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A MULTIDIMENSIONAL GENERALIZATION OF THE RUTISHAUSER
QD-ALGORITHM

In this paper the regular multidimensional C-fraction with independent variables, which is a
generalization of regular C-fraction, is considered. An algorithm of calculation of the coefficients
of the regular multidimensional C-fraction with independent variables correspondence to a given
formal multiple power series is constructed. Necessary and sufficient conditions of the existence of
this algorithm are established. The above mentioned algorithm is a multidimensional generalization
of the Rutishauser qd-algorithm.
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INTRODUCTION

In constructing the branched continued fractions for a given formal multiple power series
the concept of correspondence is used. Some general theory of correspondence for functions of
one variables is developed in [15, pp. 148–160] (see also [11, pp. 241–274]) and some aspects of
it for functions of several variables are considered in [7], [6, pp. 107–109]. As a result, different
types of functional fractions are constructed in [1–6, 8–10, 12–14, 16].

In the present paper we construct and investigate an algorithm for the expansion of a given
formal multiple power series into a corresponding regular multidimensional C-fraction with
independent variables, which is a generalization of the regular C-fraction [15, p. 128-129]. It is
a further expansion of the results obtained in [2].

1 CORRESPONDENCE

Let L be set of all formal multiple power series of the form

L(z) = ∑
|m(N)|≥0

cm(N)z
m(N), (1)

where m(N) = m1, m2, . . . , mN is multiindex, mi ∈ Z+, 1 ≤ i ≤ N, 0(N) = 0, 0, . . . , 0,
|m(N)| = m1 + m2 + · · ·+ mN, cm(N) ∈ C, zm(N) = zm1

1 zm2
2 · . . . · zmN

N , z = (z1, z2, . . . , zn) ∈ CN.
Obviously, this set forms a ring with unity respect to the operations addition and multiplica-
tion of series. We define the mapping λ : L →N0 ∪ {∞} as follows: λ(L(z)) = ∞, if L(z) ≡ 0;
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λ(L(z)) = n, if L(z) 6≡ 0, where n is the smallest degree of homogeneous polynomial for
which cm(N) 6= 0, that is n = |m(N)|. We consider the sequence of rational functions

fn(z) =
Pmn(z)
Qln(z)

, n ≥ 1,

where Pmn(z), Qln(z) are polynomials of degrees mn and ln respectively, z ∈ CN, moreover,
Qln(0, 0, . . . , 0) 6= 0.

The sequence { fn(z)} corresponds to series (1) at z = (0, 0, . . . , 0), if

lim
n→+∞

λ(L(z)− L( fn(z))) = +∞,

where L( fn(z)) is expansion of function fn(z) into Taylor series at z = (0, 0, . . . , 0). The order
of correspondence of fn(z) is defined by the formula νn = λ(L(z)− L( fn(z))). This means that
the expansion fn(z) into formal multiple power series coincides with L(z) for all homogeneous
polynomials to the degree (νn − 1) inclusively.

Let us introduce the following set of multiindices

J = {m(N) : m(N) = m1, m2, . . . , mN, mp ∈ Z+, 1 ≤ p ≤ N}.

And now, let us define arithmetical operations on the set J componentwise. If

r(N) = r1, r2, . . . , rN ∈ J , s(N) = s1, s2, . . . , sN ∈ J , k ∈ Z+,

then
r(N) + s(N) = r1 + s1, r2 + s2, . . . , rN + sN, kr(N) = kr1, kr2, . . . , krN.

We consider the regular multidimensional C-fraction with independent variables

a0

1 +
∞

D
k=1

ik−1

∑
ik=1

ai(k)zik
1

=
a0

1 +
N

∑
i1=1

ai(1)zi1

1 +
i1
∑

i2=1

ai(2)zi2
1 + . . .

, (2)

where i(k) = i1, i2, . . . , ik is multiindex, a0 6= 0, ai(k) 6= 0, k ≥ 1, 1 ≤ in ≤ in−1, 1 ≤ n ≤ k,
i0 = N, z ∈ CN.

Let e0 = 0, 0, . . . , 0, er = δr,1, δr,2, . . . , δr,N be a multiindex, δr,s be a Kronecker symbol, 1 ≤
r, s ≤ N. Let us introduce the following sets of multiindices

I = {i(k) : i(k) = i1, i2, . . . , ik, 1 ≤ ip ≤ ip−1, 1 ≤ p ≤ k, k ≥ 1, i0 = N},
I∗ = {iN

i(k) : iN
i(k) = ei1 + ei2 + · · ·+ eik , i(k) ∈ I}

and the mapping ϕ : I → I∗, such that ϕ(i(k)) = iN
i(k) for all i(k) ∈ I (we can show that the

mapping ϕ is bijective).
Let a0 = b0, ai(k) = biN

i(k)
, i(k) ∈ I , iN

i(k) ∈ I
∗. Then we write fraction (2) in the form

b0

(
1 +

∞

D
k=1

ik−1

∑
ik=1

biN
i(k)

zik

1

)−1

, (3)
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where b0 6= 0, biN
i(k)
6= 0, iN

i(k) ∈ I
∗, z ∈ CN.

Let

gn(z) = b0

(
1 +

n−1

D
k=1

ik−1

∑
ik=1

biN
i(k)

zik

1

)−1

be the nth approximant of regular multidimensional C-fraction with independent variables
(3), n ≥ 1.

The correspondence of fraction (3) to series (1) means that the sequence of approximants
{gn(z)} corresponds to L(z).

2 ALGORITHM

We shall construct and investigate the algorithm for the expansion of the formal multiple
power series (1) into the corresponding regular multidimensional C-fraction with independent
variables (3).

Let c0(N) 6= 0 and

Re0(z) = ∑
|m(N)|≥0

cm(N)

c0(N)
zm(N).

Next, let
R′e0

(z) = ∑
|m(N)|≥0

c(e0)
m(N)

zm(N) (4)

be reciprocal to series Re0(z). The coefficient of FMPS (4) are uniquely determined by recurrent
formulas

c(e0)
m(N)

= −
|m(N)|

∑
|r(N)|=1

c(e0)
m(N)−r(N)

cr(N)

c0(N)
, mj ≥ 0, 1 ≤ j ≤ N, |m(N)| ≥ 1, (5)

where c(e0)
0(N)

= 1, moreover, c(e0)
m(N)

= 0, if here exist an index j, 1 ≤ j ≤ N, such that nj < 0.

By condition c(e0)
ej 6= 0, 2 ≤ j ≤ N, we write the series (4) in the form

R′e0
(z) = Pe1(z1) +

N

∑
j=2

c(e0)
ej zjRej(z),

where

Pe1(z1) =
∞

∑
m1=0

mj=0, 2≤j≤N

c(e0)
m(N)

zm1
1 , Rej(z) = ∑

|r(N)|≥0
ri=0, j+1≤i≤N

c(e0)
ej+r(N)

c(e0)
ej

zr(N).

Then L(z) can be written

L(z) =
c0(N)

Pe1(z1) +
N

∑
j=2

c(e0)
ej zjRej(z)

.

Let
∞

∑
m1=0

mj=0, 2≤j≤N

cm(N)z
m1
1
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be a normal series (for the notion of normality of formal power series, see [15, pp. 185-190]).
Then according to Theorem 7.5 [15, pp. 228-229] there exist the real numbers q(n)iN

i(k)
, e(n)iN

i(k)
, ip = 1,

1 ≤ p ≤ k, k ≥ 1, n ≥ 0, of qd-table for h = 0 :

q(0)iN
i(1)+jN

j(h)

e(1)iN
i(0)+jN

j(h)
e(0)iN

i(2)+jN
j(h)

q(1)iN
i(1)+jN

j(h)
q(0)iN

i(2)+jN
j(h)

e(2)iN
i(0)+jN

j(h)
e(1)iN

i(1)+jN
j(h)

e(0)iN
i(2)+jN

j(h)

q(2)iN
i(1)+jN

j(h)
q(1)iN

i(2)+jN
j(h)

... . . .

e(3)iN
i(0)+jN

j(h)
e(2)iN

i(1)+jN
j(h)

...
... q(3)iN

i(1)+jN
j(h)

...
...

(6)

the entries of which are defined by the initial conditions

e(n)iN
i(0)+jN

j(h)
= 0, q(n)iN

i(1)+jN
j(h)

=
c
(jN

j(h)−ejh )

m(N)+ei1+ejh

c
(jN

j(h)−ejh )

m(N)+ejh

, |m(N)| = mi1 = n, n ≥ 0, (7)

moreover,

q(n)iN
i(1)

=
cm(N)+ei1

cm(N)
, |m(N)| = mi1 = n, n ≥ 0,

and the rhombus rule

e(n)iN
i(r)+jN

j(h)
+ q(n)iN

i(r)+jN
j(h)

= q(n+1)
iN
i(r)+jN

j(h)
+ e(n+1)

iN
i(r−1)+jN

j(h)
, r ≥ 1, n ≥ 0,

e(n)iN
i(r)+jN

j(h)
q(n)iN

i(r+1)+jN
j(h)

= q(n+1)
iN
i(r)+jN

j(h)
e(n+1)

iN
i(r)+jN

j(h)
, r ≥ 1, n ≥ 0,

(8)

The procedure of calculation of the elements of table (6) the entries of which are defined by
the initial conditions (7) and the rhombus rule (8) is called the Rutishauser qd-algorithm [15, p.
227].

We put biN
i(2k−1)

= −q(0)iN
i(2k−1)

, biN
i(2k)

= −e(0)iN
i(2k)

, ip = 1, 1 ≤ p ≤ k, k ≥ 1. According to

Theorem 7.7 [15, pp. 230-231]

∞

∑
m1=0

mj=0, 2≤j≤N

cm(N)

c0(N)
zm1

1 ∼

1 +
∞

D
k=1

ip=1, 1≤p≤k

biN
i(k)

z1

1


−1

.

Here the symbol "∼" means the correspondence between the series and the fraction. Moreover,
according to Lemma 3 [4] we have

Pe1(z1) ∼ 1 +
∞

D
k=1

ip=1, 1≤p≤k

biN
i(k)

z1

1
,
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since the series Pe1(z1) is reciprocal to series

∞

∑
m1=0

mj=0, 2≤j≤N

cm(N)

c0(N)
zm1

1 .

Thus we can write

L(z) ∼
c0(N)

1 +
∞

D
k=1

ip=1, 1≤p≤k

biN
i(k)

z1

1
+

N

∑
j=2

c(e0)
ej zjRej(z)

.

Let l be an arbitrary natural number, moreover, 2 ≤ l ≤ N. Next, let

∞

∑
ml=0

mj=0, j 6=l, 1≤j≤N

cm(N)z
ml
l

be a normal series. Then according to Theorem 7.5 [15, pp. 228-229] there exist the real numbers
q(n)iN

i(k)
, e(n)iN

i(k)
, ip = l, 1 ≤ p ≤ k, k ≥ 1, n ≥ 0, of qd-table (6) the entries of which are defined by the

initial conditions (7) and the rhombus rule (8) for h = 0.
We put b′iN

i(2k−1)
= −q(0)iN

i(2k−1)
, b′iN

i(2k)
= −e(0)iN

i(2k)
, ip = l, 1 ≤ p ≤ k, k ≥ 1. According to Theo-

rem 7.7 [15, pp. 230-231]

∞

∑
ml=0

mj=0, j 6=l, 1≤j≤N

cm(N)z
ml
l

c0(N)
∼

1 +
∞

D
k=1

ip=l, 1≤p≤k

b′iN
i(k)

zl

1


−1

.

Since

c(e0)
m(N)

= −
cm(N)

c0(N)
= b′iN

i(1)
, ml = 1, mj = 0, j 6= l, 1 ≤ j ≤ N, i1 = l,

then we put biN
i(1)

= b′iN
i(1)

, i1 = l.

Thus we can write

L(z) ∼
c0(N)

1 +
∞

D
k=1

ip=1, 1≤p≤k

biN
i(k)

z1

1
+

N

∑
j1=2

bjN
j(1)

zj1 RjN
j(1)

(z)

.

Again, let l be an arbitrary natural number, moreover, 2 ≤ l ≤ N. Next, let

R′el
(z) = ∑

|m(N)|≥0
mi=0, l+1≤i≤N

c(el)
m(N)

zm(N) (9)
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be reciprocal to series Rel(z). The coefficients of series (9) are uniquely determined by recurrent
formulas for mi = 0, jh + 1 ≤ i ≤ N, |m(N)| ≥ 1, and jN

j(h) = el

c
(jN

j(h))

m(N)
= −

|m(N)|

∑
|r(N)|=1

c
(jN

j(h))

m(N)−r(N)

c
(jN

j(h)−ejh )

r(N)+ejh

c
(jN

j(h)−ejh )

ejh

, (10)

where c
(jN

j(h))

0(N)
= 1, moreover, c

(jN
j(h))

n(N)
= 0, if here exist an index p, 1 ≤ p ≤ N, such that np < 0.

By condition c(el)
ej 6= 0, 2 ≤ j ≤ l, we write the series (9) in the form

R′el
(z) = Pel+e1(z1) +

l

∑
j=2

c(el)
ej zjRel+ej(z),

where

Pel+e1(z1) =
∞

∑
m1=0

mj=0, 2≤j≤N

c(el)
m(N)

zm1
1 , Rel+ej(z) = ∑

|r(N)|≥0
ri=0, j+1≤i≤N

c(el)
ej+r(N)

c(el)
ej

zr(N).

Then Rel(z) can be written as follows

Rel(z) =

(
Pel+e1(z1) +

l

∑
j=2

c(el)
ej zjRel+ej(z)

)−1

.

Let
∞

∑
m1=0

mj=0, 2≤j≤N

c(e0)
m(N)+el

zm1
1

be a normal series. Then according to Theorem 7.5 [15, pp. 228-229] there exist the real numbers
q(n)iN

i(k)+el
, e(n)iN

i(k)+el
, ip = 1, 1 ≤ p ≤ k, k ≥ 1, n ≥ 0, of qd-table (6) the entries of which are defined

by the initial conditions (7) and the rhombus rule (8) for jN
j(h) = el.

We put biN
i(2k−1)+el

= −q(0)iN
i(2k−1)+el

, biN
i(2k)+el

= −e(0)iN
i(2k)+el

, ip = l, 1 ≤ p ≤ k, k ≥ 1. According to

Theorem 7.7 [15, pp. 230-231]

∞

∑
m1=0

mj=0, 2≤j≤N

c(e0)
m(N)+el

c(e0)
el

zm1
1 ∼

1 +
∞

D
k=1

ip=1, 1≤p≤k

biN
i(k)+el

z1

1


−1

.

Since the series Pel+e1(z1) is reciprocal to series

∞

∑
m1=0

mj=0, 2≤j≤N

c(e0)
m(N)+el

c(e0)
el

zm1
1 ,
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then according to Lemma 3 [4] we obtain

Pel+e1(z1) ∼ 1 +
∞

D
k=1

ip=1, 1≤p≤k

biN
i(k)+el

z1

1
.

Let t be an arbitrary natural number, moreover, 2 ≤ t ≤ l − 1. Next, let

∞

∑
mt=0

mj=0, j 6=t, 1≤j≤N

c(e0)
m(N)+el

zmt
t

be a normal series. Then according to Theorem 7.5 [15, pp. 228-229] there exist the real numbers
q(n)iN

i(k)+el
, e(n)iN

i(k)+el
, ip = t, 1 ≤ p ≤ k, k ≥ 1, n ≥ 0, of qd-table (6) the entries of which are defined

by the initial conditions (7) and the rhombus rule (8) for jN
j(h) = el.

We put b′iN
i(2k−1)+el

= −q(0)iN
i(2k−1)+el

, b′iN
i(2k)+el

= −e(0)iN
i(2k)+el

, ip = t, 1 ≤ p ≤ k, k ≥ 1. According to

Theorem 7.7 [15, pp. 230-231]

∞

∑
mt=0

mj=0, j 6=t, 1≤j≤N

c(e0)
m(N)+el

c(e0)
el

zmt
t ∼

1 +
∞

D
k=1

ip=t, 1≤p≤k

b′iN
i(k)+el

zt

1


−1

.

Since the series Pel+er(zt) is reciprocal to series

∞

∑
mt=0

mj=0, j 6=t, 1≤j≤N

c(e0)
m(N)+el

c(e0)
el

zmt
t ,

then according to Lemma 3 [4] we obtain

Pel+er(zt) ∼ 1 +
∞

D
k=1

ip=t, 1≤p≤k

b′iN
i(k)+el

zt

1
.

Since

c(el)
et = −

c(e0)
el+et

c(e0)
el

= −
c0(N)cel+et − c2

el

cel c0(N)
= b′el+et , c(el)

el = −
c(e0)

2el

c(e0)
el

= −
c0(N)c2el − c2

el

cel c0(N)
= b′2el

,

than we put bel+et = b′el+et , b2el = b′2el
.

Thus we can write

L(z) ∼
c0(N)

QjN
j(0)

(z1) +
N

∑
j1=2

bjN
j(1)

zj1

QjN
j(1)

(z1) +
j1

∑
j2=2

bjN
j(2)

zj2 RjN
j(2)

(z)

,
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where

QjN
j(h)

(z1) = 1 +
∞

D
k=1

ip=1, 1≤p≤k

biN
i(k)+jN

j(h)
z1

1
, h ≥ 0,

moreover, jr 6= 1, 1 ≤ r ≤ h, jN
j(h) ∈ I

∗, if h ≥ 1.
Next, computing the coefficients

c
(jN

j(h))

m(N)
, mi = 0, jh + 1 ≤ i ≤ N, |m(N)| ≥ 1, jr 6= 1, 1 ≤ r ≤ h, jN

j(h) ∈ I
∗,

by recurrent formulas (10) and continuing process of iteration under the conditions that the
series

∞

∑
ml=0

mi=0, i 6=l, 1≤i≤N

cm(N)z
ml
l ,

∞

∑
mt=0

mi=0, i 6=t, 1≤i≤N

c(e0)
m(N)+ep

zmt
t ,

∞

∑
mr=0

mi=0, i 6=r, 1≤i≤N

c
(jN

j(h))

m(N)+ejh
zmr

r , (11)

where 1 ≤ l ≤ N, 1 ≤ t ≤ p− 1, 2 ≤ p ≤ N, 1 ≤ r ≤ jh − 1, jr 6= 1, 1 ≤ r ≤ h, jN
j(h) ∈ I

∗,

are normal, for series (1) we obtain fraction (3), where c0 = c0(N), biN
i(2k−1)+jN

j(h)
= −q(0)iN

i(k)+jN
j(h)

,

biN
i(2k)+jN

j(h)
= −e(0)iN

i(k)+jN
j(h)

, ip = n, 1 ≤ p ≤ k, 1 ≤ n ≤ jh − 1, k ≥ 1, jr 6= 1, 1 ≤ r ≤ h, jN
j(h) ∈ I

∗

(the numbers q(0)iN
i(k)+jN

j(h)
, e(0)iN

i(k)+jN
j(h)

, ip = n, 1 ≤ p ≤ k, 1 ≤ n ≤ jh − 1, k ≥ 1, jr 6= 1,

1 ≤ r ≤ h, jN
j(h) ∈ I

∗, are the diagonal elements of the qd-table (6) the entries of which are
defined by the initial conditions (7) and the rhombus rule (8)).

Thus, if the coefficients of the formal multiple power series (1) are given, then the recurrent
algorithm of calculation of the coefficients of the regular multidimensional C-fraction with
independent variables (3) is constructed. This algorithm is a multidimensional generalization
of Rutishauser qd-algorithm [15, p. 227]. The correspondence of fraction (3) to series (1) can be
proved by a scheme proposed in [5].

Hence, the following theorem holds:

Theorem. The regular multidimensional C-fraction with independent variables (3) corres-
ponds to the given formal multiple power series (1) if and only if the formal power series
(11) are normal.

We remark that some examples of functions of two variables represented by regular two-
dimensional C-fractions with independent variables are given in [2].
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Розглядається регулярний багатовимiрний C-дрiб з нерiвнозначними змiнними, який є уза-
гальненням регулярного C-дробу. Побудовано алгоритм обчислення коефiцiєнтiв багатови-
мiрного C-дробу з нерiвнозначними змiнними, вiдповiдного заданому формальному кратно-
му степеневому ряду, який є узагальненням qd-алгоритму Рутисхаузера. Встановлено необхi-
днi та достатнi умови iснування такого алгоритму.

Ключовi слова i фрази: регулярний багатовимiрний C-дрiб з нерiвнозначними змiнними,
вiдповiднiсть, кратний степеневий ряд, алгоритм.


