ISSN 2075-9827 e-ISSN 2313-0210 http://www.journals.pu.if.ua/index.php/cmp
Carpathian Math. Publ. 2016, 8 (1), 83-106 KapmnaTcbki maTem. my6a. 2016, T.8, Nel1, C.83-106
doi:10.15330/cmp.8.1.83-106

L)

KACHANOVSKY N.A.

OPERATORS OF STOCHASTIC DIFFERENTIATION ON SPACES OF NONREGULAR
GENERALIZED FUNCTIONS OF LEVY WHITE NOISE ANALYSIS

The operators of stochastic differentiation, which are closely related with the extended Skorohod
stochastic integral and with the Hida stochastic derivative, play an important role in the classical
(Gaussian) white noise analysis. In particular, these operators can be used in order to study some
properties of the extended stochastic integral and of solutions of stochastic equations with Wick-
type nonlinearities.

During recent years the operators of stochastic differentiation were introduced and studied, in
particular, in the framework of the Meixner white noise analysis, in the same way as on spaces of
regular test and generalized functions and on spaces of nonregular test functions of the Lévy white
noise analysis. In the present paper we make the next natural step: introduce and study operators
of stochastic differentiation on spaces of nonregular generalized functions of the Lévy white noise
analysis (i.e., on spaces of generalized functions that belong to the so-called nonregular rigging of
the space of square integrable with respect to the measure of a Lévy white noise functions). In so
doing, we use Lytvynov’s generalization of the chaotic representation property. The researches of
the present paper can be considered as a contribution in a further development of the Lévy white
noise analysis.

Key words and phrases: operator of stochastic differentiation, stochastic derivative, extended
stochastic integral, Lévy process.
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INTRODUCTION

Let L = (Lt)se(0,4+0) be a Lévy process (i.e., a random process on [0, +-00) with stationary
independent increments and such that Ly = 0, see, e.g., [5, 30, 31] for details) without Gaus-
sian part and drift. In [23] the extended Skorohod stochastic integral with respect to L and
the corresponding Hida stochastic derivative on the space of square integrable random vari-
ables (L?) were constructed in terms of Lytvynov’s generalization of the chaotic representation
property (CRP) (see [27] and Subsection 1.2), some properties of these operators were estab-
lished; and it was shown that the above-mentioned integral coincides with the well-known
(constructed in terms of Itd’s generalization of the CRP [14]) extended stochastic integral with
respect to a Lévy process (e.g., [6, 7]). In [10, 21] the notion of stochastic integral and derivative
was widened to spaces of regular and nonregular test and generalized functions that belong
to so-called regular parametrized and nonregular riggings of (L?) respectively, this gives a
possibility to extend an area of possible applications of the above-mentioned operators (in
particular, now it is possible to define the stochastic integral and derivative as linear continu-
ous operators). Together with the stochastic integral and derivative, it is natural to introduce
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and to study so-called operators of stochastic differentiation in the Lévy white noise analysis, by
analogy with the Gaussian analysis [1, 37], the Gamma-analysis [17, 18], and the Meixner anal-
ysis [19, 20]. These operators are closely related with the extended Skorohod stochastic integral
with respect to a Lévy process and with the corresponding Hida stochastic derivative and, by
analogy with the classical Gaussian case, can be used, in particular, in order to study some
properties of the extended stochastic integral and of solutions of normally ordered stochas-
tic equations (stochastic equations with Wick-type nonlinearities in another terminology). In
[9, 8] the operators of stochastic differentiation on spaces that belong to a regular parametrized
rigging of (L?) ([21]) were introduced and studied. This rigging plays a very important role in
the Lévy analysis; but, in order to solve some problems that arise in this analysis (in particular,
in the theory of normally ordered stochastic equations), it is necessary to introduce into con-
sideration another, nonregular rigging of (L?) (see [21] and Subsection 1.3), and operators (e.g.,
the extended stochastic integral, the Hida stochastic derivative) on spaces (of nonregular test
and generalized functions) that belong to this rigging. Therefore it is natural to introduce and
to study operators of stochastic differentiation on the just now mentioned spaces.

In the paper [24] the operators of stochastic differentiation were introduced and studied
on the spaces of nonregular test functions of the Lévy white noise analysis. In particular, it
was shown that, roughly speaking, these operators are the restrictions to the above-mentioned
spaces of the corresponding operators on (L?). The next natural step is, of course, to consider
operators of stochastic differentiation on the spaces of nonregular generalized functions. But
here there is a problem: in contrast to the classical Gaussian case and to the "regular case",
the operators of stochastic differentiation on (L?) cannot be naturally continued to the just
now mentioned spaces (to the point, actually for the same reason the Hida stochastic deriva-
tive also cannot be naturally continued from (L?) to the spaces of nonregular generalized
functions). Nevertheless, it is possible to introduce on these spaces natural analogs of the
above-mentioned operators. These analogs have properties quite analogous to the properties
of operators of stochastic differentiation, and can be accepted as operators of stochastic differ-
entiation on the spaces of nonregular generalized functions. In the present paper we introduce
and study in detail the just now mentioned operators. In forthcoming papers we’ll consider
elements of the so-called Wick calculus in the Lévy white noise analysis, this will give us the
possibility to continue the study of properties and to consider some applications of the opera-
tors of stochastic differentiation.

The paper is organized in the following manner. In the first section we introduce a Lévy
process L and construct a convenient for our considerations probability triplet connected with
L; then, following [21, 23, 27], we describe in detail Lytvynov’s generalization of the CRP, the
nonregular rigging of (L?), and stochastic derivatives and integrals on the spaces that belong
to this rigging. In the second section we deal with the operators of stochastic differentiation on
the spaces of nonregular generalized functions, considering separately the cases of bounded
and unbounded operators. Note that some results of this paper were announced without
proofs in [25].

1 PRELIMINARIES

In this paper we denote by || - || or | - | g the norm in a space H; by (-, -) g the scalar product
in a space H; and by (-,-)y or ((-,-)) g the dual pairing generated by the scalar product in a
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space H. Another notation for norms, scalar products and dual pairings will be introduced
when it will be necessary.

1.1 Lévy processes

Denote R := [0, +00). In this paper we deal with a real-valued locally square integrable
Lévy process L = (Lt)tcr, (a random process on R with stationary independent increments
and such that Ly = 0) without Gaussian part and drift (it is comparatively simple to consider
such processes from technical point of view). As is well known (e.g., [7]), the characteristic
function of L is

E[e"t] = exp [t/]R(eigx -1- ti)v(dx)}, (1)

where v is the Lévy measure of L, which is a measure on (R, B(IR)), here and below 5 denotes
the Borel o-algebra; [E denotes the expectation. We assume that v is a Radon measure whose
support contains an infinite number of points, v({0}) = 0, there exists € > 0 such that

/ X2y (dx) < oo,
R

and

/ xv(dx) = 1. 2)
R

Let us define a measure of the white noise of L. Let D denote the set of all real-valued
infinite-differentiable functions on R} with compact supports. As is well known, D can be
endowed by the projective limit topology generated by a family of Sobolev spaces (e.g., [4]).
Let D' be the set of linear continuous functionals on D. For w € D’ and ¢ € D denote w(¢) by
(w, @); note that one can understand (-, -) as the dual pairing generated by the scalar product
in the space L?(IR ;) of (classes of) square integrable with respect to the Lebesgue measure real-
valued functions on R, see Subsection 1.3 for details. The notation (-, -) will be preserved for
dual pairings in tensor powers of spaces.

Definition. A probability measure jt on (D’,C(D')), where C denotes the cylindrical o-algebra,
with the Fourier transform

i{wg) = ipu)x _ 1 _
/D/e p(dw) = exp [/IR+XR(6 1 zq)(u)x)duv(dx)], peD, 3)

is called the measure of a Lévy white noise.

The existence of u follows from the Bochner—-Minlos theorem (e.g., [13]), see [27]. Below we
assume that the o-algebra C(D’) is complete with respect to y, i.e., C(D’) contains all subsets of all
measurable sets O such that #(O) = 0.

Denote (L?) := L?(D’,C(D’), u) the space of (classes of) real-valued square integrable with
respect to y functions on D’; let also H := L?(IR). Substituting in (3) ¢ = ti,t € R, ¥ € D,
and using the Taylor decomposition by t and (2), one can show that

[ o9t = [ (p(u) @

(this statement follows also from results of [27] and [7]). Let f € Hand D > ¢ — f in
H as k — oo (it is well known (e.g., [4]) that D is a dense set in H). It follows from (4) that
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{{o, k) }x>11s a Cauchy sequence in (L?), therefore one can define (o, f) := (L?) — klim (o, pr).
—00

It is easy to show (by the method of "mixed sequences”) that (o, f) does not depend on the
choice of an approximating sequence for f and therefore is well defined in (L?).

Let us consider (o, 1jg;)) € (L?), t € Ry (here and below 14 denotes the indicator of a set
A). It follows from (1) and (3) that (<o, Lo >) fer, Can be identified with a Lévy process on the

probability space (D',C(D’), ), i.e., one can write Lt = (o, 1jg ;) € (L?).

Remark. Note that one can understand the Lévy white noise as a generalized random process
(in the sense of [11]) with trajectories from D': formally L'(w) = (w,1p.))" = (w,d.) = w(),
where §. is the Dirac delta-function concentrated at -. Therefore u is the measure of L' in the
classical sense of this notion [12].

Remark. A Lévy process L without Gaussian part and drift is a Poisson process if its Lévy
measure V(A) = 61(A), A € B(R), ie, if v is a point mass at 1. This measure does not
satisfy the conditions accepted above (the support of §; does not contain an infinite number of
points); nevertheless, all results of the present paper have natural (and often strong) analogs
in the Poissonian analysis. The reader can find more information about peculiarities of the
Poissonian case in [23], Subsection 1.2.

1.2 Lytvynov’s generalization of the CRP

As is known, some random processes L have a so-called chaotic representation property (CRP)
that consists, roughly speaking, in the following: any square integrable random variable can
be decomposed in a series of repeated stochastic integrals from nonrandom functions with
respect to L (see, e.g., [28] for a detailed presentation). The CRP plays a very important role in
the stochastic analysis (in particular, for processes with the CRP this property can be used in
order to construct extended stochastic integrals [16, 34, 15], stochastic derivatives and operators
of stochastic differentiation, e.g., [37, 1]), but, unfortunately, the only Lévy processes with this
property are Wiener and Poisson processes (e.g., [36]).

There are different approaches to a generalization of the CRP for Lévy processes: 1t0’s ap-
proach [14], Nualart-Schoutens” approach [29, 32], Lytvynov’s approach [27], Oksendal’s ap-
proach [7, 6] etc. The interconnections between these generalizations of the CRP are described
in, e.g., [27,2,7, 35, 6, 23]. In the present paper we deal with Lytvynov’s generalization of the
CRP that will be described now in detail.

Denote by ® a symmetric tensor product and set Z; := N U {0}. Let P = P(D’) be the
set of polynomials on D', i.e., P consists of zero and elements of the form

Nf R
f((U) - Z<w®i’l’f(n)>’ w € D/, Nf - Z+/ f(n) c D@T’l, f(Nf) 7& 0’
n=0

here N is called the power of a polynomial f; (w®0, FO) .= £0) ¢ D0 .= RR. Since the measure
u of a Lévy white noise has a holomorphic at zero Laplace transform (this follows from (3) and
properties of the measure v, see also [27]), P is a dense set in (LZ) [33]. Denote by P, the set
of polynomials of power not greater than n, by P, the closure of Py, in (L?). Let forn € IN
P, := P, © P,_1 (the orthogonal difference in (L?)), Py := Pj. It is clear now that

(LZ) — @ Pn.
n=0
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Let f(W) € D9, n € Z, . Denote by : (0", () the orthogonal projection in (L?) of a mono-
mial (o®", f (”)> onto P,. Let us define scalar products (-, -).xt on D®", n € Z, by setting for
f(”),g(”) c p&n

1

(F00, g0y = | (@, FMY 2 (", ¢ i (dew),

and let | - |oxt be the corresponding norms, i.e., |f(”) lext = 1/ (f), f(1),y¢. Denote by )

ext’

n € Z., the completions of D" with respect to the norms | - |ext. For F\" () ¢ 7—[( ") define

ext
a Wick monomial : (0®", F(1)) et (L?) — limy_,q : (0®" fk > where D" 3 fe )y F1) as
k — oo in ’Hext (well-posedness of this definition can be proved by the method of "mixed
sequences”). Since, as is easy to see, for each n € Z the set {: (0®", f():|f(1) ¢ D&Y jsa
dense one in P,,, we have the next statement (which describes Lytvynov’s generalization of the
CRP).

Theorem. ([27]) A random variable F € (L?) if and only if there exists a unique sequence of
kernels F") ¢ 7-[( " e Z ., such that

ext”

2 o®n JF 71) (5)
n=0
(the series converges in (L?)) and
IF Iy = [ 1F(@)Pld) = BIFP = 3 mFO) 2, < oo
n=0

So, for F,G € (L?) the scalar product has the form
(F,G)uz) = [ F@)G(w)p(dw) = E zw G )ext,

where F(1), G(M) ¢ 7—[(") are the kernels from decompositions (5) for F and G respectively. In

ext

particular, for £ ¢ ”ngt) and G(m) ¢ H(m) nme Z.,

ext 7

(: (=", EM) sy : (o5, G2 ) = / (@, FO) s (w0, G s (dew)
:]E[ (o®" JE(n )> (o®m L Glm )> ] _5n’mn!(F("),G("))ext‘

Note that in the space (L2) we have : (0©9, F(0)): = (00, F(0)) = F(0) and : (o, FD): = (o, F1))
[27].

(n)

Remark. In order to make calculations connected with the spaces H,,;, it is necessary to know
explicit formulas for the scalar products (-, -)ext. Such formulas were obtained by E.W. Lytvy-
nov in [27]. Here, following [23], we write out it for convenience of a reader. Denote by || - ||y
the norm in the space L?(R,v) of (classes of) square integrable with respect to v real-valued
functions on R. Let

pn(x) := x" +an,n—1xn_l +otagax, a€R je{l,...,n—1}, neN, (6)
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be orthogonal in Lz(]R,v) polynomials, i.e., for natural numbers n,m such that n # m,
Jg Pn(x)pm(x)v(dx) = 0. Then for F™, G € 1" 1 € N, we have

ext”

(F(M/G(M)ext _ Z n! (leluv)zsl - (M)Zsk

, splo-sel V! Ii!
klisi€N: j=1,.. k, I >lp>-->1y, 1 k ! k
lysq+-+s=n

(n)
X /]RSJEJF”'JFSkF (ul,...,Ml,...,Msl,...,MSL,...,u51+...+sk,...,M51+...+slﬁ) (7)

ll ll lk

n
x G! )(ul, o Uy sy Usy e Usy sy - ey Uy qegs ) AU - dUs g,

-~

h h I

In particular, forn = 1 (FV,GW) = ||p1]? f]R+ FD ()G (u)du; if n = 2 then we have
(FO, )t = prll e F2 (11, 0)G2 ( 0)duddo + L o B2 ()G, ), et
It follows from (7) that H'}) = # = L?(R.): by (6) p1(x) = x and therefore by (2) ||p1]|, =

ext —
1, and for n € N\{1} one can identify H®" with the proper subspace of ngt) that consists of
"vanishing on diagonals" elements (i.e., F(n) (u1,...,uy) = 0if there existk,j € {1,...,n} such

thatk # j but uy = u;). In this sense the space ’ngt) is an extension of HEM (this explains why we

use the subscript ext in the notations Hth)/ (+,)ext and | - |ext)-

1.3 A nonregular rigging of (L?)

Denote by T the set of indexes T = (73, T2), where 77 € N, 17 is an infinite differentiable
function on Ry such that for all u € Ry (1) > 1. Let H, be the Sobolev space on R of
order 11 weighted by the function 1, i.e., H is a completion of the set of infinite differentiable
functions on R with compact supports with respect to the norm generated by the scalar
product

(@) = |

Ry

CGONOR kzl 9" (1) () ) ra(u)du,

here @Kl and y!¥] are derivatives of order k of functions ¢ and ¥ respectively. It is well known
(e.g., [4]) that D = prlim__; H; (moreover, DEn — prlim_ H?", see, e.g., [3] for details)
and for each T € T H is densely and continuously embedded into # = L?(R; ), therefore
one can consider the chain

DoO>H DOHDODHDOD,

where H_., T € T, are the spaces dual of H. with respect to . Note that by the Schwartz
theorem [4] D' = ind lim;c7 H_ (it is convenient for us to consider D’ as a topological space
with the inductive limit topology). By analogy with [22] one can easily show that the measure
y of a Lévy white noise is concentrated on H_z with some T € T, i.e., y(H_z) = 1. Excepting
from T the indexes 7 such that y is not concentrated on H_, we will assume, in what follows,
that foreacht € T u(H—) = 1.

Denote the norms in #. and its tensor powers by | - |, ie., for f(”) € 7{5‘?”, n € NN,

FO e = JF0, ),

T
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Lemma. ([21]) There exists T € T such that for each n € IN the space 7{%“ is densely and

continuously embedded into the space ”ngt) Moreover, for all f (n) e H%n

Lf ’ext < n!c" |f. T“

where ¢ > 0 is some constant.

It follows from this lemma that if for some 7 € T the space H is continuously embedded
into the space H ./ then for each n € IN the space HY" is densely and continuously embedded
into the space #") and there exists c() > 0such that for all f(*) ¢ HEn

ext’
2 < mle()"[F ™R, ®
In what follows, it will be convenient to assume that the indexes T such that H is not contin-
uously embedded into H1, are removed from T.
Denote Py := {f = ZnNio (o®n, fFm)y:, f(n) ¢ D®”,Nf € Z4+} C (L?). Accept on default
g€ Z,, 7€ T;set HZY := RR; and define scalar products (+,-)z,q on Py by setting for

Ny
f:Z:<o®”,f( Z )i € Pw
n=0

min(Ng,Ng)

(F)eai= Y, ()27 (F, g, -, ©)

n=0

Let || - |4 be the corresponding norms, i.e., || f||c3 = 1/(f, f)z4. In order to verify the well-

posedness of this definition, i.e., that formula (9) defines scalar, and not just quasiscalar prod-
ucts, we note that if for f € P || f||r; = 0 then by (9) for each coefficient f ) of £ |fM]. =0
and therefore by (8) | f")|.xt = 0. So, in this case f = 0 in (L?).

Definition. We define Kondratiev spaces of nonregular test functions (H )4 as completions of
Pw with respect to the norms || - || 4, and set

(He) :=prlim(H:)y, (D):= prlim (H:),

qeZ 4 qeZ,teT

As is easy to see, f € (H¢), if and only if f can be presented in the form

f= Z o®n flny. fn) ¢ HEn (10)
(the series converges in (H¢),), with
1120 = 1£1Eper), = Ti:@(n!)ZZ"”If(")I% < o) (11)
and for f,g € (H)q
80, = L (P2 5)
where ("), ¢(") ¢ HE™ are the kernels from decompositions (10) for f and g respectively (since

for each n € Z HEM C Hext’ for f(") ¢ HEn :(0®", f(M) : is a well defined Wick monomial,
see Subsection 1.2). Further, f € (H.) (f € (D)) if and only if f can be presented in form (10)
and norm (11) is finite for each g € Z (for eachq € Z and each T € T).
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Proposition. ([21]) For each T € T there exists gy = qo(T) € Z, such that for eachq € Ny, :=
{g0,90+1,- - - } the space (H+), is densely and continuously embedded into (L?).

In view of this proposition for T € T and g > go(T) one can consider a chain
(D) > (H-1) D (H-1)—4 D (L?) D (Hc)g D (H1) D (D), (12)
where (H 1) 4, (H-) = ind limy se(H 1) 4 and (D) = ind lim,_,eo re7(H )4 are the
spaces dual of (H<)y, (H<) and (D) with respect to (L?).
Definition. Chain (12) is called a nonregular rigging of the space (L?). The negative spaces of

this chain (H_+) 4, (H_<) and (D') are called Kondratiev spaces of nonregular generalized
functions.

Finally, we describe natural orthogonal bases in the spaces () ;. Let us consider chains

D' 5y 5 ylm) 5 gyEm o pEm (13)

me Z, (form = 0D = YO — ”Hﬁgl = 7—[( ) = p© = R), where 7—[(_"? and D' —

ind lim,c7 ’H( ") are the spaces dual of HE™ and D®m with respect to ’ngt) The next statement

follows from the definition of the spaces (H ;) 4 and the general duality theory (cf. [22]).

Proposition. ([21]) There exists a system of generalized functions
(= F"Y: e (H o) o |FW e H™ mez,}

ext

such that
1) for e(xt) € Héxt) C H( " t(o ®m,P€(xt)): is a Wick monomial that was defined in Subsec-
tion 1.2;
2) any generalized function F € (H_1)_4 can be presented as a series
F=Y :(o® My, ") ¢ 3 (14)
m=0
that convergesin (H_¢) 4, i.e.,
HFHZ—T,—L] = HFH%’H Z 2 qm‘ ext (m OO, (15)

and, vice versa, any series (14) with finite norm (15) is a generalized function from (H_1) 4
(i.e., such a series converges in (H ) —4);
3) for F,G € (H )4 the scalar product has a form

(e )

(F.C )y = X 2 ™ES GOy
m=0 -T
where Fe(xt), Ge(xt) € 7-[( ") are the kernels from decompositions (14) for F and G respectively;

4) the dual pairing between F e (H 1)4and f € (H¢), that is generated by the scalar
product in (L?), has the form

)= L mi(EL, F e, (16)

m=0
where Fe(xt) € ’H( and f(m) 7—[5‘?’” are the kernels from decompositions (14) and (10) for F
and f respect1ve1y, (-, -)ext denotes the dual pairings between elements of negative and positive

(m)

spaces from chains (13), these pairings are generated by the scalar products in H,,,, .

Itisclear that F € (H_¢) (F € (D')) if and only if F can be presented in form (14) and norm
(15) is finite for some g € IN, () (for some 7 € T and some g € N (1))
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1.4 Stochastic derivatives and integrals

First, following [24], we recall the notion of the Hida stochastic derivative on the spaces
of nonregular test functions, and of the extended stochastic integral on the spaces of non-
regular generalized functions. Decomposition (5) for elements of (L?) defines an isometric

isomorphism (a generalized Wiener-Ito-Sigal isomorphism) I : (L?) — @ n'?—[éxt) , where
n=

ext

69 nH" s a weighted extended Fock space (cf. [26]): for F € (L?) of form () IF =
n=

(F 0 .,F(”),...) c @ n"H( ) Let 1 : H — H be the identity operator. Then the

ext"*

ext ext

operator I® 1 : (L2) @ H — ( @ n!?—[(”)) QH = %On!(’}-[(”) ® H) is an isometric isomor-
n=

phism between the spaces (L?) ® H and 69 n! (H(n) ® H). It is clear that for arbitrary n € Z .

ext
n=0

ext ext

and F™ ¢ 3" ® H avector (0,...,0, F ),O,...) belongs to % n!(?—[(n) ® H). Set
S—— n=0

n

. Xn (}’Z) déf -1 (n) 2 17
(0=, EY. Y 19 1)10,...,0,EM,0,..) € (12) @ H. (17)

n

By the construction elements :(o®1, F.(")) ;, n € Zy, form an orthogonal basis in the space
(L?) ® H in the sense that any F € (L?) ® H can be presented as

ext

_ (o, EMy, E) e ) gy
n=0

1) ’2
Hort

is easily seen, the restriction of the generalized Wiener-It6-Sigal isomorphism I to the space

(the series converges in (L?) ® H), with HPHZLZ oH = Lneo n!]P.( < oco. Since, as

(H<)4 is an isometric isomorphism between (H+), and a weighted Fock space 69 (1/1')22‘7”%@’1

(cf. [26]), and, of course, the restriction of the 1dent1ty operator on H to the space H. is the
identity operator on H, for arbitrary n € Z, and f e HE" QM. C 1) ® H we have

ext
:<o®”,f.(n)>: € (H)q ® Hr. Moreover, elements : (o®”,f.(”)> : f.(n) e HY" @ Hy,n € Zy, form
orthogonal bases (in the above-described sense) in the spaces (Hr); ® Hr.

Definition. For ¢ € (), we define a Hida stochastic derivative 0. € (H)q ® H. by the
formula

- i n 4 1): (02", g0 (), )

where g("+1) S H?”“, n € Z., are the kernels from decomposition (10) for g considered as
elements of HY" ® Hr.

Since (see (11))

o

9.8l 60, = L (1 + D)2 VO,
n=0 (19)

=277 Y ((n+ 1)1 D gl D12 <29 g)12
n=0
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this definition is well posed and, moreover, the Hida stochastic derivative

is a linear continuous operator. It is shown in [24] that this derivative is (generated by) the
restriction to (H.), of the Hida stochastic derivative on (L?). We note also that the restric-
tions of derivative (20) to (#) and to (D) generate linear continuous operators 0. : (H,) —
respectively.

Definition. We define an extended stochastic integral
/O(H)&\LM : (’H—T)—q & 7'[71- — (Hfr)fq (21)

as a linear continuous operator adjoint to Hida stochastic derivative (20): for F € (H_¢) 4 ®
H -
/P(u)aTLu = Fe (H 1)y 22)

ie., for arbitrary g € (H+)q ([ F(u)dLy, g) D2y = (F(+),9-8) 12)enm

It is shown in [24] that integral (21) is an extension of the extended Skorohod stochastic
integral on (L?) ® H.

By analogy one can define linear continuous operators [ o(u)dLy : (H—_z) @ H_r — (H_z)
and [o(u)dL, : (D')®@ D" — (D'), where (H_1) @ H_r = ind limyyeo(H_7)—qg @ H_<,
(D) & D’ = ind limy 0 reT(H-1) g @ H 1.

In contrast to formula (18) for the Hida stochastic derivative, formula (22) for integral (21)
is inconvenient for calculations. Therefore let us write out a representation for this integral in
terms of orthogonal bases in the spaces of nonregular generalized functions.

First we note that, as in the case of the spaces (H,T)fq, it follows from the general dual-
ity theory that there exists a system of orthogonal in (K1) ® H_ generalized functions

{<®m,Pg(xt)) € (H1)gy®H 1| F ext 67—[()®’H T,mEZ+} such that for F") ¢

ext

1™ @ C 7-[( " @M . : (o®m Fm )> is given by (17); and any generalized function F ¢

ext 7 ~ext,
(H-t)—g ®H_r canbe presented as a convergent in (H_)_4 ® H_¢ series

2 ®m'Pext “ e(xt) %(m)@)% T (23)
m=0
now
HF”2 q®7‘l T Z 2 qm‘ ext m)®H < . (24)

Consider a family of chains
DM B o B B pim 7 (25)

(as is well known (e.g., [4]), 7—[‘%”{? and D'®™ = ind limeer 7—[‘%”{? are the spaces dual of HZ" and
D™ respectively; in the case m = 0 all spaces from chain (25) are equal to R). Since the spaces
of test functions in chains (25) and (13) coincide, there exists a family of natural isomorphisms

U, : D" S D" ez,
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such that for all E") € D'™ and fm) ¢ p&m

ext

(E), £y oy = (U, ESLY), £, (26)
(m)

It is easy to see that the restrictions of U, to H
spaces ’H( ") and 7—[®m

are isometric isomorphisms between the

Remark. As we saw above, ’H(giz = H, and therefore in the case m = 1 chains (25) and (13)
coincide. Thus U; = 1 is the identity operator on D’ W' = D' In the case m = 0 Uy is,

obviously, the identity operator on R.

Proposition. ([24]) Let F € (H 1) 4 ® H_+. The extended stochastic integral can be presented
in the form

/P _ Z ®m+1,ﬁe(:;)>:’ 27)

where
B o= Uy {Pr(Un 0 DES)]} € MO, (28)

ext

Pr is the symmetrization operator (more exactly, the orthoprojector acting for eachm € Z

from ’H@T QK H_r to H@TH), ) € H( m) ® H_r, m € Z, are the kernels from decomposi-
tion (23) for F.

Remark. Sometimes it can be convenient to introduce the Hida stochastic derivative and the
extended stochastic integral as linear continuous operators acting from (H.)q to (H¢); @ H
and from (H_¢)_4 ® H to (H_1)_, respectively, this case is described in detail in [21].

Unfortunately, in contrast to the Hida stochastic derivative, the extended stochastic integral
with respect to a Lévy process cannot be naturally restricted to the spaces of nonregular test
functions. More precisely, for f € (H:); @ He [ f (u)dL, not necessary a nonregular test
function (one can show that for T € T and g € Z. such that g > log, c¢(7), where c¢(7) >
0 from estimate (8), if f € (H); ® H¢ then [ f (u)dL, € (L?); and for g sufficiently large
this integral is a regular test function [21]). Nevertheless, one can introduce on each space of
nonregular test functions a linear operator that has properties quite analogous to the properties
of the extended stochastic integral. Now we’ll introduce such operators (which will be called
generalized stochastic integrals) and consider them in detail.

Let f € (H:)q ® H. Using the above-described orthogonal basis in this space, we can
write

FO) = 3 o™ £, £ € e @y (29)
n=0

(the series converges in (H) g ® M), in this case

HfH%HT)q@HT = ngb(nlyzqn‘f e, < o (30)

Definition. We define a generalized stochastic integral

T: (He)gsr ® He = (Ho)g (31)
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as a linear continuous operator given for f € (H+);11 ® Hr by the formula

(e 9]

I(f) = ) (o™, f"): (32)

n=0

(cf. (27)), where f(") := Pr f.(n) € H?”H are the orthoprojections onto H?”H (the symmetriza-
tions by all variables) of the kernels f.(n) € HE" ® H. from decomposition (29) for f.

Since (see (11), (32) and (30))

[e¢]

(A3 = X ((n+1)1)290 D F) 2 < 29 Z 122000 [ (1 4 1)2277] | £ H@nw
n=0 n=0

<9277 fllfye,), 00t

this definition is well posed. It is clear that the restriction of the operator I to the space (H.) ®
H+ (respectively to the space (D) ® D) is a linear continuous operator acting from (H.) ® H+
to (H) (respectively from (D) ® D to (D)).

The Hida stochastic derivative, in turn, has no a natural extension to the spaces of non-
regular generalized functions (the kernels from decompositions (14) for elements of (H ),
belong to the spaces ’H(,mr) ,m € Z,and for elements of these spaces it is impossible "to sepa-
rate a variable"). Nevertheless, one can define a natural analog of this derivative (a generalized

Hida derivative) on each of the above-mentioned spaces as an operator adjoint to I.

Definition. We define a generalized Hida derivative

9.t (Hox)g—= (Hv) g 1®H < (33)

as a linear continuous operator adjoint to generalized stochastic integral (31) @.:=1*),ie., for

(OF, FO)) r2yem = (FIF)N (12). (34)

By analogy one can define linear continuous operators 9. : (#_1) = (H_¢) ® H_and 9. :
(D’ ) — — (D) ® D'. We note also that since operators (33) and (31) are continuous, oF =T =1
and 0** =T* = 9.

In order to make calculations with derivative (33), let us obtain a representation for this
operator in terms of orthogonal bases in the spaces of nonregular generalized functions.

Proposition. Let F € (H_¢)_4. Then

o

z (m+1): (0" EM V()€ (Hog) g1 @H o (35)

(ct. (18)), where

F(m+1)(_) — (U 1)(um+11:(m+1))(,) c 7_[(_"? QR H_x, (36)

ext ext

here FE(ZZH) 7-[(,”?1) are the kernels from decomposition (14) for F.
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Proof. Using (34), (14), (32), (16), (26), (36) and (29), for F € (H_7) gand f € (H)g+1 ® He we
obtain

(@.F.F) 12yem = (E L) 12 0P, ED)s, 3 1 (02, FO0 ) 1o

1’]’1:0 n=0

(m+ DS, ) ey = Y (4 D)W U Fly T, Prf)
m=0

ext

I

gk
|
98

3
CHD

(m + 1)'<(um+1pe(;::+1))()/f(m)>’]-[§¢m®7.l

I
gk

3
c“:

(37)

Il
gk

mi(m + 1)Uy © 1) (Ui E ) (), £7)

B

{ QH

3

I
=

®n

M8§

_ 1
(m +1): (0™, (Uy,' @ 1)(Upsa gy V) ) (12)eH

3
Il
=
3
Il

(m+1): (", ES V() ) 12y

1
agk

3
Il
o

whence the result follows. ]

Sometimes it can be necessary to define a generalized stochastic integral by formula (32) as
a linear unbounded operator

with the domain
dom(Il) := {f € (He)g @ He: [L(f)II2, = Y ((n+ 112290V fW12 < 0} (39)
n=0

Since set (39) is dense in (H); ® H, one can define now a corresponding generalized Hida
derivative as an unbounded operator adjoint to operator (38):

0. :=T": (Hoz)g—= (H_1) g @H_+. (40)

The domain of operator (40) by definition consists of F € (H_)_4 such that (H:); ® Hs D
dom(I) > f — ((F,I(f))) 2 is a linear continuous functional. By properties of Hilbert
equipments the last is possible if and only if there exists H € (H- ) —q ® H_1 such that
(F, X)) 12y = (H, f)(12)en- But by definition of 0. we have H = 0.F and therefore the
domain of operator (40) can be described by the condition oF € (H-1)—q ® H_¢. Since for
f € dom(Il) and F € dom(9.) calculation (37) is, obviously, valid, d.F has form (35). So, the
domain of operator (40) can be described as follows:

1
dom(d) = {F € (H <) q: 10FI3 ) on . Zz " m+ D Fy O oy,
. ' (41)
= 3 2+ R ) < o)
m=0
(see (36)).

Proposition. Generalized stochastic integral (38) and generalized Hida derivative (40) are mu-
tually adjoint and, in particular, closed operators.
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Proof. Since set (41) is dense in (H_;)_g4, the operator o = I* : (He)g @ He = (Ho)g is
well defined as a linear unbounded operator with the domain that consists of f € (H1); ® Hr
such that (H_¢) 4 D dom(d.) > F — ((0.F, f ) (12)o3 is @ linear continuous functional. By
properties of Hilbert equipments the last is possible if and only if there exists & € (H)4 such
that ((9.F, f)) 2yan = (F h)(12).- But by (40) h = I(f) and therefore the domain of 9* can
be described by the condition II(f) € (#H);. Compareing this condition with (39) one can
conclude that dom(9*) = dom(Il), therefore 5* — I** = I. The equality I* = 9. is a definition
of d.. ]

2  OPERATORS OF STOCHASTIC DIFFERENTIATION

2.1 The case of bounded operators

As we said above, just as the Hida stochastic derivative, the operators of stochastic differ-
entiation on (L?) [8, 9] cannot be naturally continued to the spaces of nonregular generalized
functions (because the kernels from decompositions (14) for elements of (% ;) 4 belong to too
wide spaces). Nevertheless, one can introduce on these spaces natural analogs of the above-
mentioned operators. These analogs have properties similar to the properties of operators of
stochastic differentiation, and can be accepted as operators of stochastic differentiation on the
spaces of nonregular generalized functions. In order to give an exact definition of the just now
mentioned operators, we need a preparation.

Let Fe(xt) € 'H(_mf), e HE", n,m € N, m > n. We define a generalized partial pairing

<F(m) f( )>ext € "H(_m;n) by setting for any g(m—”) c H;@M—ﬂ

ext 7

((E), £y, U)oy = (FL), f0@g(m=m)y, . (42)

Since by the generalized Cauchy-Bunyakovsky inequality

S £ eut] < |ES |y L™ B8 e < 1B £ el g™,

this definition is well posed and
B st o < [Fey o F (43)

Definition. Let n € N, f (n) ¢ 7—[?”. We define (the analog of) the operator of stochastic
differentiation

(D"0)(f™) : (Hx)—g = (Hot)—g1

as a linear continuous operator that is given by the formula

m!

(B"F)(f"): = ¥ (7 B, )
"< () (44)
= Z m! -1 (0™, <Fe(gtz+n)rf(n)>ext>3r

m=0

where F") ¢ 7-[( ") are the kernels from decomposition (14) for F € (H_¢) 4.

ext
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Since (see (15), (44) and (43))

IB"E)(F)|P,yr = i z(-q—ﬂm%@gw F et

M

+ m—+n
< |fpam 3 g fen ) o pome 2,

= ext 77 (m|)

where C(n) := max [27" ((m+,”%!)2] < max [27"(m + n)?"] < oo, this definition is well posed.
meZ. (m) meZ.

It is clear that the operator (D"o)(f(")) can be naturally continued to a linear continuous op-
erator on the space (H_<) (or (D’)).
Let us consider main properties of the operator D".

Theorem. 1) Fork;,... ky € N, f jE {1,...,m},

(D (-~ (DR ((DRo) (FF))) () - ) () = (DRt o) (F)& - @ fllm),

2) For each F € (H_+) 4 the kernels Fe(xt) € 7-[(,’17), n € N, from decomposition (14) can be
presented in the form

m _ 1=~
F _HJE(D”F),

ext

i.e., for each f) € HZ" (F e(xt),f(”)>gxt = LE((D"F)(f™)), here Eo := ((o,1))(12) is a general-
ized expectation.
3) The adjoint to D" operator has the form

(D"g)(f™)" = i Ho" TN, fEgM) € (Ha)y, (45)

m=0

where ¢ € (H<)g41, i e ’H?", and g™ ¢ H?m are the kernels from decomposition (10) for
q.

Proof. 1) The proof consists in the application of the mathematical induction method.
2) Using (44) and (16) we obtain

E((D"F)(£™)) = ((D"F)(F™), 1) z2) = n!(Eel, f™) et

3) Since (see (11), (10))

oo (o]

|3 +(om, f @Ml = X ((m+m)ty?200 ) fGg 2
m=0 m=0
n n - m —m m+7’l ' 2 n n
< b P2 g [ ] < R g g <
m=0 :

(here C(n) = max [2—™ ("(1;;';) i | as above), the right hand side of (45) is well defined as an
mes4

element of (H:);. Further, using (44), (10), (16) and (42), for F € (H_)_4 of form (14) we
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obtain
(F(D"g) (f™) W12y = L(D"F)(f™), &) (12
= (Y (m+n)!, (o®m (FIm) g(m)y .

ext

(0%, g9 N (12)

m=0 ™ Ig)
= 3 R e, g e = 1 m mUE T fOBE e
(Y (0 EH), Y (o, f @y o
k=0 m=0
— (F, 20 (0B, F @)y o
whence the result follows. ]

Now we consider in more detail the case n = 1. Denote D := D!.

Theorem. 1) Forallg € (H1)g41 and e,

(D) (fM) =T(g® fV) € (He)y- (47)

2)ForallF € (H_)_qand fV) € H,

(DF)(fY) = (@.F, fV()) € (H-x)—g-1, (48)

where (0.F, fV)(.)) is a partial pairing, ie., the unique element of (H-1)—4-1 such that for
arbitrary g € (Hx)gr1 ((0.F, fD (), ) 12) = (9.F, 8 ® V() 12)0m-

Remark. Similarly to the proof of the fact that the generalized partial pairing (-, -)ext is well
posed and satisfies estimate (43), one can easily show that a partial pairing is well posed and
satisfies a generalized Cauchy-Bunyakovsky inequality (in our case this inequality has the form

1Q-E, FO M =r,—g—1 < 10-Fll 3y, om ol f Do)

Proof. 1) The result follows from representation (45) with n = 1 and the definition of an oper-
ator I (see (32)).
2) Taking into account (47) and (34), for all ¢ € (H<),41 We obtain

((DF)(FM), ) 12y = (E, (D) (f) N 12y = (F Lg @ F1)) 1)
= (0.F,g 0 fUONwzyen = (O-F FV0)) 8D w2,

whence the result follows. ]

Remark. Formally substituting in (48) f () = 6, t € R, (here & is the Dirac delta-function
concentrated at t; the substitution is formal because 6y ¢ H+), we obtain a formal equalitygto =
(Do)(é;) (whence 9.0 = (Do)(é.)). In this connection we note that for the Hida stochastic
derivative d. and the operator of stochastic differentiation D on the spaces of nonregular test
functions, for eacht € Ry ;0 = (Do)(d¢) [24]; the formal analog of the last equality is valid
on spaces that belong to the regular rigging of (L?) [8].
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In some applications of the Gaussian analysis (in particular, in the Malliavin calculus) an
important role belongs to the commutator between the extended stochastic integral and the
operator of stochastic differentiation (see, e.g., [1]). Analogs of this commutator are calculated
in the Meixner analysis [19, 20] and on the spaces of regular test and generalized functions
of the Lévy analysis [8, 9]. Unfortunately, it is impossible to calculate a direct analog of the
above-mentioned commutator on the spaces of nonregular test functions of the Lévy analysis:
as we saw above, the extended stochastic integral cannot be naturally restricted to these spaces.
Nevertheless, there exists an analog of this integral on the just now mentioned spaces — the
generalized stochastic integral I. So, now it is natural to calculate the commutator between
I and the operator of stochastic differentiation, this commutator is calculated in [24]. On the
spaces of nonregular generalized functions of the Lévy analysis the extended stochastic inte-
gral with respect to a Lévy process is well defined, and the role of the operator of stochastic
differentiation belongs to the operator D. So, it is natural to calculate the commutator between
the above-mentioned integral and D. In order to do this, let us introduce operators of stochas-
tic differentiation on the spaces (H ;) 4 ® H _+ (this notion is intuitively clear and can be used
without an additional explanation, but we prefer to give an exact definition).

As above, we begin with a preparation. Let (") ¢ HEm, g.(m) € HE™ @ M. We define
FEeg™ = (Pre1)(f™ @ ¢™) € HE™™ @ H,, (49)
where Pr ® 1 is the operator of symmetrization "by n + m variables, except the variable -" or,

which is the same, the orthoprojector acting from HE" @ HE™ @ He to HE™ @ H (of course,
this operator depends on n and m, but we simplify the nonation). It is clear that

|f(n)@g(m) |/H§§n+m®HT S |f(l’l) |H§n |g(m) |H§m®7‘[r’ (50)
and for f(1) € HE", gm) e HEM p(1) € 34,
f8(g™ @nW) = (FMegm) @ hM). (51)

Let f(1) ¢ HEn, S A )® H_r,n,m € N, m > n. We define a generalized partial

ext,
pairing (F e(;tl),f( NExT € ’H(,T QM by setting for arbitrary g.( " ¢ HE™ " @ M

(Ea Fexr, 8" e gy = Bl fB" ) 52)

Since by the generalized Cauchy-Bunyakovsky inequality and (50)

[(Eo) FBE" ) | < rPS,’:?.|H@®H,T|f<">®g?”1‘”>|H§m®%

—1’1) |

| ext, |7‘[(,njr)®7{77|f(n)|7'l?n|g H§m7”®HT’

this definition is well posed and

Bl XT3y < Fiat Ly gy 1Ly (53)
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Remark. Let FW e H"™), HD € H_; gm=n) ¢ H&m=n 1) € 34,. For f" € HI" by (52),
(51) and (42) we obtain

(B © HOC), £ exr, g0 @ KD ()), ey
- <F§x2 ® HU (), fE(g " @ hh(-))
i) @ HOC), (F0@g™ ) @ () = (Efe s £ B, o (HD, D)
)
(

= (Fn
<< ext rf >ext,g(m*”))7_[(m,n> (H(l),h(l)
((F,

ext

Since the set {g"~") @ KV : gim—n) ¢ H&m—n p(1) ¢ H \ s total in the space HE™ " @ H.,
we can conclude that

(2 @ HO, £0) gy = (B, £} ey © HO (54)
in the space ’H(_mr_n) o
Definition. Letn ¢ N, f(") ¢ 7—[?". We define a linear continuous operator
(D"o)(f™): (Hor)—q®@H-1x = (Hot)g-1®H <
by setting for F € (H ) ¢®@H +

(D"F(-)(f™): = o®m=n (FW F) pyr)

m
(55)

i

(Fe(zfn)'f(n)ﬁxﬂ :

where F™) ¢ "H(m) ® H_+ are the kernels from decomposition (23) for F.

ext, —T

Since (see (24), (55) and (53))

_ oo m~+ n)!)2 m+n
IOV o, = 3 20 O, ) el
m+ n))?
< f™ 2 mzoz T

< f™E2Cm) IRy on s

where, as above, C(n) = max [27™" ((ern%!)

=5, this definition is well posed.
m€Z+ (m)

Remark. LetF € (H ;) 4 H W eH .. Using (55), (54) and (44) one can easily show that for
eachn € N and f(") € HE"

(D"F @ HO)(£") = (D"F)(f") @ HY € (H_r)_y1 @ H--.

Denote D := D!,



OPERATORS OF STOCHASTIC DIFFERENTIATION... 101

Theorem. ForallF € (H 1) 4,® H ¢ and f(l) € H

(15/F(u VAL (F1) :/( F(u)) (D)L, +/F wdu € (H_)_g1,  (56)
here f f)F N(FM)AL, = [ T(u) )dL,, where J(-) = ())(f(l)) € (Hor)g1®@H 7
[ F(u u)du is a generahzed Pettis integral, i.e.,
JFa D )du = (F(), FOC)) € (Hoo)—g © (Ho) qr

(F(-), fV(-)) is a partial pairing).
Proof. Using (27) and (44) we obtain

e}

(D [ FuydLy)(fV) = X (m+1): (", (EL, FV)enr)
m=0
where Fe(xt) € H(MH) are the kernels from decomposition (27) (which is decomposition (14)

for [ F(u dLM) ie., Pe(xt) are given by formula (28) (F ext € 7-[(_"? ® H_+ in (28) are the kernels
from decomposition (23) for F). On the other hand, by (55), (27) and (28)

/(15F(u))(f<1))CTLu = Y me (o8 U P (U @ 1) By, f D) exr]}) -
m=0
Letg = Y52 o: (0%, M) € (He)gp1, 8% € HEF (see (10)). By (16) we have

(B [ P8z = 3o milm+ DUER, Dt g™, o,

m=0 ext

( [ (DE@)(F) L) 12) = im!mwn:l{m( U @ D{ER), f D exr]}, g™ .

=0 ext

Further, since for each m g("™) belongs to the symmetric tensor power of H-, by (26), (52) and
(49)

(U {Pr{ (U1 @ 1) (ES, £ 1>>EXT]},g<’">>Hg?
= m{(Up-1 ® D{EG, FV) exr, 8™ ggom
= m{(Un1 © D(Ee Fexr, 8 () yom-ragg = m G £ )ExT, 8™ () o
= m{Fyy), FOB™ ()i gy = Ef G SO () @8 (2o )

+f( () ® (m)(.3,_“,.m,.1,.)+...+f( )(.m)®g(m)(.1,__,,.’11_1,.)>ng> 2

~

and by (42), (28), (26), the symmetry of f ® m) and g( ), and the last calculation
(m+ D{E D hents 1) i = (o DUE, FOB™)

= (m+1)((Un @ DESY, £ )®g<m>>ﬁ®mﬂ = (m+1)((Un @ DESY, (FDEM™) () gyzmeny
= (m+ D(EL, (FUBE™) Oy oy = (B (1) 87 (1 eom) @ FO)

+ )R () FY ) @™ (31,

o () @ 1)) gy = Frapr 8™ © FV Oy

+ m{Up {Pr[(Upn—1 @ 1)CES, D) exrl}, )

ext
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Later, by (23), the construction of a pairing in a tensor product of chains (e.g., [4]), (29) and the
definition of a partial pairing

= glm) oo. m o (m .
m;O <ext'g ®f (>>H§TB®H ’mzo o® ()®f(1)(')>'>>(L2)®7'[ (57)

= (F()g@ fYONaron = CEC D) &) 2,
where (F(-), fV(-))g = (F(), fV(-)) € (H-x)—q C (H_r)_g1 is a partial pairing.
So, for arbitrary ¢ € (H+),41
<<(5/F(“)jLu)(f(l))/g»(LZ) = ((/(ﬁp(u))(f(l))dALuzg»(LZ) + ((FCL VO 8 2,
from where (56) follows. m

Remark. As follows from (57), the definition of a partial pairing, and (16), for
g= Y : (% g®): e (He)g

F D)o 8

ext

1
e
3

CEE D80 1) _
y iO: (0@, (EM) FU ()5, 80 1)

from where (F(-), fU ()3 = Lo (0%, (F), FD ()3 : in (H_r)—y.

Remark. One can easily show that the restriction of an operator (D"o)(f™), n € N, f)
H?”, to the space (H 1) 4 ® H can be interpreted as a linear continuous operator acting from
(Ht)g®H to (7—[ ) -1 ® H. Let us consider the extended stochastic integral
S of dLu = [ of (W)dLy : (H—1)—q®@H — (H_r)—g, A € B(Ry) — the Borel o-algebra
(this integral sat1sf1es (27) with kernels (28), see [21] for a detailed presentation). By analogy
with the proof of the last theorem one can show that forall F € (H_1) 4 ® H and W en,

(D [ F)dL)(FV) = [ (DF)(FV)dLu~+ [ Fu)fD () € (o)1,
where [,(DF(u))(f0)dLy := [, J(w)dLy, J(-) := (BF()(fV) € (H-r)—g1 ® Hs

J PO = [ F) 0 0)1am)dn = (FO), fD()1a()) € (Hor)—g € (Hoo)—gr

is a partial pairing.

As is easily seen, the results of this subsection hold true (up to obvious modifications) if we
consider the operators of stochastic differentiation on the space (H_) or (D).

Remark. Asis known [1], in the classical Gaussian white noise analysis the operator of stochas-
tic differentiation is a differentiation with respect to a so-called Wick product. This result holds
true in the so-called Gamma-analysis [17] and in a more general Meixner analysis. In forth-
coming papers we’ll obtain similar results on spaces of test and generalized functions of the
Lévy white noise analysis.
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2.2 The case of unbounded operators

Similarly to the analysis on spaces of regular test and generalized functions [9, 8], some-
times it can be necessary to consider (D"o)(f"), fV) € HZ", as a linear operator acting in
(H—1)—4- Let us accept a corresponding definition.

Definition. Letn € N, f (n) ¢ H?”. We define the operator of stochastic differentiation
(Do) (f™) : (M) g = (H-v)y (58)
with the domain

dom((D"o)(f™)) := {F € ( >_q :

(59)

~ m n 2 m-+n
I(D"F)(F)]2 - 22 m! +>)) B f et ) < o0}

(here F (mtn) ¢ H(m+n) are the kernels from decomposition (14) for F) by formula (44).

ext

Proposition. Operator of stochastic differentiation (58) with domain (59) is closed.

Proof. Let us show that there exists a second adjoint to (D"o)(f")) operator (D"o)(f(")** =
(D"o)(f™) (it is well known that an adjoint operator is closed). Since, obviously, the do-
main of operator (58) is a dense set in (H )4, the adjoint operator (D"o)(fM)* - (He)g —
(H+)q is well defined. By definition, g € dom((D"0)(f(")*) if and only if (H_r)—q D
dom((D"o)(f™)) > F <<([N)”F)(f(”)),g>>(Lz) is a linear continuous functional. By prop-
erties of Hilbert equipments the last is possible if and only if there exists h € (#H+); such that
((D"F)(f"), ¢) (12) = (F, 1)) (12)- But by calculation (46) i has form (45), therefore

dom((D"0) (F)*) = {g € (Mo :

(e 9]

I(D"E)(F) 12, = Y ((m + n))2200mm) | {0 @ (M) 2 < o0}

m=0
(see (11)), this set is dense in (H+),, hence the operator (D"o)(f")** : (H_7)—g = (H-1)—g
is well defined. Now it remains to show that
dom((D"0)(f")**) = dom((D"0)(f™)). (60)

By definition, F € dom((D"o)(f")**) if and only if (He)g D dom((D"o)(f")*) 5 ¢
(F,(D"g)(f (”))*»( 12) is a linear continuous functional. By properties of Hilbert equipments
the last is possible if and only if there exists H € (H_+)_, such that ((F, (D"g) (f(”))*>>(Lz) =
((H, 8))(12)- It is clear that H has form (44), therefore equality (60) follows from (59). O

Remark. Let

) 12
Ap = {F € (H—T)—q : 2 2“1m(<m(;';lz)') | () |2 m+n < OO} nelN,
m=0 ’

ext

here Fe(;’fn) € H(m+n) are the kernels from decomposition (14) for F. For each f") ¢ H?” we

define the operator of stochastic ditferentiation

(Do) (f™) : (Hot)—g = (H-z)—g (61)
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with the domain A, by formula (44) with D" instead of D". It follows from the just proved
proposition that this operator is closable (its closure is operator (58)). Moreover, for each F €

Ay
by

the operator (D"F)(o) : 7—[? " — (H_1)—q is linear bounded (and, therefore, continuous):
(44), (15) and (43) for each f(") € HE"

~n " x " m—+n)! 2 m+n n
IO E)(F g = 2 27 {mE ) (m,)z” BT, F D et 2
m= : -T

- m+mn)!)?
< lyop 3zl g,

It is clear that the results of Subsection 2.1 hold true (up to obvious modifications) for

operators (58) and (61).
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Kauanoscoxmit M.O. Onepamopu cmoxacmuyuno20 0ugepeHyilosanHs Ha Npocmopax HepeyaapHux y3a-
eanvHeHux yHxyiil ananisy 6inozo wymy Aesi // Kapnarcoki matem. my6a. — 2016. — T.8, Nel. — C.
83-106.

Oneparopy cTOXacTUIHOTO AMdpepeHIIiFoBaHHsI, SIKi TiCHO ITOB’'SI3aHi 3 PO3IIMPEHNM CTOXaCTH-
uHMM iHTerpasoM CKOpOxoAa Ta 3i CTOXaCTUYHOIO MOXiAHOKIO XiAM, FpaloTh BaXXAUBY POAb Y KAa-
CMYHOMY (raycciBcbKOMY) aHaAi3i 6iaoro mymy. 3oKpeMa, Lii olepaTopy MOXKHA BUKOPYMCTOBYBaTH
AAST BUBUEHHSI AeSTKMX BAACTUBOCTEN PO3LIMPEHOrO CTOXaCTUYHOIO iHTerpaaa Ta po3B’sI3KiB cToxa-
CTUYHVIX PiBHSIHD 3 HeAIHIHOCTSIMM BiKiBCbKOT'O THILY.

ITpoTsroM ocTaHHIX pOKiB OIlepaTOpM CTOXaCTUIHOTO AMdpepeHIIioBaHHS 6yAU YBeAeHi Ta BU-
BUEHi, 30KpeMa, Yy MeXax MalKCHepiBChbKOTO aHaAi3y 6iAoro IIyMmy, Tak caMo SIK i Ha IpocTopax
PETYASIPHMX OCHOBHUX i y3araAbHeHMX (pyHKIIiN Ta Ha MMPOCTOpax HEPeTYASPHUX OCHOBHMX PYH-
Kt aHaAi3y 6iaroro mymy Aesi. VY 1iif cTaTTi My pobMMO HACTYIIHWMIA IIPUPOAHIIA KPOK: YBOAVIMO
Ta BUBYAEMO OIIepaTOPM CTOXaCTUUIHOTO AMdpepeHIIiIoBaHHS Ha MPOCTOpaX HeperyAsSpHUX y3araAb-
HeHMX (pyHKIIiM aHaAi3y 6iroro mymy Aesi (To6To Ha IpocTOpax y3araAbHeHMX (PYHKIIIM, SIKi Ha-
AeXaTh TakK 3BaHOMY HepeTyASIpPHOMY OCHAIIIeHHIO IIPOCTOPY KBaApaTIUYHO iHTErPOBHMX 32 MipOIO
6inroro mymy Aesi dpyrkiit). [Tpy IBOMY BUKOPVCTOBY€ETHCSI AMUTBUHIBCHKE Y3araAbHEHHSI BAACTH-
BOCTi XaOTMUHOTO PO3KAAAY. AOCAIAXKEHHS ITi€i CTaTTi MOXXHA PO3TASIAATY SIK BHECOK Y ITOAAABIIINIA
PO3BUTOK aHaAi3y 6iroro mymy Aesi.

Knwouosi cnoea i ¢ppasu: omepaTop CTOXaCTUUIHOTO AMdpepeHIioBaHHs, CTOXacTUYHa TOXiAHa,
PpO3IIMpeHNT CTOXaCTUIHMIA iHTerpaa, mpotec AeBi.



