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HYPERCYCLIC OPERATORS ON ALGEBRA OF SYMMETRIC ANALYTIC

FUNCTIONS ON ℓp

In the paper, it is proposed a method of construction of hypercyclic composition operators on

H(Cn) using polynomial automorphisms of C
n and symmetric analytic functions on ℓp. In particu-

lar, we show that a “symmetric translation” operator is hypercyclic on a Fréchet algebra of symmet-

ric entire functions on ℓp which are bounded on bounded subsets.
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INTRODUCTION

The theory of hypercyclicity studies the long-term behavior of continuous operators on

topological spaces. Let X be a Fréchet (linear complete metric) space.

Definition 1. A continuous linear operator T : X → X is called hypercyclic if there is a vector

x0 ∈ X for which the orbit under T, Orb(T, x0) = {x0, Tx0, T2x0, . . .} is dense in X. Every such

vector x0 is called a hypercyclic vector of T.

The classical Birkhoff’s theorem [6] asserts that any operator of composition with transla-

tion x 7→ x + a, Ta : f (x) 7→ f (x + a) is hypercyclic on a space of entire functions H(C) on a

complex plane C if a 6= 0. The Birkhoff’s translation Ta has also been regarded as a differentia-

tion operator

Ta( f ) =
∞

∑
n=0

an

n!
Dn f .

A generalization of Birkhoff’s theorem was proved by Godefroy and Shapiro in [9]. They

showed that if ϕ(z) = ∑
|α|≥0

cαzα is a non-constant entire function of exponential type on C
n,

then the operator

f 7→ ∑
|α|≥0

cαDα f , f ∈ H(Cn), (1)

is hypercyclic. Moreover, in [9], it is proved that any continuous linear operator T on H(Cn),

which commutes with translations and is not a scalar multiple of the identity, can be expressed

by (1) and so is hypercyclic as well.

Let us recall that an operator CΦ on H(Cn) is said to be a composition operator if CΦ f (x) =

f (Φ(x)) for some analytic map Φ : C
n → C

n. It is known that only translation operator Ta for

УДК 517.98
2010 Mathematics Subject Classification: 47A16, 46E10.

c©Mozhyrovska Z.H., 2016



128 MOZHYROVSKA Z.H.

some a 6= 0 is a hypercyclic composition operator on H(C) [5]. However, if n > 1, H(Cn)

supports more hypercyclic composition operators. Bernal-González [4] established some nec-

essary and sufficient conditions for a composition operator by an affine map to be hypercyclic.

In [14], it was proposed a method of construction of hypercyclic composition operators on

H(Cn), which can not be described by formula (1), using symmetric analytic functions on ℓ1.

The purpose of this paper is a generalization of the method for the space ℓp, 1 < p < ∞. Also

similarly to [14], we show that a symmetric translation operator is hypercyclic on a Fréchet

algebra Hn
bs(ℓp) of symmetric entire functions on ℓp which are bounded on bounded subsets.

More about hypercyclic composition operators the reader can find in [13].

In Section 1, we discuss some relationship between polynomial automorphisms on Cn and

an operation of changing of polynomial bases in an algebra of symmetric analytic functions

on the Banach space of summing sequences, ℓp. In Section 2, we prove the hypercyclicity of a

special operator on the algebra of symmetric analytic functions on ℓp which plays the role of

translation in this algebra. We consider, in the third section, an algebra which is the completion

of the space of symmetric polynomials on ℓp endowed with the uniform topology on bounded

subsets and we prove hypercyclicity of our special operator on this algebra.

Let us recall a well known Kitai-Gethner-Shapiro’s theorem which is also known as the

Hypercyclicity Criterion.

Theorem 1 (Hypercyclicity Criterion). Let X be a separable complete linear metric space and

T : X → X be a linear and continuous operator. Suppose there exist X0, Y0 dense subsets of X,

a sequence (nk) of positive integers and a sequence of mappings (possibly nonlinear, possibly

not continuous) Sn : Y0 → X so that

1. Tnk(x) → 0 for every x ∈ X0 as k → ∞,

2. Snk
(y) → 0 for every y ∈ Y0 as k → ∞,

3. Tnk ◦ Snk
(y) = y for every y ∈ Y0.

Then T is hypercyclic.

The operator T is called the operator that satisfy the Hypercyclicity Criterion for full sequence

if we can chose nk = k.

For details of the theory of analytic functions on Banach spaces we refer the reader to Di-

neen’s book [8]. Note that an analogue of the Godefroy-Shapiro’s theorem for a special class of

entire functions on Banach space with separable dual was proved by Aron and Bés in [2]. Cur-

rent state of theory of symmetric analytic functions on Banach spaces can be found in [1, 10].

A detailed survey of hypercyclic operators is given by Grosse-Erdmann in [3, 11, 12].

1 ALGEBRA OF SYMMETRIC FUNCTIONS

Let X be a Banach space with a symmetric basis (ei)
∞
i=1. A function g on X is called sym-

metric if for every x =
∞

∑
i=1

xiei ∈ X, g(x) = g
( ∞

∑
i=1

xiei

)

= g
( ∞

∑
i=1

xieσ(i)

)

for an arbitrary permu-

tation σ on the set {1, ..., m} for any positive integer m. The sequence of homogeneous poly-

nomials (Pj)
∞
j=1, deg Pk = k is called a homogeneous algebraic basis in the algebra of symmetric
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polynomials, if for every symmetric polynomial P of degree n on X there exists a polynomial

q on Cn such that P(x) = q(P1(x), . . . , Pn(x)).

We denote by Ps(ℓp) algebra symmetric continuous polynomials. Let ⌈p⌉ be the smallest

integer that is greater than or equal to p. In [10], it is proved that the polynomials

Fk

(

∞

∑
i=1

aiei

)

=
∞

∑
i=1

ak
i (2)

for k = ⌈p⌉, ⌈p⌉+ 1, . . . form an algebraic basis in Ps(ℓp).

So, there are no symmetric polynomials of degree less than ⌈p⌉ in Ps(ℓp) and if

⌈p1⌉ = ⌈p2⌉, then Ps(ℓp1) = Ps(ℓp2). Thus, without loss of generality we can consider Ps(ℓp)

only for integer values of p. Throughout, we will assume that p is an integer, 1 ≤ p < ∞.

Corollary 1 ([1]). Given (ξ1, . . . , ξn) ∈ Cn, there is x ∈ ℓ
n+p−1
p such that

Fp(x) = ξ1, . . . , Fn+p−1(x) = ξn.

This result shows that any P ∈ Ps(ℓp) has a unique representation in terms of {Fk},

in sense that if q ∈ P(Cn) for some n is such that P(x) = q(Fp(x), . . . , Fn+p(x)), and if

q′ ∈ P(Cm) for some m is such that P(x) = q′(Fp(x), . . . , Fm+p(x)), with, say, n ≤ m, then

q′(ξ1, · · · , ξm) = q(ξ1, · · · , ξn).

Let us denote by Pn
s (ℓp), n ≥ p, the subalgebra of Ps(ℓp) generated by {Fp, . . . , Fn}.

Denote by Hn
bs(ℓp) an algebra of entire symmetric functions on ℓp which is topologically

generated by polynomials Fp, . . . , Fn. It means that Hn
bs(ℓp) is the completion of the algebraic

span of Fp, . . . , Fn in the uniform topology on bounded subsets. We say that polynomials

Qp, . . . , Qn (not necessary homogeneous) form an algebraic basis in Hn
bs(ℓp) if they topologi-

cally generate Hn
bs(ℓp). Evidently, if (Qj)

∞
j=1 is a homogeneous algebraic basis in Ps(ℓp), then

(Qp, . . . , Qn) is an algebraic basis in Hn
bs(ℓp).

2 SYMMETRIC TRANSLATION

In this section, we construct a special operator on the algebra of symmetric analytic func-

tions on ℓp. We start with an evident statement, which actually is a very special case of the

Universal Comparison Principle (see [11, Proposition 4]).

Proposition 1. Let T be a hypercyclic operator on X and A be an isomorphism of X. Then

A−1TA is hypercyclic.

We will say that A−1TA is a similar operator to T. If T = Cα is a composition opera-

tor on H(Cn) and A = CΦ is a composition by an analytic automorphism Φ of C
n, then

A−1TA = CΦ◦α◦Φ−1 is a composition operator too. If A is a composition with a polynomial

automorphism, we will say that A−1TA is polynomially similar to T. Now we consider operators

which are similar to the translation composition Ta : f (x) 7→ f (x + a) on H(Cn).

Let us denote by F n
p the mapping from ℓp to C

n+1−p, n ≥ p, given by

F n
p : x 7→ (Fp(x), . . . , Fn(x)).

It is known (see [1]) that the map

CFn
p

: f (t1, . . . , tn) 7→ f (Fp(x), . . . , Fn(x))
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is a topological isomorphism from the algebra H(Cn+1−p) to the algebra Hn
bs(ℓp).

Easy to see that for symmetric function f (x) on ℓp the function f (x + y) is not symmetric

for some fixed y ∈ ℓp. The space of symmetric function is not invariant respect to certain

translation operator f (x) 7→ f (x + y). We propose another translation on ℓp, which keep the

space of symmetric analytic functions.

Let x, y ∈ ℓp, x = (x1, x2, . . .) and y = (y1, y2, . . .). We put

x • y := (x1, y1, x2, y2, . . .).

We note the basic properties of symmetric translation.

1. If x = σ1(u) i y = σ2(v) for some permutations σ1, σ2 then x • y = σ(u • v) for some

permutation σ on N.

2. ‖x • y‖p = ‖x‖p + ‖y‖p.

3. For any natural n ≥ p

Fn(x • y) = Fn(x) + Fn(y). (3)

We define

Ty( f )(x) := f (x • y)

and will say that x 7→ x • y is the symmetric translation and the operator Ty is the symmetric

translation operator. It is clear that if f is a symmetric function, then f (x • y) is a symmetric

function for any fixed y. In [7], it is proved that Ty is a topological isomorphism from the

algebra of symmetric analytic functions to itself.

Let g ∈ Hn
s (ℓp) and α = (α1, . . . , αn). Set for f = (F F

n )
−1g

Dαg := F F
n Dα(F F

n )
−1g =

(

∂α1

∂tα1
1

· · ·
∂αn

∂tαn
n

f

)

(F1(·), . . . , Fp+n−1(·)).

Theorem 2. Let y ∈ ℓp such that (Fp(y), . . . , Fp+n−1(y)) is a nonzero vector in C
n. Then the

symmetric translation operator Ty is hypercyclic on Hn
bs(ℓp). Moreover, every operator A on

Hn
s (ℓp) which commutes with Ty and is not a scalar multiple of the identity is hypercyclic and

can be represented by

A(g) = ∑
|α|≥0

cαD
αg, (4)

where cα are coefficients of a non-constant entire function of exponential type on Cn.

Proof. Let a = (Fp(y), . . . , Fp+n−1(y)) ∈ Cn. If g ∈ Hn
bs(ℓp), then

g(x) = CFn
p
( f )(x) = f (Fp(x), . . . , Fp+n−1(x))

for some f ∈ Hn
s (ℓ1) and property (3) implies that

Ty(g)(x) = g(x • y) = f (Fp(x • y), . . . , Fp+n−1(x • y))

= f (Fp(x) + Fp(y), . . . , Fp+n−1(x) + Fp+n−1(y))

= CFn
p
(( f )(t + a)) = CFn

p
(Ta( f )(t)).

Since the set (Tk
a ( f ))∞

k=1 is dense in H(Cn), then set (T k
y (g))∞

k=1 = (CFn
p
(Tk

a ( f )))∞
k=1 is

dense in Hn
bs(ℓp). So, the symmetric translation of operator Ty is hypercyclic on Hn

bs(ℓp). Since

Ty(g)(x) = F F
n Ta(F F

n )
−1(g)(x), the proof of (4) follows from Proposition 1 and the Godefroy-

Shapiro Theorem.
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A given algebraic basis R on Hn
s (ℓp) we set

TR,y := (FR
n )−1TyF

R
n and Dα

R := (FR
n )−1DαFR

n .

Corollary 2. Let R be an algebraic basis on Hn
s (ℓp) and let y ∈ ℓp such that

(Fp(y), . . . , Fp+n−1(y)) 6= 0. Then the operator TR,y is hypercyclic on H(Cn). Moreover, every

operator A on H(Cn) which commutes with TR,y and is not a scalar multiple of the identity is

hypercyclic and can be represented by the form

A( f ) = ∑
|α|≥0

cαDα
R f , (5)

where cα as in (1).

We need the next proposition.

Proposition 2 ([14]). Let Φ = (Φ1, . . . , Φn) be a polynomial automorphism on C
n. Then

(Φ1(R), . . . , Φn(R)) is an algebraic basis in Hn
s (ℓp) for an arbitrary algebraic basis

R = (R1, . . . , Rn).

Conversely, if (Φ1(R), . . . , Φn(R)) is an algebraic basis for some algebraic basis

R = (R1, . . . , Rn) in Hn
s (ℓp) and a polynomial map Φ on Cn, then Φ is a polynomial auto-

morphism.

Note that due to Proposition 2 the transformation (FR
n )−1TyFR

n is nothing else than a com-

position with Φ ◦ (I + a) ◦ Φ−1, where Φ(Fp, . . . , Fp+n−1) = (Rp, . . . , Rp+n−1) and

a = (Fp(y), . . . , Fp+n−1(y)). Conversely, every polynomially similar operator to the translation

can be represented by the form (FR
n )−1TyFR

n for some algebraic basis of symmetric polynomi-

als R. This observation can be helpful in order to construct some examples of such operators.

The next algebraic bases of Ps(ℓp) is useful for us: (G
(p)
k )∞

k=1, where

Gk(x) = G
(1)
k (x) = ∑

i1<···<ik

xi1 · · · xik

and G
(p)
k (x) can be obtained from Newton’s formula (see [16, §53]), putting

F1(x) = F2(x) = · · · = Fp−1(x) = 0. So, we get ([15])

nG
(p)
n = (−1)p+1Fp(x)G

(p)
n−p(x) + (−1)p+2Fp+1(x)G

(p)
n−p−1(x)

+ · · ·+ (−1)n−p+1Fn−p(x)G
(p)
p (x) + (−1)n+1Fn(x),

where n > p, G
(p)
0 (x) ≡ 1, F0(x) ≡ 1 and G

(p)
1 (x) = G

(p)
2 (x) = · · · = G

(p)
p−1(x) = 0, F1(x) =

F2(x) = · · · = Fp−1(x) = 0. By another words, in (2) the terms Fr(x)G
(p)
q−r(x) = 0, if r < p and

q − r < p, where p ≤ r ≤ n − p, p ≤ q − r ≤ n − p.

Let us compute how looks the operator TR,y for R = G. We observe first that

G
(p)
m (x • y) = ∑

j+k=m

G
(p)
j (x)G

(p)
k (y), p ≤ m ≤ p + n − 1,
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where for the sake of convenience we take G
(p)
0 ≡ 1. Thus

TyF
G
n f (t1, . . . , tn) = Ty f (G

(p)
p (x), . . . , G

(p)
p+n(x)) = f (G

(p)
p (x • y), . . . , G

(p)
p+n(x • y))

= f
(

G
(p)
p (x) + G

(p)
p (y), . . . , ∑

i+k=m

G
(p)
i (x)G

(p)
k (y), . . . , ∑

i+k=p+n−1

G
(p)
i (x)G

(p)
k (y)

)

.

Therefore,

TG,y f (t1, . . . , tn) = f
(

tp + bp, . . . , ∑
j+k=m

tjbk, . . . , ∑
j+k=p+n−1

tjbk

)

, (6)

where t1 = 0, . . . , tp−1 = 0, b1 = 0, . . . , bp−1 = 0, and bj = G
(p)
j (y) for 1 ≤ j ≤ p + n − 1.

Godefroy and Shapiro proved that any continuous linear operator T on H(Cn), which com-

mutes with translations and is not a scalar multiple of the identity, can be generated by (1).

Composition with an affine map still does not commute with Ta. Indeed, by (6),

Ta ◦ TG,y f (t1, . . . , tn) = f
(

tp + bp + ap, . . . ,
p+n−1

∑
j=0

tjbp+n−1−j + ap+n−1

)

;

TG,y ◦ Ta f (t1, . . . , tn) = f
(

tp + bp + ap, . . . ,
p+n−1

∑
j=0

(tj + aj)bp+n−1−j

)

,

where a0 = 1. Evidently, Ta ◦ TG,y 6= TG,y ◦ Ta for some a 6= 0 whenever b 6= (0, . . . , 0, bp+n−1).

3 THE CASE OF SPACE Hbs(ℓp)

Note that Ta satisfies the Hypercyclicity Criterion for full sequence [9] and so the sym-

metric shift Ty on Hn
s (ℓp) satisfies the Hypercyclicity Criterion for full sequence provided

(Fp(y), . . . , Fp+n−1(y)) 6= 0.

We will establish our result about hypercyclic operators on the space of symmetric entire

functions on ℓp. But before this, we need the following general auxiliary statement, which

might be of some interest by itself.

Lemma 1 ([14]). Let X be a Fréchet space and X1 ⊂ X2 ⊂ · · · ⊂ Xm ⊂ · · · be a sequence of

closed subspaces such that
∞
⋃

m=1

Xm is dense in X. Let T be an operator on X such that T(Xm) ⊂

Xm for each m each restriction T|Xm satisfies the Hypercyclicity Criterion for full sequence on

Xm. Then T satisfies the Hypercyclicity Criterion for full sequence on X.

We denote by Hbs(ℓp) a Fréchet algebra of symmetric entire functions on ℓp which are

bounded on bounded subsets. This algebra is the completion of the space of symmetric poly-

nomials on ℓp endowed with the uniform topology on bounded subsets.

Theorem 3. The symmetric translation operator Ty is hypercyclic on Hbs(ℓp) for every y 6= 0.

Proof. Since y 6= 0, Fm0(y) 6= 0 for some m0 [1]. So, Ty is hypercyclic (and satisfies the Hy-

percyclicity Criterion for full sequence) on Hm
s (ℓp) whenever m ≥ m0. The set

∞
⋃

m=m0

Hm
s (ℓp)

contains the space of all symmetric polynomials on ℓp and so it is dense in Hbs(ℓp). Also

Hm
s (ℓp) ⊂ Hn

s (ℓp), if n > m. Hence, by Lemma 1, Ty is hypercyclic.
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Можировська З.Г. Гiперциклiчнi оператори на алгебрi симетричних аналiтичних функцiй на ℓp.

// Карпатськi матем. публ. — 2016. — Т.8, №1. — C. 127–133.

В статтi запропоновано метод побудови гiперциклiчних операторiв композицiї на просто-

рi H(Cn) з використанням полiномiальних автоморфiзмiв на C
n i симетричних аналiтичних

функцiй на ℓp. Зокрема, в роботi показано гiперциклiчнiсть оператора “симетричного зсуву”

на алгебрi Фреше симетричних цiлих функцiй на ℓp, якi є обмеженими на обмежених пiдмно-

жинах.

Ключовi слова i фрази: гiперциклiчнi оператори, функцiональнi простори.


