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ON THE INTERSECTION OF WEIGHTED HARDY SPACES

Let H;(C4),1 < p < +09,0 < 0 < 400, be the space of all functions f analytic in the half plane
C+ = {z: Rez > 0} and such that

+oc0 1/p
Ifl:= sup {/ f(refq’)we—wsmwr} < +oo.

pe(=%:%) |

We obtain some properties and description of zeros for functions from the space (| H}(C.).
>0
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INTRODUCTION

Let HP(C4), 1 < p < 400, be the Hardy space of holomorphic in C; = {z : Rez > 0}
functions f such that

+o0
AP =sup § [ 1f e+ in)lrdy § < +e.

x>0

Let H)(C4),1 < p < 40,0 < 0 < 400, be the space of all functions f analytic in the half
plane C; and such that

) 1/p
Ifll:= sup / |f (re'®)|Pe—PorIsinel gy < +oo.
) Lo

9e(=72:5

We denote by HX(C4), 0 < 0 < +00, the space of all functions analytic in the right half-
plane satisfying the condition

111 = sup {If @)=} < oo

zeCq

The space H(C1),1 < p < +00,0 < 0 < +00, is a weighted Hardy space, as it follows
from results of A. M. Sedletskii [9]. The theory of weighted Hardy space for the case if the
weight is an exponential function considered in [2,3,10-13]. Functions f &< HY (C+) have
angular boundary values almost everywhere on dC. (we denote the extension by the same
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symbols f) and f € LP(dC ). Thus, the space H;(C), p > 1, is a Banach space. For functions
f e HY (C4) there exists [4,12] an integral boundary function defined by the equality

t 1)
h(t) —h(t) = lim /ln F (x + it)|dt — /ln F@D)|dt, <t
x—0+
t 31

up to an additive constant and to values at continuity points. The integral boundary function
h is nonincreasing on R and #'(t) = 0 almost everywhere on R. The interest to the space
H}(C.) is generated by studies of completeness [3], by the theory of integral operators and
the shift operator [1,8].

A number of papers have been devoted to the intersection of Hardy and related spaces
(see [5,7]). The aim of our research is to describe some properties of the following space

HA(C+) = () Hy(C4).

>0

Obviously, HA(C4) D HP(C,) and HA(C) c HI(C,) forall .

1 THE MAIN RESULTS

Theorem 1. H-(C) # HP(C.).

Proof. Let f(z) = e~?VI"(3+2) 'We choose the branch of the logarithm thatIn1 = 0 and v/1 = 1.
Let us prove that the function f belongs to H,(C ) for all ¢ > 0. Indeed,

i 7 sin
In|[f(re'?)| = —7\4/1112 \/4r cos ¢ 4 12 + 4 + arctg? ﬁ
COSs
rsin ¢ rsin @
arctg arctg rcos p+2 aI‘Ctg arctg 7cos 912
In \/4r cos p+r2+4 . . In \/4r cos g-+12+4
X | cos ¢ cos > — sin @ sin 5

rsin ¢
arcty roos g2

rsin ¢ arctg ; V4 +r2+4
< 412\/4 214 to2 oM P . n 4/ 4r cos p+r
_r\/n rcos ¢ + r- 4 4 + arctg rcosgo-l—ZSln(Psm >
<! sin ! r— +oo
=2 R |

It follows easily that f € H}(C. ). Consequently, f € HA(C-).
Let us show that f(z) = e ?V"Z+2) & HP(C ). Indeed,

arctg %

arctg =
In|f(iy)| = y{l/hn2 \/4—1—]/2-|—a1rctg2%sin1+4+y2

/ 2
:Li*/lnz\/él—i—yzqtarctgz% 1— Inva+ty
V2 \/1n2 V4+y? +arctg?

Y for y>C>0.

= V2In(4 + y2)

Therefore f(iy) ¢ LP(0; +o0). Hence, f ¢ HP(C4.). O
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Proposition 1. Suppose that f € HE(C.), 1 < p < co. Then the following conditions are
tulfilled :

a) angular boundary values exist almost everywhere on iR ;
b) |f(it)|e~¥ltl € LP(R) for any e > 0;
c) HF(C.) is a Banach space for uniform convergence on compact sets.

Proof. Let f € HE(C.), then f € H!(C..) for some & > 0. In [11] B. V. Vinnitskii proved that
a function f € HJ(C.), p € (1;+0), has almost everywhere on iR angular boundary values
f(iy) and f(iy)e=7l € LP(R). Therefore f(iy)e—¢¥l € LP(R) for some positive e.

In [10] B. V. Vinnitskii showed that a function f € H(C ) has almost everywhere on /R
angular boundary values f(it) and f(it)e¢l*l € L*®(R) for all &. In [11] inequality

(z)] < 2EP2E]
a Re(z)%

proved for each function f belonging to H; (C. ). Furthermore, H-,(C ;) is a Banach space with
respect to uniform convergence on compact sets. [

Let B is a class of continuous, increasing functions 1 : [0;4+00) — (0;+00) such that
n(r) = o(r) as r — +o0. We denote by H.(C) the space of functions analytic in C. for
which there exists 7 € B

—+00
sup { / f(Veiq’)pe”(r)Sm(/’dr} < +oo,
0

lol<3
where 17 € B.
Theorem 2. If f € HY (C.), then f € HE(C4).

Proof. Let f € HE(C.), then f € H;(Cy) for all o > 0. Furthermore,

—+o00 —+o00
/ |f(rei<p) |pe—pra| sin qJ\d}, _ / ]f(rei(P) ’pe—q(rﬂ sin (p\e—pr(ﬂ sin ¢|+#(r)]| sin (P‘dl’.
0 0

Since —pro|sing|+5(r)|sing| = |sing|(—pro+n(r)) < 0asr > ry, we have

“+o00 —+o0
/ |f (re'?) [PeProlsingl gy < / |f(re'®)|Pe 1050l gy < 4o,
To To

This implies that

+00 +o0
sup {/ f(ref¢>Pevrvsin¢dr} < sup {/ f<ref¢>vev<r>sin¢df}

o o
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and

10 o
sup d [ 1f(rei®)Pe 0500 b < sup § [ |f(rei®)|? exp{ min {—y(r)}]sing|}ar
5 5 ref0;ro]

ro ro
< sup | exp{ min {—#(r)}| sin(p|}/|f(rei9")|pdr <0 / \f(rei"’)|pdr < —+o0.
re[0;ro] 9 9

2porg
7(0)

—+o00
/ |f (re'®) [PeProlsnel gy < ) < 40,
0

In particular, choosing ¢, = we can achieve that

It follows that f € HE(C). O
B. V. Vinnitskii described [11] zeros for functions f € HP(C,) in terms of the following

function . A\ Red
- M €An
s0= L (g #) r

1<|Ay|<r

where A, € C,. We obtain the following statement.
Theorem 3. If f € HE(C), then S(r) = o(In7), r — +oco.

Proof. Suppose f € HE(C.), then f € HJ(C.) for all ¢ > 0. Use the following version of the
Carleman formula [4,6,12]

S(r) = %/ZN In |f(re'?)| cos pdg + % / (tlz - %2) In |f(it)|dt
: 1<|t|<r )
~ L / <l—l> dh(t)] +0(1)
27 2 72 '
1<|t|<r

In [11] it is shown that for each function f € HP(C,),0 > 0, the first term on the right
side of the last equality is bounded by an independent of r and ¢ constant. Hence, this term is
bounded for each function of the space H,(C ). Consider the second addend

% / (;2 - rlz) In|f(it)|dt = % / (;2 - rlz) (In | £ (it) |e= 1t el e

1<|t|<r 1<|t|<r
1 1 1 N
<3z [ (5-7) Urnle o+l
1<|t|<r

Since 5~ [ (tlz - rlz) olt|ldt = Lolnrand f(iy)e Il € LP(R), this yields
1<|t|<r

1 1 1 1
- i1 . < |
27 / (tz r2> In|f(it)|dt < c3+ —nalnr

1<|t|<r
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Therefore . . -
S(r) =cs+ %0'11’1}’ = / <t_2 - r_2> |dh(t)].

1<|t|<r

Then, the last addend is negative, we deduce

S(r) <cs+ T nr.
T

Since the result is true for on of an arbitrary o, we obtain the statement of the theorem.

Theorem 4. If f € HY,(C.), then P(r) = o(Inr), r — +oo, where
1 1 1
) =5 [ (7= ko)l
1<|t|<r

Proof. Let f € HE(C,), then f € HY(Cy) for everyone ¢ > 0. Using (1), we get
P(r)=K(r)—S(r) +O(1), r — +oo, where

K(r) = % / (tlz - %2) In | £(it)|dt.

1<|t|<r

1 1 1 N 1 1 1
k=32 [ (=) minleMars oo [ (5ol

1<|t|<r 1<|t|<r

Since

1
<c3+ %Ulnr forall o >0,

we deduce K(r) = o(Inr) as r — +o0. From Theorem 3 we get the following S(r) = o(Inr),
r — +oo. Thus P(r) = o(Inr),r — +oco. O

Theorem 5. Let (A,) be an arbitrary sequence in C.. Then S(r) = o(Inr), r — oo, if and only
if So(r) = o(Inr),r — +oco, where

ReA
1<|Ay|<r 171
Proof. It is clear that
ReA ReA s(r
s - = ¥ Sgre y g
1<|Ag|<r 1<| Ay < 101
wheres(r) = % lﬁ)‘r
1<|Apl<r "
In [10] B. V. Vinnitskii proved that
S(2r) > 31(:)
It follows that ws(2r) 4
rS(2r
So(r) — S(r) < 3 §S(Zr).

Since S(r) = o(Inr), we have S(2r) = o(Inr). Hence, So(r) — S(r) = o(Inr), r — +o0.
The converse implication is trivial. O
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Hexait H)(C4),1 < p < +00,0 < ¢ < 00, — IpoCTip PYHKIIM, aHAATUUHIX Y THBIAOLIMHI
C+ = {z: Rez > 0}, AAs siKmX

9e(=%%

+00 1/p
IfIl:= sup {/ f(rei"’)l”e‘f"”Si“(Pdr} < +oo.
0

OTpMMaHO AesKi BAACTMBOCTI i OTIC HyAiB AAst pyHKIii 3 pocTopy () HE (C4).
>0

Kntouosi cnosa i ppasu: Hyai dpyHKIIIN, BaroBmit mpocTip I'apAi, KyTOBi rpaHMdHi 3HaUEHHSI.



