFQPAE . / SN2 (x)dx = —xp(x +2/ Ap(A
0
< C1/ A2 (log A)"27dA = O(x* % (log x) 27),
0

where C; is a positive constant.
We use the formula (ii) of lemma 1:

o0 R N 26
[T - aOmPIFOPARar = 002 [ RIFRAPTaN) +0
—eo A<} (log 7)*7

=0 (hzhz‘sz(log 1)”) +0 <h72fz>
h (log 7)*7

h25
- ¢ <<log%>2v>

and this ends the proof.

)
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3a AOTIOMOTOIO y3araAbHEHOTO 3CyBY AaHKAa OTpMMAaHO aHaAoT Teopemn 5.2 3i craTTi OHica [2] anst
repeTBOpeHHs AaHKAA AAsT (PYHKIIIH, IO 34 AOBOABHSIIOTb YMOBY (J, y)-AaHKAa-AINIIINIIST B IIPOCTO-
pi L2(R, |x|?**1dx).

Kortouosi crosa i ¢ppasu: omepaTop AaHKAa, IepeTBOpeHHs AaHKAQ, y3araAbHeHMI 3cyB AaHKAA.
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C momo1bio 06061IeHHOTO cABUra AaHKAA TIOAYYeH aHaAOT TeopeMmsl 5.2 u3 crateu FOHuca [2] arst
npeobpaszoBaHust AaHKAA AAST PYHKLMIA, yAOBAETBOPSIIOIIMX (8,7 )-AaHKA-AUIIINLIEBO yCAOBUE B
npocrpanctse L2(RR, |x|2*F1dx).
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