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ω-EUCLIDEAN DOMAIN AND LAURENT SERIES

It is proved that a commutative domain R is ω-Euclidean if and only if the ring of formal Laurent

series over R is ω-Euclidean domain. It is also proved that every singular matrice over ring of formal

Laurent series RX are products of idempotent matrices if R is ω -Euclidean domain.
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INTRODUCTION

Let R will always denote a commutative domain with nonzero unit element. Let ϕ : R → Z

be a norm satisfying ϕ(0) = 0, ϕ(a) > 0 for a 6= 0, and ϕ(ab) ≥ ϕ(a).

Definition 1. Domain R is called Euclidean if for any a, b ∈ R with b 6= 0, there exist q, r ∈ R

such that

a = bq + r and ϕ(r) < ϕ(b).

Let a, b ∈ R, b 6= 0, and k be an arbitrary positive integer. We talk about k-term divisibility

chain [7] if there exists a finite sequence of equalities

a = bq1 + r1, b = r1q2 + r2, . . . , rk−2 = rk−1qk + rk. (1)

Definition 2. Domain R is called ω-Euclidean ring [7] relatively to norm N, if for every pair

of elements a, b ∈ R, b 6= 0 can be found k ∈ N and such divisibility chain (1) of length k that

ϕ(rk) < ϕ(b).

Clearly, 1-Euclidean domain is an Euclidean domain. Now let RX = R[[X]][X−1 ] be the ring

of formal Laurent series with coefficient in R. P. Samuel in [6] proved that if RX is euclidean,

R is so. Also F. Dress proved the converse in [3]. Also in [1] it is proved similar results are for

2-Euclidean domain.
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MAIN RESULTS

Let R be an integral domain with a norm map ϕ : R → Z and let RX = R[[X]][X−1 ] be the

ring of formal Laurent series with coefficient in R.

For any element

f = ∑
i≥h

aiX
i ∈ RX, ai ∈ R, h ∈ Z, ah 6= 0

we put a norm map ψ : RX → R satisfying ψ( f ) = ah and ψ(0) = 0, where ah be a variable

coefficient in the lowest degree.

Proposition 1. For any f , g ∈ RX with g 6= 0 we have that f = gu or, f = gu + v, where

ψ(g) ∤ ψ(v).

Proof. Let h (resp. k) be the lowest degree of f (resp. g). Set ψ( f ) = ψ(g)q + r, where q, r ∈ R.

Then we can write

v = f − qXh−kg = rXh + higher degree terms.

If ψ(g) ∤ r, we get ψ(g) ∤ r = ψ(v).

If ψ(g) | r, we similarly construct v1 = v − q1Xh1−kg, (h1 = order of v) and so on. If the

process stops after a finite number of steps, we obtain

f = gu + v, ψ(g) ∤ ψ(v).

Otherwise the infinite sum

u = qXh−k + q1Xh1−k + · · ·+ qnXhn−k + · · ·

is true sense, and we obtain f = gu.

Let a map ϕx : R → Z by ϕx( f ) = ϕ(ψ( f )). Then we obtain the following.

Theorem 1. If R is ω-Euclidean domain with respect to ϕ, then RX is ω-Euclidean domain

with respect to ϕx = ϕ · ψ.

Proof. By Proposition 1 for any f , g ∈ RX with g 6= 0 we have the following:

(1) f = gu, or

(2) f = gu + v, ψ(g) ∤ ψ(v).

It is obvious that the case (1), RX is Euclidean domain and thus R is ω-Euclidean.

In the case of (2) review:

a) if ϕ(ψ(v)) < ϕ(ψ(g)), then we have ϕx(v) < ϕx(g) by definition, RX is Euclidean do-

main and thus R is ω-Euclidean;

b) if ϕ(ψ(v)) ≥ ϕ(ψ(g)), then

ψ(v) = ψ(g)q1 + r1, ψ(g) = r1q2 + r2, . . . , rk−2 = rk−1qk + rk, (2)

and ϕ(rk) < ϕ(ψ(g)), because R is ω-Euclidean domain.

Now if we set

v − q1Xh1−kg = v1, (h1 - order of v),



160 ROMANIV O.M., SAGAN A.V.

we have f = (u + q1Xh1−k)g + v1 and ψ(v1) = r1. If we set

g − q2Xk−h2 v1 = v2, (h2 - order of v1),

we have g = q2Xk−h2 v1 + v2 and ψ(v2) = r2. Continuing this process in the k step we get

vk−2 − qkXhk−1−hk vk−1 = vk, (hk — order of vk−1),

then vk−2 = qkXhk−1−hk vk−1 + vk and ψ(vk) = rk. If rk 6= 0, we obtain

f = (u + q1Xh1−k)g + v1, g = q2Xk−h2 v1 + v2, . . . , vk−2 = qkXhk−1−hk vk−1 + vk,

and

ϕx(g) = ϕ(ψ(g)) > ϕ(rk) = ϕx(vk).

If rk = 0, we have rk−2 = rk−1qk. Then we have.

If ϕ(ψ(g)) > ϕ(rk−1), we obtain (k − 1)-term divisibility chain, because

ϕ(ψ(g)) = ϕx(g) > ϕx(vk−1) = ϕ(rk−1).

On the other hand, since ϕ(rk−1) ≥ ϕ(ψ(g)), then with (2) we get ψ(g) = rk−1m, where

m ∈ R. Then ϕ(m) = 1.

Hence,

rk−1 = ψ(g)m−1

and

ψ(v) = ψ(g)x,

for some x ∈ R. This is contradictory to for ψ(g) ∤ ψ(v).

Theorem 2. If RX is ω-Euclidean domain with respect to ϕx, then R is ω-Euclidean domain

with respect to ϕ.

Proof. Let a, b ∈ R, where b 6= 0. Since RX is ω-Euclidean domain, there exist such

q1, . . . , qn, r1, . . . , rn ∈ RX that

a = bq1 + r1, b = r1q2 + r2, . . . , rn−2 = rn−1qn + rn, (3)

where ϕx(rn) < ϕx(b).

Note that

qi = q′ki
Xki + higher degree terms, ri = r′si

Xsi + higher degree terms

(1) Let ϕx(r1) < ϕx(b). If k1 < 0, we have k1 = s1 and bq′k1
+ r′s1

= 0, and hence

ϕx(r1) = ϕ(r′s1
) = ϕ(−bq′k1

) ≥ ϕ(b) = ϕx(b). This is a contradiction. Therefore we get k1 ≥ 0,

then a = bq′k0
+ r′s0

, ϕ(r′s0
) = ϕx(r1) < ϕx(b) = ϕ(b).

(2) Let ϕx(r1) ≥ ϕx(b). If s1 + k2 < 0, we get s1 + k2 = s2 and r′s1
q′k2

+ r′s2
= 0 and note

that a chain 3 we get rn = r1x∗ + r2y∗ for some x∗, y∗ ∈ RX. Then ϕx(rn) = ϕx(r1x∗ + r2y∗) =

ϕ((x∗ − q′k2
y∗)r′s1

) ≥ ϕ(r′s1
) ≥ ϕx(b).

Hence ϕx(rn) < ϕx(b), this is contradiction and we get s1 + k2 ≥ 0. Then we can consider

possibility.

Case 1) r′s2
6= 0.
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If k1 < 0, we get bq′k1
+ r′s1

= 0. On the other hand with chain 3 we have rn = bx + r1y, for

some x, y ∈ RX,

ϕx(rn) = ϕx(bx + r1y) = ϕ((x
′
− q′k1

y
′
)b) ≥ ϕ(b) = ϕx(b).

This is contradiction, because ϕx(rn) < ϕx(b). Hence we have k1 ≥ 0. The we obtain

a = bq′k1
+ r′s1

, b = r′s1
q′k2

+ r′s2
, . . . , r′sn−2

= r′sn−1
q′kn

+ r′sn
,

where ϕx(rn) = ϕ(r′sn
) < ϕ(b) = ϕx(b).

Case 2) r′s2
= 0.

In this case, we distinguish now two subcases.

1’) If k1 ≥ 0, it is obvious that

a = bq′k1
+ r′s1

, b = r′s1
q′k2

+ 0,

and ϕ(0) < ϕ(b).

2’) If k1 < 0 we have k1 = s1 < 0 and bq′k1
+ r′s1

= 0.

On the other hand, since b = r′s1
q′k2

we have r′s1
q′k1

q′k2
+ r′s1

= 0 i q′k1
q′k2

+ 1 = 0 and hence

q′k1
, q′k2

are units. Then we can obtain:

b = (r′s1
Xs1 + · · · )(q′k1

Xk1 + · · · ) + (r′s2
Xs2 + · · · ) = r′s1

q′k2

+ (r′s1
q′k2+1 + r′s1+1q′k2

)X + (r′s1
q′k2+2 + r′s1+1q′k2+1 + r′s1+2q′k2

)X2 + · · ·+ (r′s2
Xs2 + · · · ).

Therefore we get the following equations:



















r′s1
q′k2+1 + r′s1+1q′k2

= 0,

r′s1
q′k2+2 + r′s1+1q′k2+1 + r′s1+2q′k2

= 0,

· · · · · · · · · · · ·

r′s1
q′k2+s2

+ r′s1+1q′k2+s2−1 + · · ·+ r′s1+s2
q′k2

+ r′s2
= 0.

(4)

Since q′k1
is a unit, we have

r′s1+1 = (q′k1
)−1r′s1

q′k1+1 = (q′k1
)−1q′k1+1(q

′
k2
)−1b.

Hence we get b | r′s1+1. Similarly, we have

b | r′s1+2, · · · , r′s1+s2−1.

Then if s1 + s2 < 0, we have bq′s1+s2
+ r′s1+s2

= 0 and hence b | r′s1+1. By above equations

(4), b | r′s2
and ϕ(r′s2

) ≥ ϕ(b). This is a contradiction with ϕ(r′s2
) < ϕ(b). Therefore we get

s1 + s2 ≥ 0.

Now, if s1 + s2 > 0, there exist an integer h such that r′s1
q′k2+h + r′s1+hq′k2

= 0 and

b | r′s1+h = r′0. Hence we obtain a = bq′0 + r′0 = bq∗.

If s1 + s2 = 0, the equation (4) we have

r′s1
q′k2+s2

+ · · ·+ r′s1+s2
q′k2

= r′s1
q′k2+s2

+ · · ·+ (a − bq′0)q
′
k2
+ r′s2

= 0.

Then we obtain

a = bq′0 + (q′k2
)−1(−r′s1

q′k2+s2
− · · · − r′s2

) = bq′ + (q′k2
)−1(−r′s2

)

and ϕ((q′k2
)−1(−r′s2

)) = ϕ(r′s2
) < ϕ(b).



162 ROMANIV O.M., SAGAN A.V.

As a consequent we obtain the following.

Theorem 3. R is ω-Euclidean domain if and only if RX is ω-Euclidean domain.

A ring R has IPn-property, if every square singular matrix of n order over R is a product

of idempotent matrices. If this is true for any singular matrix over R, then the ring R has

IP-property.

Theorem 4. Let R is Bezout domain with IP2-property, then RX is a domain with IP-property.

Proof. Let R be Bezout domain with IP2-property, then R is GE2-ring [4]. Since the condition

GE2-ring over Bezout domain implies the presence of the infinite divisibility chain for any two

elements with R, hence R is ω-Euclidean domain. According to Theorem 1, RX is ω-Euclidean

domain, then from [2] for any two elements of RX there exists the infinite divisibility chain.

Then, according to Theorem 6.2 and Proposition 2.4 of [5] implies that RX has IP-property.

Given from theorem 2, consequently the following result is true.

Theorem 5. Let RX — ω-Euclidean domain, then R has IP-property.
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Доведено, що комутативна область є ω-евклiдовою тодi i тiльки тодi, коли кiльце фор-

мальних Лоранових рядiв є ω-евклiдовою областю. Також показано, що довiльна особлива

матриця над кiльцем формальних Лоранових рядiв RX є добутком iдемпотентних матриць,

якщо R є ω-евклiдове кiльце.

Ключовi слова i фрази: ω-евклiдова область, кiльце формальних Лоранових рядiв, iдемпо-

тентнi матрицi.


