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PROPERTIES OF POSITIVE CONTINUOUS FUNCTIONS IN C"

The properties of classes Q}. and Q of positive continuous functions are investigated. We prove
that some compositions of functions from Q belong to class Q} . A relation between functions from
these classes is established.
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INTRODUCTION

Introducing entire functions of bounded L-index in direction (see [1]) we have to impose
additional conditions to a continuous function L : C" — R,. We suppose that L € Qp (see
below (5)). It is necessary to establish criteria of boundedness of L-index in direction and to
apply L-index for solutions of partial differential equations or for entire functions with “plane”
zeros [3].

Such conditions describe a behavior of slice function L(z0 + tb), DeC"teC It provides
that function L does not rapidly change as |z| — co. In one-dimensional case Sheremeta M.M.
[5] used a class Q of positive continuous functions I = I(t), t € C, satisfying some additional
conditions. In fact, I[(t) = In |t], [(t) = |t|*, « € R4 belong to Q.

It is interesting: what are examples of functions from Qp? To answer the question we con-
sider compositions of functions from Q. Thus, it is a natural question: how to build a function
L € Q} by a function! € Q?

1 PRELIMINARIES AND DENOTATIONS

Foryn >0,z = (z1,...,z0) € C",b = (by,...,b,) € C"\ {0} and a positive continuous
function L : C" — R, we define

_.(L(z+1b) n
b p— . — < -—0r
AT (z, to, 1) mf{L(z T ob) |t — o] < L(z+1ob) }, (1)
AP(z,n) = inf{A}(z,to,m) s to €C},  AP(y) =inf{A}(z,77) : z € C"}, 2)
and L(z + tb)
b _ z+ C < 1
A3 (z, to, 1) = Sup{L(z—l— ob) |t —tg] < L(z+ tob) }, 3)
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A3(z,1) =sup{A3(z to, ) :to €C},  AZ(y) =sup{A3(z,) :z € C"}. (4)
By Q}. we denote the class of functions L, which for all 7 > 0 satisty the condition
0. <AT(y) S A3(n) < +oo. (5)

For a positive continuous function I(t) for t € C and typ € C, # > 0 we denote Ay (g, 77) =
A%’(O, to,n7) and Ay (to, 1) = )\]2’(0, to,n7)inthecasez=0,b=1,n=1,L =1, and

A(n) = inf{A1(tp,77) : to € C}, A2(n) = sup{Az(to, 1) : ty € C}.

As in [5], by Q we denote the class of positive continuous functions I(t), t € C, which
satisfy the condition: 0 < Aq(17) < A2(1) < +oo forall # > 0. In particular, Q = Qj.

2  ELEMENTARY PROPERTIES OF FUNCTIONS FROM Qﬁ

Investigating the properties of entire functions of bounded L-index in direction we obtained
following propositions about class Qp.

Lemma 1 ([1]). IfL € Q}, then L € Qj, for every § € C\{0}, and if L € Qp, and L € Qy then
Le Qﬁlerz for any by, by € C".

For [ € Q we denote
L(t,w) = (]t + |w| + 1DI(tw), L(t,w) = (Jw| + 1)I(tw), I3(t,w) = (|t| + 1)I(tw),
where t, w € C.

Lemma 2 ([2]). If] € Q, thenVb € C?I; € Q%, I, € Qzl, I3 € Q%Z, where b; = (1,0),
b, = (0,1).

For ! € Q we denote I4(z) = I(|(z,m)|), where z € C", m € C".
Lemma 3 ([4]). If] € Q, thenly € Q} forevery m € C" and every b € C".
For ! € Q we denote I5(z) = I(]z|), z € C".
Lemma 4 ([4]). If] € Q, thenls € Q} forevery b € C".

It is easy to see that Lemmas 2, 3, 4 propose possible ways to construct a function L € Qp
by a function ! € Q. Below we prove a generalization of Lemma 2 for C" (see Theorem 1).

Let L*(z) be a positive continuous function in C". The denotation L =< L* means that for
some 01,0, € R4, and for all z € C" the inequalities 01 L(z) < L*(z) < 6,L(z) hold.

Lemmab. If L € Qp and L < L*, then L* € Qp.

Proof. Using the definition of Q}, we have

L*(z+tb)

L*(z + tob) ~
oo o f O1L(z +tb) U

> el N P N Q. -

2 nf tﬁré{:mf{ezlz(z R Y tob)}

L(z +tb) 1
Lzttp) [ Hol= 91L(z+t0b)} >0,

inf inf inf{
zeC" tpeC

Ui
_ < 4
|i’ t0| = L*(Z+t0b>}

01
= — inf inf inf
92 zlerﬂli” t(l)relC mn {
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because L € Q}.. Besides,

sup sup sup { L*(z + tb)

Ui
2 ET) | < 7}
zeC" tpeC L*(z + tob) L*

(Z + tob)

BZL(Z—Fi’b) n
< supsupsupi ——— L |t —tol < ———L
N zeéj”toeg p{glL(Z+tOb) | O| - 91L(Z—|—t0b)}

{L(z—l—tb) . 1

_ b sup supsup§ ————= : [t —to| < ——————
L(z + tob) 61L(z + tob)

= } < +o0.
01 zeC" tpeC

Thus L* € Qy. O

3 MAIN THEOREM

Now we prove several propositions that indicate ways of construction of functions from the
class Qp.

Theorem 1. If] € Q andinf{I(t) : t € C} = ¢ > 0, then L € Qp, where

k— n

[Tk H(lz]-|+|bj|)))z(ﬁzj), and TT()=1.
-

1 n
L(z) = (14 X (It
k=1 j=1  j=k+1 jeo

Proof. Note that in the definition of Qp it is required that inequality (5) holds for all 7 > 0.
But in view of (1)-(4) function AP () is nonincreasing and A%(77) is nondecreasing. So it is
sufficient to require in definition of Qf that inequality (5) is true for all 7 > 1. Indeed let this
inequality holds for #* > 1. Then for all 77 such that 0 < 77 < 1 < #* < 400, the following
inequalities hold AY(77) > AP (%) > 0, Ab(77) < AD(5*) < +co. Thus inequality (5) holds for
all 7 > 0. Below we assume that 7 > 1.

Besides, we suppose that inf{I(t) : t € C} = 1. If this infimum does not equal 1, then we

. o I(t) o .
can consider the function I(t) = nf{I() : [E T} for which this equality holds.
So we consider the case 7 > 1 and inf{I(t) : t € C} = 1. We shall prove that forall y > 1

the following inequalities hold

n k—1 n n
216%1 t(i)l’eléil’tlf { <1 + k;l <’bk’ E ‘Z]‘ + b]‘t’ j:IkTJrl(‘Zj + b]'t’ + ‘bj’)))l(j_l(z]' + b]'t))
J((+ 3 (10 T+ 80 TT Gz 58+ 150) 1 (TTezs+ 669) ) :
k=1 j=1 j=k+1 j=1

it —10 < Ul i 1 .
(1 8 (el Ty 4000 11 G4 501+ ) ) 1 M1y +520)

k=1 j=1 J / j=k+1 ] ] J =1

(6)

and
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n n

sup sup sup { (1 + Xn: <|bk| Iﬁ |z + bjt| H (|zj +bjt| + |b]|)>>l<

zeCn{0eC ¢ k=1 j=1 j=k+1 j=1

(zi +bt))

n

/((Hi(\bk\ n,z]+bto, IT (= + 50+ 10,0 ) (TG +59) )

k=1 j=k+1 j=1
1

=)< ! < oo.
> (\b | kﬁl\ bito] T (|2 + bit?| yby)>>l<ﬁ(z —I—bt0)>
+ zj + bt zi + bit’| + |b; . ,
N = L S / =

(7)

For this end we use the fact that I € Q. According to our choice inf{l(t) : t € C} = 1 and

<1—|—Z<|bk|H|z—|—bt0| H (12 +b;£"] +15;))) )1 (g( +5t%) > 1.

Hence, we obtain that

=19 < U | <y ®
(1 + 2 (ybky H zj + b tOy (\z] +b;t0] + |b; \))) l<]_gl(zj +bjt°))
It remains to estimate the module
n n n n
[1G+bt) = [T+ 6t = |( [T+ b — 1+ 0 [ 1+ b))
j=1 j=1 j=1 j=2
n 2 n
+ (21 + 0t [ (2 + jt) — [Tz + b T 1G +bit)) +
=2 = =3
) ] ) j= . ] ) )
(Hz]+bt [Tz +bt) H(z]—i—bt) [T (z+bit)) +
j=1 j=k j=1 j=k+1
— n
< i+ bnt) H 4+ b;t%) H(z]-+b]-t°))).
j=1 j=1

We estimate each of obtained n differences separately. In particular n-th difference can be
estimated as

n—1
‘z]+bn [1G + bt H(z]+bt0‘—H]z]—i—btponHt—to\
j=1 j=1 =
- 1 zj + bjto| [bal 1

(1+2(\bkymz]+bt0\ 1 (yz]+bt0\+yb\))) l(}f[l(zj‘f'bjto)).

Applying the inequality (8) and using that # > 1, (n — 1)-th differences can be estimated as



PROPERTIES OF POSITIVE CONTINUOUS FUNCTIONS IN C” 141

n—2 n n—

n—2
[1G+0;t%) TT (z+;t) = [T(z + b;t%) —I—b]-t)‘ =TT Iz + bt |bu_1| |t — 2] |zn + but]
L 1 11

—_

j= j=n—-1 j=
n—2
= [Tz + bt [bu-a| [t = £°] |zn + but® + bu(t — t°)]
j=1
L 0 o | F 0 02
< ] [ |zj + bit°| |bya| [t —t |+11|z]-—l—b]-t | [bua]| [bal |t —£°]
jhn-1 "~

n
n  IT |z +bjto] [y
jr

<1+é1 (ybky H |2+ b; tO\ 1 (2 +bit'] + It D)) (jlf[l(zjntb]-to))

IN

" Ij |z + bjto| |bn—1] [bu]
+

<1+é1 (ybky H yz]+bt0\ (\z]+bt0\ + |b; \)))l( ﬁ(zj+bjt0)>

=1

. ~
172( IT |zj+bjto] [bu-1| + I_T |zj + bjto| |by-1] \bn!>

j=Lj#n-1 1

(1+é1 (ybky n 12 + bj to\ (]z]+b o)+ b)) ) ‘l(jli(zwbjto))'

For arbitrary k-th difference, 1 <k<mn,of (9) we can obtain estimate

k—1 n k n
\ [1G+6) ]z +bit) [+ T] 2+ b]-t))
j=1 j=k j=1 j=k+1

n

k—1
:H‘Zj-i-bjto‘ H ’Zj—i-b]‘t‘ ’bk’ ‘t—to’
=1 j=k+1

k—1
:H\z]+bt \ H |zj + bit” + b;(t — )| |bi| [ — to
n
<] 1| zj + bjt°| ‘I;Il(|zj+bjt0|+|bj| |t — %)) b |t — tol
j=k+

~.

P
=

~
Il

k—1 n
1 |bx| H1’Zj+bjt0’ II:I (Izj 4 bjt®| + |bj|n)
P E

<
- n
(1+.Hl(|zj+bjf°|+|bj|) le]+bt0|)( (z]—l—bt0)>
= j=
n
7" Mol TS+ 61 T1 (2 + %1+ 1)
. -

n
(14 TL(1zj + by#0] + b)) =TTy 2 + byt )1 ( (z]+bt0))
j=1 =

Thus, returning to (9) and considering that 17f < py"forall j,1 < j < n, we obtain the
following inequality
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n n
H(Z] + b]t) — H(Z] + b]fo)’
=1 -1
ki | 0 T 0
o "] TT |z + bt°] TT (lzj + bt + [bjl)
< Z j=1 j=k+1 1
_—4@+z:WMﬁf@+mm M1 (I + 6] + ) ) 1 Tz +05t%)
k=1 = j=k+1 j=1
n
bl TT =+ 610 T (2 + b0+ [ty
=1 j=k+1
=7 Z 1 Tz + ;1))
Z; + bit
LT

1
(1ot (il T+ 11 (501 +15))

X

n n
Yy (b H zi +b:it° TI (|zi + b;t°| + |b;
U) k:1<’ kl 2] ‘] j ‘ i (’] j ‘ ’]D) 1

E <1+él<|bk| T Iz +000 11 (2] + b D))! (Hnl(z]-+b]-t°))

l< ﬁ (Z] + b]to)) .

j=1

Then forally > 1

1

~

inf inf inf
zeC"0eC ¢t

{ (1+ g <|bk| n =i bl T1 (3 +oitl+10)) 1116+ b))

@+z(mu1m+bm ua+mw+MM)%ﬁ@ﬁwwﬁ'

]:

0 1 . !
‘t t‘§<n( 0)) n k-1 n
I{ TL(zj +bjt 1+ Y (|bk] TI |z +b;t° TI (|zj + b;t0| + |b;
: ] ) < P <’ k’ j:l‘ j ] ‘j:k+1(’ ] ] ‘ ’ ]D))

—_

j=1

> inf inf inf

zeC" 0eC ¢

n k—1 n
(1+ & (Il TTIz+bitl T (1 + bl + b)) )
{ k=1 j=1 j=k+1 It — to\ < 17}

n

I z]—l—bt)

1

l
x inf inf inf{
1

zeC"0cC ¢

n

n k—1 0 n 0
(1+ & <\bk\ I+t T (=+ b1+ D))

(.
( z]+bt) j=1 j=1 l<ﬁ(zj+bjt0>>

j=1 =1

~.

n

(10)

The first factor in the obtained inequality is a fractional rational expression with the same



PROPERTIES OF POSITIVE CONTINUOUS FUNCTIONS IN C" 143

degrees of the numerator and denominator by variable z;, and by ¢, t0, respectively. Thus the
corresponding infimum is not equal to zero. Suppose that the second expression equals zero.
Then there exists sequences (z7), (tg), for which

(T1G +on) ) )
j?f{ = : )H(z]’.’ +b;t) — [ + bjt‘;)) — } =0
l<j]:[1(zf + bﬂ?,)) j=1 j=1 l<j]:[1(z]- + b]-tg)) p

n n
Denoting u,(t) = 1] (z];-7 + bjt), and vp(tg) =11 (z];-7 + bjtg), we obtain that
j=1 j=1

inf{wﬂup(t)—vp(tgﬂg%} )

£ U (op(19)) H(op(89)) ] prtoo

it { ot (1) 9y ()] < 7} 2 i { e W s = o)) < 7,

UP( P l(vﬁ(tg

and inf 1nf{ Evg tu—o] < %} = 0, that contradicts the condition / € Q. Thus, the second
veC u

factor in (10) is also positive, so the inequality (6) is correct.
Using similar considerations, we can prove the similar inequality for sup . Indeed, for all
1 > 1 the following inequalities hold

=1

~.

sup sup sup

{ (1+§(\bk\f[]z]+bt\ (yz]+bt\+\b\))) I(T1G+byt))
(

e 11y ¢ (\bk\mzﬁw\ [ 2+ b2+ [5)) ) (116 +bit%))
1
It—tOISI — o p 1 T ; }
(f1e+y ) (14 £ (I Tz 1 (g + o +150))

< sup sup sup

zeCn0eC ¢t <

(1+ k:1<\bk\f[\z]+bt0\ (]z]+bt0\+]b\))).

{ (1+ y > (1o H -+l 11 (!z]+bt\+\b\)))

|t 10 < 1 }
n k—1 n
( )3 <|bk| .H |zj +b;t° 11 (|Zj+bjt0|+|bj|)>>
j=1 j=k+1

k=1
n
<]I:[1( *5i) ) z & n"
X Sup Sup Sup { 7 . ‘ H(Z] + b]t) H(Z] + b to)‘ n }
zeC" 0eC ¢ < [1(z; + b;t9) ) j=1 j=1 l( I1(z + bft0)>
j=1 =1

(11)
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(1 £ (1o T =5+ 1l TT G+ byt + 1))
{ k=1 j=1 j=k+1

. 0
e et -
<1+ )3 <!bk! IT |zj + bt TT (lzj + bt + !bj\)))

k=1 j=1 j=k+1
As above for infimum in the first brackets we obtain a fractional rational expression with
the same degrees of the numerator and denominator by z;, and by ¢, t0 respectively. Hence
corresponding supremum does not equal infinity. Suppose that the second expression is equal

to infinity. Then there exist (z), (tg) with property

l(]f[l(z]’.’ +bt)) ) .
sup { : ) [T +bt) —TT( + b]-tg>) < } N
=L 1( + bith)) =t =1 I (2 + bit))
= =

n n
Denoting u,(t) = [1] (z];-7 + b;t), and vp(tg) =TI (z];-7 + b]-tg), we obtain
=1

(up(t)) . Ui
sup{l(v:w.|up(t)—vp(t2)|§7>>} & o,

But

1(up (1)) 0 ] 10 y
sup§ =5 |up(t) — vy ()| < —= ¢ <supy——5—: lu—0v,(ty)| < —+ ¢,

P Uty 10~ o) S 1y} < o0 A,y oS i )
and sup, ¢ sup, {% Du—v] < %} = oo, that contradicts the condition / € Q. Thus, the
second factor in (11) is also positive, so the inequality (7) is valid. Hence, we deduce that the
function

1 n k-1 n n
H(1+ X (el Tl TT s+ 100))1(T1=)
k=1 j=1 j=k+1 j=1
belongs to the class Qyp. O

4 REMARKS TO MAIN THEOREM

Remark 1. The condition inf{I(t) : t € C} = ¢ > 0 is not essential. In fact, every function
I € Q, which satisfies the equality inf{I(t) : t € C} = 0, can be replaced by the function
I(t) + 1, which also belongs to the class Q.

Proof. Indeed, for the positive continuous function /() the inequality holds
I(t) I(t) +1 I(t)

< <
I(to) — I(to) +1 ~ I(to)

where the right part is true for all t,fy € C, and the left part is true for all ¢, ty € C such that
I(t) < I(tp). The right inequality is equivalent to the following

+1, (12)

Hto)(I(t) +1) < (I(t) +1(t0))(I(to) +1) or [(to)(t) +1(to) < I()I(to) +1*(to) +1(t) +1(to),
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i. e. 0 < I?(ty) + I(t). But this inequality holds for the function /(t) for all t, ty € C.
From the left part we similarly obtain I(¢)I(tg) + I(t) < I(to)(I(t) +1). Hence I(t) < I(tp).
Evaluating the supremum for the right part of inequality (12) and the infimum for the left
side and using that I(t) € Q, we obtain

0<inf {7t —no] < il re cf <ant (s —nl < gl re )
< inf ll((t';))+ 11 It — to| < (t037+1 teC}
gsup{ll((;))ill |t —to| < (t0)+1't€C}
§sup{%+1:]t—t0\<# teC}
§sup{%+l:|t—t0|§l(tio>,te(1}<oo
These inequalities imply I(¢) +1 € Q. O

Remark 2. In fact, analysis of the proof of Theorem 1 indicates that we can somehow de-
crease function L. For each b = (by,by,...,b,) € C", such that H" 1 |b | #0,1 € Q and
inf{Il(t) : t € C} = c > 0, we have L € Qp, where

1= ¢( % rber\zA [T (2 + b)),

k= j=k+1

The appearance of term 1 in the proof of Theorem 1 is necessary for lower estimate of the

function < (|| H \z]\ (]Z]] + [bj ]))) ,wherej=1,2,...,n. We can take the direction

b=b / H |b;] instead of b under the previous condition ﬁ |b;| # 0, because by Lemma 1 the
. i

1
H bl
Then all considerations of previous theorem should be repeated, omitting the term 1 in the
appropriate places. Alternatively we can take a larger function.

functlon L belongs to the class Qp,, with 6 =

Remark 3. If I* € Q,1 € Q,inf{l(t) : t € C} = ¢ > 0, and for all z € C" the following
inequalities hold

l*( z]-) 201<1+Xn:<|bk|1—[|z]| H (Izjl + ;1) ))

k=1 =1 j=k+1

and
n n

l*( z]-)§02< AR H’ZJD

j=1 j=1

=
=

1 *
thenLng,whereL(z):El(. z]-)l(. z]-),b:(bl,bz,...,bn),cl>O,c2>0.
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Proof. Without loss of generality, we may suppose inf{l(t) : t € C} =1 as in Theorem 1. Then
n

we can repeat the considerations of this theorem, taking everywhere the function / *< I z]->
j=1

instead of
n

Z(rbkrnrz]r IT (il + 5;]))-
=1 j=k+1
Therefore we obtain

n
\ \ y (1t n =+ 0% 11 1 (15 + 2% +15y)

H(z]—i—bt) H(z]+bt0)) n"
min{1,c }l*( (z]~|—bt ))l<jl:[1(zj+bjt0))

j=1 =1

< 17" .
min{cy, c{’“}l( [1(zj + bjto))
=1

Denoting ¢ = min{cy, ¢ +1} for all # > 1 we obtain the following inequality

(s =)o)
inf inf inf{ ,71 ]Zl :
Z2€CM 0 ¢ I* ( I—[l(z] + b]to)) l< l—Il(Z] + b]tO))

j= =

~

-1 < —— T __ }
(11 +bt0)>l<j1‘[1(z]-+b]-t0))

j=1 -
(TG + b)) ) ,
> inf inf inf{ - ) (zj+bt) — T +b]-t0)) — }
zeCh0¢eC ¢ H( —{—bt) j=1 = cl( TI( +bt)>
j=1 =1

- : )H(z]- +bit) ~ T 1(z +b]-t0)‘ <—
< 11 (Zj + bjto)) =1 =1 c l< H (Zj + bjto)

j=1

x inf inf inf
zeC" 0cC ¢

l< H(Z] + b]t)) n n 77"
{1 )}

(13)

Since I(t) € Q, by similar considerations as in Theorem 1 it can be showed that the product in
(13) is greater than zero. It is obviously that we can prove

l*< T (2 + b, t))l(j]f[(z]-qtb]-t))

sup sup sup { ]n_ nl :
zeC" 0eC ¢ l*( H(Zj—l—bjto))l( [1(z +bjt0)>
j=1 j=1 (14)
it —19) < I

l*(ﬁ( + bt ))l(ﬁl(zj+bjt0)> } -
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n n
In view of (13), (14) we obtain that the function [* < H z]-) l < H z]-) belongs to the class Qf. O
j=1 j=1
Remark 4. We can take the following functions

n

[T051+ 0 ~TTis or % (il TT051+ )
j= —1

j=1 j=1
j#k
n k-1 n
instead of the expression ) | <|bk| [Tzl TT =1+ |b]|)) in Theorem 1.
k=1 j=1  j=k+1

It follows from Lemma 5 and notion

n n n n n k-1 n
T (il 10D =T T zi1= 1+ Y (106 TT0zi1+161)) =<1+ 3 (166 T T 1231 TT (1z11+101)
j=1 j=1 k=1 j=1 k=1 j=1  j=k+1
ik
Proposition 1. IfL € Q}, then for every z° € C" we have Lo € Q (Lo(t) = L(z° + tb)).
Proof. We remark that (1)~(5) imply for every z° € C", t € C
Vi >0 0<AP(z,17) < AV(z,t0,7) <1< AR(z,t0, 1) < AB(2,7) < +oo.

These inequalities imply that [0 € Q. O
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AocAiaXeHO BAACTMBOCTI KAaciB Qf Ta Q AOAATHMX HeTepBHMX (PYHKIIiN. AOBEAEHO, IO AeSKi
KoMmo3uuii pyHKIIN i3 Kaacy Q HarexaTb kaacy Qp. BcTaHOBAEHO 3B'S130K MiXK (OyHKILisIMMU LIX
KAaciB.

Kntouosi cnosa i ppasu: ropraTHa PYHKIIisI, HellepepBHa (pYHKIIiSI, A€KiAbKa KOMIIAEKCHIX 3MiH-
HIIX.



