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A STUDY ON INTEGER ADDITIVE SET-VALUATIONS OF SIGNED GRAPHS

Let INg denote the set of all non-negative integers and P (INy) be its power set. An integer addi-
tive set-labeling (IASL) of a graph G is an injective set-valued function f : V(G) — P(Ny) \ {o}
such that the induced function f* : E(G) — P(Np) \ {@} is defined by f*(uv) = f(u)+ f(v),
where f(u) + f(v) is the sumset of f(u) and f(v). A graph which has an IASL is usually called
an IASL-graph. An IASL f of a graph G is said to be an integer additive set-indexer (IASI) of G if
the associated function f* is also injective. In this paper, we define the notion of integer additive
set-labeling of signed graphs and discuss certain properties of signed graphs which admits certain
types of integer additive set-labelings.
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signed graphs, strong IASL-signed graphs, weak IASL-signed graphs, isoarithmetic IASL-signed
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1 INTRODUCTION

For all terms and definitions, not defined specifically in this paper, we refer to [3, 5, 16] and
for the topics in signed graphs we refer to [17, 18]. Unless mentioned otherwise, all graphs
considered here are simple, finite and have no isolated vertices.

1.1 An overview of IASL-graphs

The sum set (see [7]) of two sets A and B, denoted by A + B, is defined as A+ B = {a+ b :
a € A, b € B}. Let N be the set of all non-negative integers and let X be a non-empty subset
of INp. Using the concepts of sumsets, we have the following notions as defined in [4, 8].

An integer additive set-labeling (shortly IASL) is an injective function f : V(G) — P(X) \ {@}
such that the induced function f* : E(G) — P(X) \ {@} is defined by

fr(uo) = f(u) + f(v)

for all u,v € E(G). A graph G which is endowed with an IASL is called an integer additive
set-labeled graph (IASL-graph).

An integer additive set-indexer (IASI) is an injective function f : V(G) — P(X) \ {@} such
that the induced function f* : E(G) — P(X) \ {@} is also injective. A graph G which is
endowed with an IASI is called an integer additive set-indexed graph (IASI-graph).
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AnTASL (or IASI) is said to be k-uniform if |+ (e)| = k for all e € E(G). That is, a connected
graph G is said to have a k-uniform IASL (or IASI) if all of its edges have the same set-indexing
number k. The cardinality of the set-label of an element (vertex or edge) of a graph G is called
the set-indexing number of that element. If the set-labels of all vertices of G have the same
cardinality, then the vertex set V(G) is said to be uniformly set-indexed. An element is said to be
mono-indexed if its set-indexing number is 1.

A weak integer additive set-indexer of a graph GisanIASI f : V(G) — P(X) \ {@} such that

|7 (wo)| = max(|f(u)], [f(0)])

for all u,v € V(G) and a strong integer additive set- indexer (SIASI) of G is an IASI such that

fF (o)l = ()] f(0)]

forallu,v € V(G).
The following result is a necessary and sufficient condition for a graph to be a weak IASL-
graph.

Lemma 1 ([10]). An IASI f of a given graph G is a weak IASI of G if and only if at least one
end vertex of every edge of G is mono-indexed, with respect to f.

Theorem 1 ([8]). A graph G admits a weakly uniform IASL if and only if G is bipartite.

An integer additive set-indexer f : V(G) — P(X) \ {@} of a graph G, satisfying the condi-
tion | fT (uv)| = |f(u) + f(v)| = |f(u)| |f(v)] for all edges uv of G, is said to be a strong IASI of
G. A graph which has a strong IASI is called a strong IASI-graph.

Theorem 2 ([9]). A graph G admits a strong IASI, say f, if and only if for any two adjacent
vertices in G, the sets defined by D¢,y = {|la —b| : a,b € f(u)} and Ds(,) = {[c —d| : ¢, d €
f(v)} are disjoint.

Theorem 3 ([9]). A connected graph G admits a strongly k-uniform IASL if and only if either
G is bipartite or k is a perfect square.

An TASL f of a given graph G is called an arithmetic IASL of G if the elements of the set-
labels of vertices and edges of G are in arithmetic progressions. If all these arithmetic progres-

sions have the same common difference d, then such an arithmetic IASL is called isoarithmetic
IASL of G.

Theorem 4 ([11]). If f : V(G) — P(X) is an isoarithmetic IASL defined on a graph G, then the
cardinality of the set-label of any edge uv in G is |f(u)| + |f(v)| — 1.

1.2 Preliminaries on Signed Graphs

Note that a half edge of a graph G is an edge having only one end vertex and a loose edge
of G is an edge having no end vertices.

A signed graph (see [17, 18]), denoted by £(G, 0), is a graph G(V, E) together with a function
0 : E(G) — {4+, —} that assigns a sign, either + or —, to each ordinary edge in G. The function
o is called the signature or sign function of ¥, which is defined on all edges except half edges
and is required to be positive on free loops.
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An edge e of a signed graph X is said to be a positive edge if c(e) = + and an edge c(e) of
a signed graph X is said to be a negative edge if o(e) = —. The set ET denotes the set of all
positive edges in X and the set E~ denotes the set of negative edges in X. A simple cycle (or
path) of a signed graph X is said to be balanced (see [2, 6]) if the product of signs of its edges is
+. A signed graph is said to be a balanced signed graph if it contains no half edges and all of its
simple cycles are balanced.

Note that a negative signed graph is balanced if and only if it is bipartite.

Balance or imbalance is the main property of a signed graph. The following theorem, well
known as Harary’s Balance Theorem, establishes a criteria for balance in a signed graph.

Theorem 5 ([6]). The following statements about a signed graph are equivalent.
i) A signed graph Y. is balanced.
ii) ¥ has no half edges and there is a partition (V1,V;) of V(X) such that E- = E(V;, V).
iii) X has no half edges and any two paths with the same end points have the same sign.

A signed graph X is said to be clusterable or partitionable (see [17, 18]) if its vertex set can be
partitioned into subsets, called clusters, so that every positive edge joins the vertices within the
same cluster and every negative edge joins the vertices in the different clusters. If V(X) can be
partitioned in to k subsets with the above mentioned conditions, then the signed graph X is
said to be k-clusterable. In this paper, we discuss only the 2-clusterability of signed graphs.

It can be noted that 2-clusterability always implies balance in a signed graph X. The con-
verse need not be true. If all edges in X are positive edges, then X is balanced but not 2-
clusterable.

In this paper, we extend the studies on different types of integer additive set-labeling of
graphs to classes of signed graphs and hence study the properties and characteristics of such
signed graphs.

2 TASL-SIGNED GRAPHS

Motivated from the studies on set-valuations of signed graphs in [1], and the studies on
integer additive set-labeled graphs in [4, 8, 9, 11], we define the notion of an integer additive
set-labeling of signed graph as follows.

Definition 1. Let X C INg and let . be a signed graph, with corresponding underlying graph
G and the signature . An injective function f : V(X) — P(X) \ {@} is said to be an integer
additive set-labeling (IASL) of X if f is an integer additive set-labeling of the underlying graph
G and the signature of ¥. is defined by o(uv)) = (—1)If(W+f @),

A signed graph which is endowed with an integer additive set-labeling is called an integer
additive set-labeled signed graph (IASL-signed graph) and is denoted by ¥y

Definition 2. An integer additive set-labeling f of a signed graph X is said to be an integer
additive set-indexer of . if f is an integer additive set-indexer of the underlying graph G.

Definition 3. An IASL f of a signed graph . is called a weak IASL or a strong IASL or an
arithmetic IASL of ¥, in accordance with the IASL f of the underlying graph G is a weak IASL
or a strong IASL or an arithmetic IASL of the corresponding underlying graph G.

The structural properties and characteristics of different types of IASL-signed graphs are
interesting. In the following section, we study the properties of strong IASL-signed graphs.
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21 Strong IASL-signed graphs

As stated earlier, balance is the fundamental characteristic of a signed graph and hence
let us investigate the conditions required for a strong IASL-signed graph to have the balance
property. The following result provides a necessary and sufficient condition for the existence
of a balanced signed graph corresponding to a strongly uniform IASL-graph.

Theorem 6. A strongly k-uniform IASL-signed graph ¥ is balanced if and only if the underly-
ing graph G is a bipartite graph or \/k is an even integer.

Proof. Assume that the strongly k-uniform IASL-signed graph X is balanced. Then, for any
cycle Cr, 0(C,) must be positive. Let 7 and ny be two positive integers greater than 1 such that
niny = k. Label the vertices of C, alternatively by n;-element subsets and 1;-element subsets
of the ground set X. Here we have the following cases.

Case 1. Let n; # np. We claim that this labeling is possible only when C; is even. If C, is an
odd cycle, then by labeling the vertices of C, as mentioned above, there will be two adjacent
vertices, say 1 and v both having n1-element set-labels or n;-element set-labels and the edge uv
has the set-indexing number n? (or 13)), which is a contradiction to the fact that G is strongly
k-uniform IASL-graph. Therefore, G is bipartite.

Case 2. Let C; be an odd cycle in G. Then, we claim that the above mentioned labeling is
possible only when 17 = ny. If C; is an odd cycle, as mentioned in Case-1, there exists an edge
in C, with set-indexing number n? (or n3). Since G admits a strongly k-uniform IASL, we have
n% = k = nyny. This is true only if ny = np = Vvk. Thatis, k is a perfect square. Therefore,
every vertex of C, has the set-indexing number v/k and every edge of C, has the set-indexing
number k. Since X is balanced, we have ¢(C,) = +, which is possible when k and hence Vk
are even integers.

Conversely, assume that the underlying graph G of strongly k-uniform IASL-signed graph
Y is a bipartite graph or v/k is an even integer. Then, consider the following cases.

Case 1. Assume that the underlying graph G is a bipartite graph. Then, G has no odd
cycles. Let C; be an arbitrary cycle in G, where r is an even integer. Consider 11,1y € INg such
that n1ny = k. Now, label the vertices of G alternatively by n;-element subsets and 7, element
subsets of the ground set X such that the labeling becomes a strongly k-uniform IASL of G.
Here, we have the following subcases.

Subcase 1.1. If both 17 and n; are odd integers, then k is odd and hence every edges of the
cycle C, in X has the negative sign. Since, C, has even number of edges, we have ¢(C,) = +.

Subcase 1.2. If one or both of 71 and 15 is even, then k is even and every edge of C, has the
positive sign. Therefore, 0(C,) = +.

Case 2. Assume that G is a non-bipartite graph. By hypothesis, v/k is an even integer and
hence k is also an even integer. Since G is not bipartite, it contains odd cycles. Let C; be an
arbitrary odd cycle in G. Since G admits a strongly k-uniform IASL, every edge of C, must
be labeled by the subsets of X having cardinality v/k (see [9]). Therefore, every edge of G has
positive sign and hence o (C;) = +.

In all above cases, we can see that strongly k-uniform IASL-signed graph X is balanced. [
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What are the conditions required for a strongly uniform IASL-signed graph to be cluster-
able? The following result provides a solution to this problem.

Proposition 1. A strongly k-uniform IASL-signed graph . is clusterable if and only if the un-
derlying graph G is bipartite and k is an odd integer.

Proof. Let X is clusterable. Let (U3, Uy) be a partition of V(X) with the required properties of
a clustering of X. Clearly, k must be odd. For, if k is even, all edges of £ will be positive edges
and hence all vertices of X belong to either U; or to U, making other empty, contradicting
the fact that X is clusterable. As k is odd, every edge of X is a negative edge and hence for
any two adjacent vertices in X must belong to different partitions. Choose vertices which are
pairwise non-adjacent in X to form a subset U of V(X) and let U, = V' \ U;. Clearly, U, is also
a subset of V in which vertices are pairwise disjoint. Therefore, (U3, Uy) is a bipartition of the
underlying graph G. Hence G is bipartite.

Conversely, assume that the underlying graph G of a strongly k-uniform IASL-signed graph
¥ is a bipartite graph with bipartition (V;, ;) and k is an odd integer. Therefore, every edge
of ¥ is a negative edge with one end in V; and other end in V. Then, (V3, V;) satisfies the
properties of a clustering for X. Hence, X is clusterable. g

If the underlying graph G of a strong IASL-signed graph 2. is bipartite, then . is balanced if
and only if the number of negative edges in every cycle of G in ¥ is even. This is possible only
when the number of distinct pairs of adjacent vertices, having odd parity set-labels, in every
cycle of X is even. Therefore, we have the following assertion.

Proposition 2. Let . be a strong IASL-signed graph with the underlying graph G bipartite.
Then, X is clusterable if and only if the number of distinct pairs of adjacent vertices having
odd parity set-labels is even.

The proof of the above theorem is very obvious. The following result describes the condi-
tions required for the clusterability of (non-uniform) strong IASL-signed graphs whose under-
lying graph G is a bipartite graph.

Proposition 3. The strong IASL-signed graph, whose underlying graph G is a bipartite graph,
is clusterable if and only if there exist at least two adjacent vertices in ¥y with odd parity
set-labels.

Proof. Let X be a strong IASL-signed graph whose underlying graph G is a bipartite graph.
Then, the same IASL of ¥ is a strong IASL of G also. Since G is bipartite, every cycle in G is an
even cycle. Let C; : v10203...0,01 be a cyclein G.

First assume that X is clusterable. Then, there exists a partition (Uj, Uy) of non-empty
subsets of V(X) such that the edges connecting vertices in the same partition have positive
sign and the edges connecting vertices in the different partitions have the negative sign. Note
that an edge uv of G has a negative sign only when both u and v have odd parity set-labels.
Since G is a connected graph and both sets U; and U; are non-empty, there must be at least
one edge, say e = uv, in G with one end vertex in U; and the other end vertex in U, such that
both u and v have odd parity set-labels.
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Conversely, assume that at least two adjacent vertices of G have odd parity set-labels. If u
and v be two vertices of G having odd cyclesin G. Then, o(uv) = —in . Let U and U, be two
mutually exclusive subsets of V(G) such that u € Uy and v € Up. If there exist other edges,
say xy such that both x and y have odd parity set-labels, then include any one of x and y to U
and all other vertices to Up. Repeat this process until all adjacent pairs of vertices having odd
parity set-labels are counted. Then, (U3, Uy) will be a partition of X with desired properties.
Therefore, X is clusterable. O

Let X be a strong IASL-signed graph, whose underlying graph G is a non-bipartite graph.
Then G contains some odd cycles. If C, is an arbitrary odd cycle in G, then X is balanced if and
only if the number of negative edges in C, is even, which is possible only when the number of
positive edges in C; is odd. It is possible only when at least two adjacent vertices must have
even parity set-labels. A necessary and sufficient condition for a strong IASL-signed graph to
be clusterable is described in the following theorem.

Theorem 7. A strong IASL-signed graph X is clusterable if and only if every odd cycle of the
underlying graph G has at least two adjacent vertices with even parity set-label and at least
two adjacent vertices with odd parity set-label.

Proof. Let ¥ be a strong IASL-signed graph with underlying graph G, where G is a non-
bipartite graph. Then, G contains odd cycles. Let C, : v1v;...9,0;1 be a cycle of length r in
G. If X is clusterable, there exists a partition of vertices (U, Up) such that all edges having
end vertices in the same partition have positive sign and the edges having end vertices in the
different partitions have negative sign. If all vertices of ¥ have even parity set-labels, then all
edges of X will be positive edges. Hence, all vertices of X must belong to the same partition,
say U;, making the other partition, say U, empty. If one end vertex of every edge of X has even
parity set-label, then also all edges of X become positive edges. In this case also, all vertices of
2 are in the same partition and the other partition is empty. Hence, there must be at least one
edge in X such that its both end vertices have odd parity set-labels.

Conversely, assume that every odd cycle, say C;, contains two adjacent vertices having
even parity set-labels. Without loss of generality, let v; and v, be the vertices in C,, which have
even parity set-labels. Let v1,v, € Uj. Let all other vertices have odd parity set-labels. Since

0(vpv3) = +, v3 must also be an element of U;. Since 0(v3v3) = —, v3 € Up. Proceeding like
this, we have vy, vg,...,v,_1 are in Up and vs, vy, ..., v, are in U;. This partition (Uy, U) is a
clustering for X. O

In this context, the questions on the balance and clusterability of weak IASL-signed graphs
arouse much interest. In the following section, we discuss certain properties of weak IASL-
signed graphs that are similar to those of strong IASL-signed graphs.

2.2 Weak IASL-signed graphs

Balance and clusterability of the induced signed graphs of weak IASL-graphs has been de-
scribed in the following theorems. Analogous to Proposition 6, the balance of weakly uniform
IASL-signed graph can be described as follows.
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Proposition 4. A weakly k-uniform IASL-signed graph is always balanced.

Proof. Let X be a weakly k-uniform IASL-signed graph with the underlying graph G, where k
is any positive integer greater than 1. Then, G admits a weakly k-uniform IASL, say f, then
fT(e) =kforalle € G. Then, the signature ¢ is given by o'(¢) = (—1)¥ for all e € . Therefore,
the signs of all edges of X are all odd or all even. Since the underlying graph G is a weakly
k-uniform IASL-graph, then G is bipartite (see [4]). Therefore, G has no odd cycles. Therefore,
the number of signs, positive or negative, of edges in each cycles are even. Therefore, for any
cycle G, in X, 0(C,) is positive. Hence, X. is balanced. O

The following theorem discusses the clusterability of weakly uniform IASL-signed graphs.

Theorem 8. A weakly k-uniform IASL-signed graph ¥. is clusterable if and only if k is a positive
odd integer.

Proof. Let the given weakly k uniform IASL-signed graph X be clusterable. Then, there exists
a partition (Uy, Uy) of non-empty subsets of V(%) such that the end vertices of positive edges
belongs to the same partition and the end vertices of negative edges belong to different parti-
tions. If k is even, then all edges in X are positive edges and all vertices in 2. belong to the same
partition, say U;. Therefore, Uy, = &, which contradicts the hypothesis that X is clusterable.
Hence, k is an odd integer.

Conversely, assume that k is an odd integer. Then, every edge of G is a negative edge. Then,
the bipartition (V3,V,) of the underlying graph G, where V; is the set of all mono-indexed
vertices and V} is the set of all vertices having set-indexing number k, will form a 2-clustering
of X.. That is, X is clusterable. O

Balance of a weak IASL-signed graph whose underlying graph is a bipartite graph is dis-
cussed in the following result.

Proposition 5. A weak IASL-signed graph ¥, whose underlying graph G is a bipartite graph,
is balaced if and only if the number of odd parity non-singleton set-labels in every cycle of %.
is even.

Proof. Assume that a weak IASL-signed graph X is balanced. Note that for the corresponding
underlying graph G, the set-indexing number of every edge, not mono-indexed, is the cardi-
nality of the non-singleton set-label of its end vertex. Hence, for every odd parity non-singleton
vertex set-labels in ¥, the corresponding edge has a negative sign. Hence, for any cycle C; in
Z we have ¢(C;) = + and this is possible only when the number of odd parity non-singleton
vertex set-labels in C, of X is even.

Conversely, assume that the number of odd parity non-singleton vertex set-labels in any
cycle of ¥ is even. Therefore, the number of negative edges in X is even. Hence, for any cycle
C,in%, 0(C,) = + and hence X is balanced. O

The following theorem establishes a necessary and sufficient condition for a weak IASL-
signed graph whose underlying graph is a bipartite graph.
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Theorem 9. The weak IASL-signed graph Y., whose underlying graph G is a bipartite graph,
is clusterable if and only if there exist some non-singleton vertex set-labels of . which are odd
parity sets.

Proof. Let G be a bipartite graph with bipartition (V;, V). Then G need not have any mono-
indexed edge. Then, without loss of generality, let V; contains all mono-indexed vertices and
V, contains all vertices having non-singleton set-labels. Let X denotes the corresponding in-
duced signed graph ¥ of G.

Assume that some set-labels of the vertices in V, are odd parity sets. Since the mono-
indexed vertices in G are not adjacent in G, all vertices in V; can be in the same cluster Uj, if
exists. Then, by the definition of clustering, the vertices having even parity set-labels cannot be
included in the second cluster U, as the signs of edges connecting these vertices to the vertices
in V; are positive. Therefore, let U; = V3 UV, and U, = V, — Vj, where V] is the proper subset
of all vertices in V, having even parity set-labels. Clearly, all the edges in the same partition,
if exist, have positive signs and the edges connecting the vertices in different partitions have
negative sign. That is, G is clusterable.

Conversely, assume that X is clusterable. Then, there exists a partition (U, Uy) of the vertex
set V() such that all edges connecting the vertices in the same partition have the positive sign
and the edges connecting the vertices in different partitions have negative sign. Let U; contains
all vertices in V;. Any vertex u in V, having an even parity set label and adjacent to some vertex
v in V; must also belong to Uy as o(uv) = +. Hence, if the set-labels of all vertices in V; are
even parity sets, then U, = &, which is a contradiction to the hypothesis that X is clusterable.
Therefore, the set-labels of some vertices in V, are odd parity sets. O

In this context, it is much interesting to check the balance property of weak IASL-signed
graphs whose underlying graphs are non-bipartite. Hence, we have the following theorem.

Theorem 10. A weak IASL-signed graph ., whose underlying graph G is a non-bipartite
graph, is not balanced.

Proof. Since G is a non-bipartite graph, G contains odd cycles. Let C, be an odd cycle in G. If &
is balanced, then the number of negative edges in C; is even. When one vertex, say v, of G has
an even parity set-label, then the two edges incident on it will have the positive sign and the
remaining odd number of edges in C, have negative signs. If u and v are two adjacent vertices
in C;, then the three edges incident on these two vertices become positive and the number of
negative edges in C, becomes even.

Therefore, if G is balanced, then at least two adjacent vertices must have even parity set-
labels. This contradicts the fact that G admits a weak IASL. Hence, ¥ is not balanced. O

The following result is a straight forward implication of the above theorem.

Corollary 1. A weak IASL-signed graph %, whose underlying graph G is non-bipartite, is not
clusterable.

Proof. For any signed graph X, we have 2-clusterability implies the balance in . But by The-
orem 10, a weak IASL-signed graph X, whose underlying graph is non-bipartite, can not be a
balanced signed graph. Hence, the weak IASL-signed graph X is not clusterable. O

Another interesting type IASL-signed graph is the signed graph which admits an isoarith-
metic JASL. In the following section, we discuss the properties of these types of signed graphs.
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2.3 Isoarithmetic IASL-signed graphs

The following theorem describes a necessary and sufficient condition for an isoarithmetic
IASL-signed graph to be balanced.

Theorem 11. An isoarithmetic IASL-signed graph . is balanced if and only if every cycle in &
has even number of distinct pairs of adjacent vertices having the same parity set-labels.

Proof. Let X be a an isoarithmetic IASL-signed graph. Then, for every edge uv in E(X), the
cardinality of the set-label of uvis | (uv)| = |f(u)|+ |f(v)| — 1. Then, |fT (uv)| is odd if both
f(u), f(v) are of the same parity and |f* (uv)| is even if f(u), f(v) are of different parities.
Assume that X is balanced. Then, the number of negative edges in every cycle of ¥ is even
and the number of disjoint pairs of adjacent vertices having the same parity set-labels is even.
Conversely, assume that the number of disjoint pairs of adjacent vertices in every cycle C, of
¥ having the same parity set-labels is even. Then, the number of negative edges in C; is even.
Therefore, ¥. is balanced. U

What are the conditions required for an isoarithmetic IASL-signed graph to be clusterable?
The following result provides the required conditions in this regard.

Proposition 6. An isoarithmetic IASL-signed graph ¥ is clusterable if and only if . contains
some disjoint pairs of adjacent vertices having the same parity set-labels.

Proof. Note that a connected signed graph X is clusterable, if and only if ¥ must have negative
edges connecting the vertices in different partitions. Hence, if an isoarithmetic IASL-graph X
is clusterable, then ¥ contains negative edges which is possible when some disjoint pairs of
adjacent vertices in 2 must have the same parity set-labels. O

3 CONCLUSION

In this paper, we discussed the characteristics and properties of the induced signed graphs
of certain IASL-graphs with a prime focus on clusterability and balance of these signed graphs.
There are several open problems in this area. Some of the open problems that seem to be
promising for further investigations are following.

Problem 1. Discuss the k-clusterability of different types of IASL-signed graphs for k > 2.

Problem 2. Discuss the balance, 2-clusterability and general k-clusterability of other types
of arithmetic IASL-signed graphs of ditferent types of arithmetic and semi-arithmetic IASL-
graphs.

For X C Np, an IASL f of a graph G, is said to be a topological IASL of G if
T = f(V(G)) U{@} is a topology on X (see [12]) and is said to be a topogenic IASL of G
if T = f(V(G)) U fT(E(G)) U{@} is a topology on X (see [13]). Then, we have the following
problem.
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Problem 3. Discuss balance and k-clusterability of topological and topogenic IASL-signed
graphs.

An integer additive set-indexer f of a graph G, with respect to a finite set X C Ny, is said
to be a graceful integer additive set-labeling of G if f7(E(G)) U {{0}, @} = P(X) (see [14]) and
is said to be a sequential integer additive set-labeling of G if f(V(G)) U fT(E(G)) U{&} = P(X)
(see [15]). Then, we obtain the following problems.

Problem 4. Discuss the balance and k-clusterability of graceful and sequential IASL-signed
graphs.

Problem 5. Discuss the balance and general k-clusterability of topologically graceful and topo-
logically sequential IASL-signed graphs.

Problem 6. Discuss the balance and k-clusterability of different types of integer additive set-
indexed graphs.

Study on several other IASLs under which the collection of set-labels of given IASL-signed
graphs form certain other subset structures like filters of the ground set. The study on certain
IASL-signed graphs, where the edge set-labels are the union or intersection of the set-labels of
end vertices.

Further studies on other characteristics of signed graphs corresponding to different IASL-
graphs are also interesting and challenging. All these facts highlight the scope for further
studies in this area.
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Hexait P(IN) mo3Hauae MHOXMHY IIAMHOXMH BCix HeBiA eMHnX mianx umcea Ny. Lirouncens-
HUM aAUTUMBHMM No3HadeHHsIM (IASL) rpadpa G HasmBaeThbCsl Taka iH €KTMBHa MHOXXVMHHO-3HaYHA
dysxuist f : V(G) — P(Np) \ {2}, wo inayxosana dyuxuis f* : E(G) — P(Nyp) \ {2} su-
sHaveHa f 1 (uv) = f(u)+ f(v), ae f(u) + f(v) o6’eanannst muoxuH f(u) i f(v). T'pad, ikt mae
LiAOuMceAbHe aAUTHBHe mo3HaveHHs (IASL), 3a3Buuaii HasmBatoTh IASL-rpadpom. IASL f rpadpa G
Ha3VBAIOTh LIAOUMCEABHO aAUTMBHO iHAekcyrounM (IASI), sikino acouirioBana dpyHkuist f1 Takox
in’exTMBHA. Y 1ilf CTATTi MM BU3HAYAEMO IIOHSTTSI IIIAOUMCEABHO aAMTUBHOTO ITO3HaUeHHs Tpadis
3i 3HaKaMM Ta OIMMCY€EMO BiAIIOBiAHI BAACTMBOCTI X rpadoiB, SIKi MalOTh AesIKi THMIM LiAOUMCEABHO-
rO aAMTUBHOTO IO3HAUeHHSI.

Kntouosi cnosa i ppasu: Tpadpy 3i 3HaKaMy, 36araHCOBaHi rpadpy 3i 3HAKaMM, KAaCTepu3allisi rpa-
dis 3i sHakamu, IASL-rpadou 3i 3Hakamm, cuabHi IASL-rpadpm 3i sHaKamu, crabki IASL-rpadpm 3i
3HaKamy, i3oapudmerirani IASL-rpadu 3i 3HaKaMI.



