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COUPLED FIXED POINT THEOREMS FOR WEAKLY COMPATIBLE MAPPINGS
ALONG WITH CLR PROPERTY IN MENGER METRIC SPACES

Coupled fixed point problems have attracted much attention in recent times. The aim of this
paper is to extend the notions of E.A. property, CLR property and JCLR property for coupled map-
pings in Menger metric space and use this notions to establish common coupled fixed point results
for four self mappings. Our work generalizes the recent results of Jian-Zhong Xiao [24] et al (2011).
The main result is supported by a suitable example.
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1 INTRODUCTION

The concept of a probabilistic metric space was introduced and studied by Menger [3, 19].
Since then, many authors have studied the fixed point property for mappings defined on prob-
abilistic metric spaces (see [2,4,7,12,24]). Jachymski [15] has proved some fixed point theorems
for probabilistic nonlinear contractions with a gauge function ¢ and discussed the relations be-
tween several assumptions concerning ¢.

Bhaskar and Lakshmikantham [24] introduced the notion of coupled fixed points and
proved some coupled fixed point results in partially ordered metric spaces. The work [23]
was illustrated by proving the existence and uniqueness of the solution for a periodic bound-
ary value problem. These results were further extended and generalized by Lakshmikantham
and Ciri¢ [8] to coupled coincidence and coupled common fixed point results for nonlinear
contractions in partially ordered metric spaces.

Sedghi and al [5,9-11] proved some coupled fixed point theorems under contractive con-
ditions in fuzzy metric spaces. The results proved by Fang [1] for compatible and weakly
compatible mappings under ¢-contractive conditions in Menger spaces that provide a tool to
Hu [6] for proving fixed points results for coupled mappings and these results are the genuine
generalization of the result of [10].

Aamri and Moutawakil [22] introduced the concept of E.A. property in a metric space. Sin-
tunavarat and Kuman [14] introduced a new concept of CLR property. Very recently, Chauhan
et.al [13] introduced the notion of JCLR property. The importance of CLR property ensures
that one does not require the closeness of range subspaces.

In this paper, we give the concept of E.A. property, CLR property and JCLR property for
coupled mappings and prove a result which provides a generalization of the result of Zhong
Xiao [24].
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2 PRELIMINARIES

We now state some basic concepts and results which will be used. In the standard notation,
we suppose that R = (—o0, +00), RT = [0, +0), R = RU {—00,+0c0} and Z™ be the set of
positive integers.

A function F : R — [0,1] is called a distribution function if it is non decreasing and
left continuous with F(—o0) = F(+o0) = 1. The class of all distribution functions is denoted
by Deo.

Supposethat D = {F € D :infF DF (t) =0,supF (t) =1}, D5, = {F € D« : F(0) =0}
and DT = DN DZ (see [10,17]).

A special element of DV is the Heaviside function H defined by

1, t>0,
H(t):{ 0, t<O0.

Definition 1 ([16,17]). A function A : [0,1] x [0,1] — [0,1] is called a triangular norm (for
short, a t-norm) if the following conditions are satisfied for any a,b,c,d € [0,1] :

A1) Aa,l)=a;

(A-2) A(a,b) =A(ba);

(A-3) A(a,b) > A(c,d), fora>c,b>d;

(A-49) A(A(a,b),c)=A(a,A(bc)).

Two examples of t-norm are Ayy (a,b) = min {a, b} and Ap (a,b) = ab. It is evident that, as
regards the point wise ordering, A < Ay for each t-norm A.

Definition 2 ([16-18]). A triplet (X, F,A) is called a generalized Menger probabilistic metric
space if X is a non-empty set, A is t-norm and F is a mapping from X x X into DS satisfying
the following condition (F(x,y) for x,y € X is denoted by F,,):

(MS-1) F,, (t) = H(t) forallt € R ifand only if x = y;

(MS-2) F,, (t) = F,x (t) forallx,y € X andt € R;

(MS-3) Fyy(t+s)>T (F.: (t), Ey (s)) forallx,y,z € X and t,s € R".

A Menger probabilistic metric space (for short, a Menger PM-space) is a generalized Men-
ger space with F (X x X) € D™.

Schweizer et al [1,19] point out that if the t-norm T of a Menger PM-space satisfies the

condition sup A (a,a) =1, then (X, F, A) is a first countable Hausdorff topological space in
0<a<1
the (g, A) topology T, i.e., the family of sets

{Uyx (e,A):e>0,A€[0,1], (x € X)}

is the base of neighborhoods of point x for 7, where Uy (¢,A) = {y € X : F,; (¢) > 1—A}.

By virtue of this topology T a sequence {x,} in (X, F,A) is said to be convergent to x (we
write x, — x or nlgrol<> X, = x) if nlgrol<> Fr,x(t) = 1forall t > 0; {x,} is called a Cauchy
sequences in (X, F, A) if for any givene > 0and A € [0,1], there exists N = N (¢, A) € Z* such
that Fy, r, (¢) > 1 — A, whenever n,m > N; (X,F,A) is said to be complete if each Cauchy
sequence in X is convergent to some point in X.

In the sequel, we will always assume that (X, F, A) is a Menger space with the (¢, A) topo-

logy.
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Lemma 1. Let (X, d) be a usual metric space. Define a mapping F : X x X — D™ by
Fry(t)=H(t—d(x,y)) for x,y € Xandt > 0.

Then (X, F, Ay) is a Menger PM-space. It is called the induced Menger PM space by (X,d) and
it is complete if (X, d) is complete.

An arbitrary t-norm can be extended (by (A-3)) in a unique way to an n-ary operation. For
(a1,ap,...,a,) € [0,1]",n € Z7, the value A" (ay,a,...,a,) is defined by Al (a;) = a; and
A" (ay,ap,...,00) = A (A" (ay,a0,...,8,_1),an) -

For each a € [0,1], the sequence {A" (a)}:_, is defined by Al (a) = a and A" (a) =
A (A1 (a),a).

Definition 3. A t-norm A is said to be of H-type if the sequence of functions {A" (a)},_; is
equicontinuous ata = 1.

The t-norm Ay, is a trivial example of a t-norm of H-type, but there are t-norms A of H-type

with A # Ay,. Itis easy to see that if A is of H-type, then A satisfies sup A (a,a) = 1.
0<a<1

Lemma 2. Let (X,F,A) be a Menger PM-space. For each A € (0,1], define a function
dy: X xX—R"by
dy(x,y) =inf {t > 0: Fyy (t) >1—A}. (1)

Then the following statements hold:
(1)d) (x,y) < tifand only if Fy, (t) > 1 —A;
(2)dy (x,y) =d) (y,x) forallx,y € X and A € (0,1];
(3)d, (x,y) =0 forall A € (0,1] ifand only if x = y.

Lemma 3. Let (X, F,A) be a Menger PM-space and let {d, } Ae(0,1] be a family of pseudo-metrics
on X defined by (1).

If A is a t-norm of H-type, then for each A € (0,1] there exists u € (0, A] such that for each
meZT,

(X0, Xm) Z (xi,xiy1) forall xo,x1,...,xm € X.

Lemma 4. Suppose that F € D*. Foreachn € Z*, let F, : R — [0, 1] be nondecreasing, and
gn (0, +00) = (0, +00) satisfies 1_1>rJrr1 gn (t) =0 foranyt > 0. If
n (o]

Eu(gu(t)) > E(t) forall t>0,

then lim F,(t) =1foranyt > 0.

n——+o00

Definition 4 ([20]). An element x € X is called a common fixed point of the mappings
f:XxX—=>Xandg: X — X if

x=f(xx)=g(x).
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Definition 5 ([21]). An element (x,y) € X x X is called:
(i) a coupled fixed point of the mapping f : X x X — X if

flxy)=x fyx)=y

(ii) a coupled coincidence point of the mappings f : X x X — X and g : X — X if

flxy) =gx), flyx)=gW);

(iii) a common coupled fixed point of the mappings f : X x X = X and g : X — X if

x=fxy)=8x), y=fx)=gy).

In [22], Abbas et al introduced the concept of weakly compatible mappings. Here we give a
similar concept in Menger metric spaces as follows.

Definition 6. Let (X, F, A) be a Menger metric space and letf : X x X — X and g: X — X be
two mappings. f and g are said to be weakly compatible (or w-compatible) if they commute at
their coupled coincidence points, i.e.; if (x,y) is a coupled coincidence point of f and g, then

g(f(xy) = flg(x), W),  g(f(y,x)) = f(g(y) g(x)).

Definition 7 ([23]). Let A : X x X =+ X, B: Xx X —- X, T: X — X, S5 : X — X be four
mappings. Then, the pairs (B,S) and (A, T) are said to have common coupled coincidence
point if there exist a, b in X such that

B(a,b) =S(a) =T (a) = A(a,b) and B (ba) = S (b) = T (b) = A (b,a).

3 MAIN RESULTS

Now, we introduce the following concepts.

Definition 8. Let (X, F,A) be a Menger metric space and let mappings A : X x X — X and
S : X — X are said to satisfy the E.A. property if there exist sequences {x,},{yn} € X such
that

lim A (xn,yn) = lim S (x,) = x and lim A (yn, x,) = lim S (y,) =y

n—oo n—oo n—oo n—oo

for some x,y € X.

Definition 9. Let (X, F, A) be a Menger metric space andlet A: X x X - X, B: X x X = X,
T:X— X,S:X — X be four mappings.

Then the pairs (B, T) and (A, S) are said to satisfy the common E.A. property if there exist
sequences {xn},{yn},{x,}, {v,} € X such that
lim A (xn,yn) = nh_r)roloS (xn) = nl1_r>r010B (x’n,y/n) =1limT <xn) =x,

n—oo n—oo

lim A (yn, Xn) = im S (y») = lim B (y'n,x'n) = lim T (y’n) =y

n—o0 n—oo n—oo

for some x,y € X.
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Definition 10. Let (X, F,A) be a Menger metric space. The mappings A : X x X — X and
S : X — X are said to satisfy the CLRg property if there exist sequences {x,},{yn} € X such
that

lim A (xy,yn) = hm S(xy) = Sx and lim A (yu, x,) = l1m S(yn) = Sy

n—oo n—oo

for some x,y € X.

Definition 11. Let (X, F, A) be a Menger metric space andlet A: X x X — X,B: X x X — X,
T:X— X,S:X — X be four mappings.

Then the pairs (B, T) and (A, S) are said to satisfy the common CLRgt property if there
exist sequences {xn} , {yn}, {x,},{v,} € X such that

Jim, A () = lim S (50) = lim B (5,9,) = Jim T () =

fim A (g ) = lim, S (y) = lim B (v, ) = Hm T (5,) =,
wherex,y € S(X)NT (X).
Jian-Zhong Xiao [24] proved the following result.

Theorem 1. Let (X, F, A) be a complete Menger metric space with A is a t-norm of H-type and

A > Ap. Let g : RT — R be a gauge function such that ! ({0}) = {0} and ¥ ¢" (t) < +oo
n=1

foranyt >0.Let A: X x X = X, T : X — X be two mappings such that

Faey)ao) (9(8) = [8 (Fram (1), Fry1o (1))

for all x,y,u,v € X andt > 0, where A (X x X) C T (X), T is continuous and commutative
with A. Then there exists a unique u € X such thatu = Tu = A (u,u).

We now give our main result which provides a generalization of Theorem 1.

Theorem 2. Let (X, F,A) be a Menger metric space with A is a t-norm of H-typeand A > A,.
Let ¢ : R* — R* be a gauge function such that ¢~' ({0}) = {0} and Z ¢" (t) < 4o for any
t>0.Let A: X x X — X,S: X — X be two mappings satisfying the followmg conditions:

(1) forallx,y,u,v € Xandt >0
FA(x,y),A(u,v) (q)(t» > [A (FSx,Su (t) ’ FSy,Sv (”)}1/2} (2)

(2) the pair (A, S) is w-compatible;
(3) the pair (A, S) satisties CLRg property.

Then A and S have a coupled coincidence point in X. Moreover, there exists a unique point
x € X such thatx = A (x,x) =S (x).
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Proof. Since A and S satisfy CLRg property, there exist sequences {x, } and {y, } in X such that
lim A (x4, yn) = lun S(xp) =S(p), Lm A (yn xn) = lun S(yn) =5S(q) (3)

n—oo n—oo

for some x,y € X.
Step 1. We show that A and S have a coupled coincidence point.

Since Z ¢" (t) < 400, we have hm ¢" (t) = 0, and so there exists nyp € Z* such that
P (t) < t Thus, from (2) we have

FaenynA(pa) () = Fatonym, A(pa) (@™ (1))
> A (Estanstn) (2771 ) Fstsio) (97 )] - @)
> [Fstustn (97 () Esusiar (977 (1)) ] -

Letting n — oo in (4), we have Fg,) a(pq) (t) = 1, thatis, A(p,q) = S(p) = x. Similarly,
S(q)=A(q,p) =y

Since the pair (A, S) is weakly compatible, it follows that A (x,y) = S (x) and A (y,x) =
S (y) . Hence A and S have a coupled coincidence point.

Step 2. To show that S (x) =y, S (y) = x.

In fact, from (2) we have

1/2
Fs(x),st0) (@ (1) = Faeyyn), A (@ (1) = [A <FS(xn),S(y) (1) Fs(y,),5(x )(f))]

> [Fs(xn),s(y) () Fs(y,),5(x) (t)] :
Similarly, we have

1/2
Fstaston (9(0) 2 [Fsus) () Fsusto (0] - ©)

Suppose that Qu (t) = Fs(x,),s(y) (t) Fs(y,),s(x) (t) - By (5) and (6), we have Qy (¢ (t)) > Qu-1 (t)
and hence,

Qi (9" (1) = Qut (9" (1) =+ = Qo (1). %
Furthermore, from (5)—(7) it follows that
Fstast) (97 (1) = [Qo (0] and. Fssy,) (" (1) > [Qo ()] ®)
It is evident that [Qp (t)]"/? € D*. Since nh_r>n ¢" (t) = 0, from (8) and Lemma 4 we have

lim S (x,) =S (y) and nh_r)roloS (yn) =S (x).

n—00

This shows that S (x) = yand S (y) = x. Hence, A (x,y) = yand A (y,x) = x.
Step 3. Next we shall show that x = y.
By (2) we have

1/2
Foy (¢ (1)) = Fa,x),Axy) (¢ (1) = {A <F5(y),5(x) (), Fs(x),5(9) (ﬂ)] > Fey (). (9)

From (9) we have Fy, (¢" (t)) > Fyy (t). Using Lemma 4, we have F,, (t) = 1,ie., x = y. The
uniqueness of x follows from (2). So, the proof of Theorem 2 is finished. O
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Theorem 3. Let (X,F,A) be a Menger metric space with A is a t-norm of H-type. Let
¢ : RT — R" be a gauge function such that ¢! ({0}) = {0}, ¢ (t) < t and nlgrc}o P"(t) =0
foranyt > 0. Let A: X xX — X,S5: X — X be two mappings satisfying the following
conditions:

(1) forallx,y,u,v € Xandt >0

FA(x,y),A(u,v) ((P(t>) > [FSx,Su (t) FSy,Sv (t)} 1/2; (10)

(2) the pair (A, S) is w-compatible;
(3) the pair (A, S) satisties CLRg property.

Then A and S have a coupled coincidence point in X. Moreover, there exists a unique point
x € X such thatx = A (x,x) =S (x).

Proof. Since A and S satisfy CLRg property, there exist sequences {x, } and {y, } in X such that

lim A (xn,yn) = nlgIC}OS (xn) =S(p), lLm A (yn x,) = lim S(y,) =S(q) (11)

n—oo n—oo n—oo

for some x,y € X.
Step 1. We show that A and S have a coupled coincidence point.
From (10) and ¢ (¢) < t, we obtain

FS(xn),A(p,q) (t) = FS(xn),A(p,q) (q) (t>) = FA(xn,yn),A(p,q) (q) (t>)
1/2 (12)
> |Fsus) () Fsnys (0]
Letting n — oo in (12), we have nlgrolos (xn) = A(p,q). Hence, S(p) = A(p,q) = «x.
Similarly, we can show that S () = A(q,p) = y.
Since the pair (A, S) is weakly compatible, it follows that A (x,y) = S (x), A(y,x) = S(y) .
Step 2. To show that S (x) =y, S (y) = x.
In fact, from (10) we have

1/2
Fs(x,),50) (@ (1)) = Fa(xuym), Awx) (@ (1) = [FS(xn),S(y) (t) Fs(y,),5(x) (t)] : (13)

Similarly, we have

1/2
Fs(x)s(y,) (9 (1)) = [Fs(xn),S(y) (t) Fs(y),5(x) (f)] : (14)

Suppose that Qn () = Fs(x,),5y) (t) Fs(y,),s(x) (£) - By (13) and (14), we have

Qu (9" (1) = Qut (9771 (1) =+ = Qo (B);
Fs(xu sty (97 (1) = [Qo (D] and Fo(y)s(y,) (9" (1) = [Qo (]2

Since [Qp (t)]'/? € DT and lim ¢" () = 0, by Lemma 4 we conclude that

n—o00

lim S (x,) =S (y) and nlgrolos (yn) =S (x).

n—oo
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This shows that S (x) = yand S (y) = x. Hence, A (x,y) =yand A (y,x) = x.
Step 3. Finally, we prove that x = y.
By (10) we have

1/2
] > Foy(H).  (15)

Fry (@ (1) = Fagx),axy) (@ (1) > [Fs(y),s(x) (1) Fs(x),5(y) (1)

From (15), we have F,, (¢" (t)) > Fy, (t). Using Lemma 4, we have F,, (t) = 1,i.e., x = y.
The uniqueness of x follows from (10). 0

Theorem 4. Let (X,F,A) be a Menger metric space with A is a t-norm of H-type. Let
¢ : Rt — R" be a gauge function such that ¢! ({0}) = {0}, ¢ (t) < t and r}gr;o " (t) = o0
foranyt > 0. Let A : X x X — X, S : X = X be two mappings satistying the following
conditions:

(1) forallx,y,u,v € Xandt >0

FA(xy),Au0) (1) = min {Fsusu (¢ (1)), Fsys0 (9 (1))} (16)
(2) the pair (A, S) is w-compatible;
(3) the pair (A, S) satisties CLRg property.

Then A and S have a coupled coincidence point in X. Moreover, there exists a unique point
x € X such thatx = A (x,x) =S (x).

Proof. Since A and S satisfy CLRg property, there exist sequences {x, } and {y, } in X such that

lim A (xn,yn) = nlgro‘os (xn) = S (p), nlgro‘oA (Yn, xn) = nlgro‘os (yn) = S (q) (17)

n—oo

for some x,y € X.
Step 1. We show that A and S have a coupled coincidence point.
From (16) and (17) it follows that

Fs(x),a(p9) () = Fa(xnyn),A(p,g) () = min {FS(xn),S(p) (@ (1), Fs(yn),s(9) (@ (f))} : (18)

Letting n — oo in (18), we have nlgrolo S(xn) = A(p,q).Hence, S(p) = A(p,q) = x. Similarly,
we can show that S () = A(q,p) = y.
Since the pair (A, S) is weakly compatible, it follows that A (x,y) = S (x), A(y,x) = S(y).
Step 2. We claim that S (x) =y, S (y) = .
In fact, from (16) we have

Fs(x,),5(y) (1) = Fa(xyn),A(y,x) (£) = min {FS(xn),S(y) (@ (1), Fsya),sx) (@ (t))} . (9

Similarly, we have
Fs(x),5(y,) () = min {FS(xn),S(y) (@ (1), Fsy),sex) (@ (f))} : (20)
Suppose that M, (t) = min {Fs(xn),s(y) (t) , Fs(y,),5(x) (t)} . From (19) and (20) it follows that

My (£) = M1 (9 (£) = -+ = Mo (¢" (1)) -



COMMON COUPLED FIXED POINT IN PROBABILISTIC METRIC SPACES 203

. ey
Since nlgrolo ¢" (t) = +o00, we have

Mo (¢" (t)) = min {FS(xO),S(y) (t) ) Fs(yy),5(x) (t)} — lasn — co.
This shows that M, (t) — 1 asn — oo, s0

lim S (x,) =S(y) and lim S (y,) =S (x).

n—oo n—oo

Hence, S (x) =yand S (y) = x.
Step 3. Finally, we prove that x = y.
By (16) we have

Fry (t) = Fagyx),A(xy) () > min {FS(y),T(x) (¢ (1), Fsx),1(y) (@ (f))} =Foy(@(t). (21)

From (21), we have Fy, (t) > Fyy (¢" (t)). Letting n — oo, we have Fy, (t) = 1,ie, x = y.
Since the uniqueness of x follows from (16), the proof of Theorem 4 is completed. O

Now we give another generalization of Theorem 1.

Corollary 1. Let (X,F,A) be a Menger metric space with A is a t-norm of H-type. Let
@ : Rt — R* be a gauge function such that ¢! ({0}) = {0}, ¢ (t) < t and nh_r>r010 P"(t) =0
foranyt > 0andlet A : X x X — X,S : X — X be two mappings satisfying the following
conditions:

(1) forallx,y,u,v € Xandt >0

Fa(xy),A(wo) (9(1) = [A (Fsxsu (t), Fsyso (1))] 2
(2) the pair (A, S) is w-compatible;
(3) the pair (A, S) satisfies E.A. property.
If S (X) is a closed subspace of X, then A and S have a unique common fixed point in X.

Proof. Since A and S satisfy E.A. property, there exist sequences {x,} and {y,} in X such that

Y}E{}OA (Xn, Yn) = }1151305 (xn) = x, nlg{}oA (Y, xn) = }1151305 (yn) =y
for some x,y € X.
It follows from S (X) being a closed subspace of X that x = S(p), y = S(g) for some

p,q € X and then A and S satisfy CLRg property. By Theorem 2, we get that A and S have a
unique common fixed point in X. O

Corollary 2. Let (X,F,A) be a Menger metric space with A is a t-norm of H-type. Let
¢ : Rt — R* be a gauge function such that ¢! ({0}) = {0}, ¢ (t) < t and lim e" (1) =0
foranyt > 0. Let A: X x X = X,S : X — X be two mappings satisfying the conditions of
Corollary 1.

Suppose that A (X x X) C S (X)), if range of one of the maps A or S is a closed subspace of
X, then A and S have a unique common fixed point in X.
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Proof. It follows immediately from Corollary 1. O
Taking S = Ix in Theorem 2, we obtain the following

Corollary 3. Let (X,F,A) be a Menger metric space with A is a t-norm of H-type. Let
@ : Rt — RT be a gauge function such that ¢! ({0}) = {0}, ¢ (t) < t and nh_r)rc}o P"(t) =0
foranyt > 0. Let A : X x X — X be a mapping satisfying the following condition, for all
x,y,u,v € Xandt > 0:

(1)
FA(x,y),A(u,v) ((P(t>) 2 [A (Fx,u (t) ’ Py,v (t))}l/z;

(2) there exist sequences {x, } and {y,} in X such that

lim A (xn,yn) = hm Xy =%, lim A (yn, x,) = hm N Yn =Y

n—oo —00 n—oo

for some x,y € X.

Then there exists a unique z € X such thatz = A (z,z) .

Now, we prove Theorem 2, Theorem 3, Theorem 4 for four mappings satisfying CLRgst
property before proving our main theorems, we begin with the following observation.

Lemma 5. Let (X, F,A) be a Menger metric space with A is a t-norm of H-typeand A > A,.
Let ¢ : R* — R* be a gauge function such that ¢~' ({0}) = {0} and Z ¢" (t) < 400 for any

t>0.LetA: XxX =+ X,B:XxX =X, T:X — XandS : X—>Xbefourmapp1ngs
satisfying the following conditions:

(1) the pair (A, S) satisfies the CLRg property (or the pair (B, T) satisfies the CLRT property);
(2) A(X x X) C T(X) (or B(X x X) C S(X));
(3) T (X) (orS (X)) is complete subspace of X;

(4) B (x,,y,) converges for every sequences {x,} and {y, } in X whenever T (x,),T (y,)
converges (or A (xu,yn) converges for every sequences {x,} and {y,} in X whenever
S (xn),S (yn) converges);

(5) forallx,y,u,v € Xandt >0
1/2
FA(xy),Bu0) (9 (£)) = [A (Fsx,u (t) , Fsy,1o (1)) ] 2 (22)

Then (A, S) and (B, T') share the CLRgT property.

Proof. Suppose the pair (A, S) satisfies the CLRg property, then there exist {x, } and {y,} in X
such that

lim A (x4, yn) = lim S(x,) =a€ S(X),

n—oo n—oo

lim A (yn,xn) = lim S(y,) =be S(X).

n—oo n—o0
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Since A (X x X) C T (X) (wherein T (X) is complete), for each {x,}, {y,} in X there corre-
spond sequences {x, } and {y,} in X such that

A(xp,yn) =T <xn) and A (Yn,xn) =T <yn) .

Therefore,

lim A (xy,y,) = lim T< ) =g,

n—o0 n—00
Jim A) = JimT () =b
where a,b € S (X) N T (X). Now, we prove that B (x,,,,) — aand B (y,, x,,) — b.

Since Y ¢" (f) < +oo, we have h_r)n ¢" (t) = 0, and so there exists nyp € Z* such that
n=1 n—oo
¢" (t) < t. Thus, from (22) we have

o) (o) () 2 Fa(unn) B(xop,) (97 ()
> (8 (st (971 0) Fsgyrgiy (0 (f>>)]1/2 (23)

> [Esonn(a) (07 ) Esgyni) (97 ®))] 172

Letting n — oo in (23), we get lim B (x,,,¥2) = a. Similarly, we can show lim B (Y, x,) = b.
n—oo

Thus, the pairs (A, S) and (B T) share the CLRgt property. O
Theorem 5. Let (X, F,A) be a Menger metric space with A is a t-norm of H-typeand A > A,.
Let ¢ : R* — R* be a gauge function such that ¢~' ({0}) = {0} and Z ¢" (t) < 400 for any

t>0.LetA: XxX =+ X,B:XxX =X, T:X — XandS : X—>Xbefourmapp1ngs
satisfying the inequality (22) of Lemma 5.

If the pairs (A, S) and (B, T) share the CLRgT property, then (A,S) and (B, T) have a co-
incidence point each. Moreover A, B, S and T have a unique common fixed point if both the
pairs (A,S) and (B, T) are weakly compatible.

Proof. Since both the pairs (A,S) and (B, T) share the CLRst property, there exist four se-
quences {x,},{yn}, {x,} and {y, } in X such that:
nl1_r>r010A(xn,yn) = hm S(xp) = 11_r>n T< n) = nh_r}rc}oB ( n,yn> =a,
nlgroloA (Yn, xn) = hm S(yn) = hm T <yn> = nlgroloB (y/n,x/n) =D,

wherea € S(X)NT(X)and b € S(X)NT(X). It implies that there exist points 7,s, p,q € X
such that

(24)

S(ry=a,S(s)=b, T(p) =aand T (q) = D.
Step 1. We show that B (p,q) = T (p) and B(q,p) = T (q). Since ij ¢" (t) < 400, we have
n=1
lim ¢" () = 0 and so there exists 1y € Z" such that ¢™ (t) < t. Thus, from (22) we have

n—oo

Fr(,),Bpa) (t) = Fr (), Bpa) (@™ (1)) = Fa(xpym),B(pg) (9™ (1))
1/2

> [A <F5(xn),T(p) <90n°_1 (f)) Fsy,), () <9"n0_1 (0))] / )
> [Fsta 0 (977 (9) Fsunrip (97 ) ] .
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Letting n — oo in (25), we have lim T (x,) =B(p,q). By (24), T (p) = B (p,q) = a. Similarly,
we can show that T (g) = B(gq,p) = b.
Since the pair (B, T) is weakly compatible, so T (p) = B (p,q) = a implies T (a) = B (a, b),
similarly T (b) = B (b, a).
Now, we show that: S (r) = A(r,s)and S(s) = A (s, 7).
Since ij ¢" (t) < 400, we have lim ¢" () = 0 and so there exists ny € Z* such that
=1

n—oo

P (t) < ?._Thus, from (22) we get
FA(r,s),S(xn) (t) > FA(r,s),S(xn) (q)no (t)) = FA(r,s),B(x'n,y'n) (q)no (t))
ng— nog— 172
> (8 (Fsyr(a) (9771 0) Fsorgay (977 )] (26)

> [FS(r),T(x}l) <q)”0—1 (t)) FS(S)’T(%) <¢no—1 (t>>]1/2

Letting n — oo in (26), we have nlgrolos (xn) = A(r,s). By (24), S(r) = A(r,s) = a. Similarly,
we can show that S (s) = A (s,r) = b.
Since the pair (A4, S) is weakly compatible, it follows that A (a,b) = S (a), A (b,a) = S (b).
Step 2. We claim that Ta = b, Tb = a and Sa = b, Sb = a.
In fact, from (22) we have

1/2
Ery,),1a (@ (1) = Fay, ) Bap) (9 (1) 2 {A <P5(yn),T(a) (t) ) Fs(x,),T(0) (l‘))}

/2 (27)
2 [stn),nu) (£) Fs (), (1) (f)}

Similarly, we have

] 1/2

Ere,)m (9 (1) 2 [FS(xn),T(b) (t) Fsy,),1a (£) (28)

Suppose that Qu(t) = Fs(x,),1(v)(t)Fs(y,),1a(t)- By (27) and (28), we have Qy (¢ (t)) > Qu-1(t),
hence

Qu (9" (1) = Qua ("1 (1) = > Qo (1), (29)
Furthermore, from (27)—(29) it follows that
Frggym (0 (0) 2 [Q (]2 and Frogyny (9" (1) > Qo (]2 (30

It is evident that [Qp (#)]"/? € D*. Since lim,,_,e ¢" (£) = 0, from (30) and Lemma 4 we have

lim T (y’n) =Tz and lim T (x’n) = Tb.

n—oo n—o0

This shows that Ta = b and Tb = a. Hence B (a,b) = band B (b,a) = a.
Similarly, we can show that Sa = b and Sb = a. Hence A (a,b) = band A (b,a) = a.

Step 3. Now we prove thata = b.
By (22) we have

Fop (9 (1)) = Fa(pa),Bap) (¢ (1)) = {A (FS(b),T(a) (t) , Fsa), 1) (0)] > Fp (). (31)

From (31), we have F,, (¢" (t)) > F,; (t). Using Lemma 4, we obtain F,}, (t) = 1, ie.,a = b.
The uniqueness of a follows from (22). So, the proof of Theorem 5 is finished. O
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Theorem 6. Let (X, F, A) be a Menger metric space with A is a t-norm of H-typeand A > A,.
Let ¢ : R* — R* be a gauge function such that ¢~' ({0}) = {0} and Z ¢" (t) < 400 for any

t>0.Let A: XxX =+ X,B:XxX—=X,T:X — XandS: X—>Xbefourmapp1ngs
satisfying the condition (1)—(5) of Lemma 1.

Then A, B,S and T have a unique common fixed point if both the pairs (A,S) and (B, T)
are w-compatible.

Proof. Inview of Lemma 5, both the pairs (A, S) and (B, T) enjoy the CLRgT property, therefore
there exist two sequences {x,}, {yx}, {x,} and {y, } in X such that:

lim A (xn,yn) = lim S(x,) = lim T( ) = lim B( n,yn) =a,

n— 00 n—oo n— 00 n—00
i A xa) = Jim, S () = Jim T () = fim B (v 5,) =
wherea € S(X)NT(X)and be S(X)NT(X).
The rest of the proof runs on the lines of the proof of Theorem 5. O

Similarly, we can prove Theorem 3 and Theorem 4 for four mappings using CLRgT prop-
erty.

Now, we present some illustrative examples which demonstrate the validity of the hypothe-
ses and degree of utility of our results.

forallx,y € X andt > 0. Then (X, F,A)

Example 1. Let X = [ ) U{l}andF., (t) = | m

is a Menger metric space, but it is not complete.
Obviously (X, F, A) is not complete. Define the mappings A : X x X — X, B: X x X = X,
T:X—=XandS: X — X by

B(

=
<
N—
I
T Ll | O 1 [ N
) N‘—Q—
<
—
hh
Y
Rg
<
SN—
N

~
—~
B
I
—N—

It is noted that A(X x X) = [0,%5) ¢ T(X) = [03], B(XxX) = [0,3] ¢ s(X) =

[0, 12} and T(X) and S(X) are complete.
Next, we show that our results can be used for this case.
Let us prove that A, B, S and T satisfy the CLRgt property. Consider the sequences {x,},
{yn}, {x,} and {y,} in X which are defined by
1 1

. 1 . 1
Xn—%/ Yn= 7, xn_gandyn_5_n’ n=123,...
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Since

Hm A (xp, yn) = mns@@:hmT(@):E%BQ%%)206ﬂxyu%m,

n—00 n—00 n—00
Iim A (yn, %) = lim $(y,) = lim T (y,) = lim B (y,,x,) =0€ S(X)NT(X).

Thus A, B, S and T satisfy the CLRgT property with these sequences.

Next, we will show that the pairs (A, S) and (B, T) are w-compatible.

It is obtained that

1. A(x,y) = S(x) and A(y,x) = S(y) if and only if x = y = 0, since A(5(0),5(0)) =
S(A(0,0)), mappings A and S are w-compatible, and

2. B(x,y) = T(x) and B(y,x) = T(y) if and only if x = y = 0, since B(T (0),T (0)) =
T(B(0,0)), mappings B and T are w-compatible.

Finally, we prove that for x,y,u,v € X,

FA(x,y),B(u,v) ((P (t)) 2 [A (FSX,TM (t) ’FS%TU (t))}

Let ¢ : (0,00) — (0,00) by ¢ (t) = 3t. Then LII’E ¢" (t) =0 forany t > 0. For x,y,u,v € X,
n e}

1/2

we distinguish the following cases.
Case 1. (x,y) # (1,1) and (u,v) # (1,1). In this case we have

t
5 t
FA(xy) B(u,0) (kt) = 2 22 = 2
Y)r 7 _l’_ 2
] e ()
t .
= > > min {FSx,Tu (t> zFSy,TU (t)} .
t+ %—u’

t
t t
FA(xy)B(uv) (kt)_ 22 2 - 2412
Y).b(U, t x4+ 1 A
2 6y_7‘ | _1’
t
> . > min {FSX u (1) , Fsy, 1o (t>}
H—L—H
3 2

Case 3. (x,y) = (1,1) and (u,v) # (1,1).

t
5 t
Fa(xy),B(u0) (kt) = : =
(xy)B(w,0) I ¥‘ F+ [x + Y]
t .
> 2 min {FSx,Tu (t> ;FSy,Tv (t)} .
t+ )X — 1

Case 4. (x,y) = (1,1) and (u,v) = (1,1).

t .
= — Z min {FSx,Tu (t) /FSy,TU (t)} ‘

t
Fa(xy) Bluo) (k) = 721 ]
I+3 t+3

Hence, all the hypotheses of Theorem 5 hold. Clearly (0,0) is the unique common coupled
tixed pointof A,B,S and T.
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ITpobaemu 3B'513HOI HEPYXOMOI TOUKM IPUBEpPTaIOTh 3HAUHY YBary B TellepillHili gac. MeTa miei
CTaTTi moasirae y posnmpenHi nousiTh E.A. Baactmusocrti, CLR BaacTmBocTi Ta JCLR BAACTMBOCTI AAS
3BSI3HNX BipOOpakeHb B METPUIHOMY NIpOCTOpi MeHT'epa i BUKOPMCTaHHI IMX MOHSITH AAST AOCAi-
AKEHHSI 3aTaAbHVX Pe3yABTaTiB PO 3B'SI3HY HEPYXOMY TOUKY AAS UOTMPBOX BAACHMX BiAOOGpakeHb.
Hamma pob6ora y3araabHioe pesyabraty LIsta-Xoxonr Kesto [24] Ta iH. OcHOBEMIT pe3yAbTaT HaBeACHO
3 BUKOPUCTaHHSIM BiATIOBiAHOTO MPUKAAAY.

Kontouosi cnoea i ppasu: MeTpuaHmit mpocTip Menrepa, t-HopMa Tty H, crabka BiAIIOBiAHICTD
38’s13H01 HepyxoMoi Toukn, CLR BaactusicTh, E.A. BaacTusicTs, JCLR BAACTUBICTD.



