ISSN 2075-9827 e-ISSN 2313-0210 http://www.journals.pu.if.ua/index.php/cmp
Carpathian Math. Publ. 2016, 8 (2), 305-312 Kapnarceki MaTeM. my6a. 2016, T.8, Ne2, C.305-312
doi:10.15330/cmp.8.2.305-312

L)

SAVASTRU O.V.

DIVISOR PROBLEM IN SPECIAL SETS OF GAUSSIAN INTEGERS

Let Aj and A; be fixed sets of gaussian integers. We denote by 74, 4,(w) the number of repre-
sentations of w in form w = af, where « € Ay, B € Ay. We construct the asymptotical formula for
summatory function 74, 4, (w) in case, when w lie in the arithmetic progression, A; is a fixed sector
of complex plane, A, = Z[i].
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gression.
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INTRODUCTION

Let A and A; be fixed infinite sets of natural numbers. We let T4, 4,(7) denote the number
of representations of #n in form n = mymy, where my € Aj,my € A,. To investigate average
order of function 74, 4,(n), it is usual to consider the summatory function

2 TA1,Az (Tl),

n<x

where x is a large real variable. For A; = A; = IN, this is the classical Dirichlet divisor
problem about the number of lattice points (#,v) under the hyperbola uv < x, u,v > 1.
Historical review results on the divisor problem can be found in the monograph of Kratzel [4].

The best estimate to-date is due to Huxley [3]
3 () = xlogx + (27 ~ 1) + O(x¥ (1o x) )

n<x

In articles [5-9] the authors discussed special cases of sets of natural numbers A;, A;.
The similar problem was considered over the ring of the Gaussian integers Z[i] in the work
of Varbanets and Zarzycki [9] in case, when

A1 =ZJi], Ay={a€Z]i]:a=way (mod v)}, w7y € ZJi.
The following asymptotic formula was obtained

n?x log x X L\ 1t N S
x = oyt o (i) ) o () ) o

a=wgy (mod 7y)
N(ap)<x
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where 0 < %, a1 is a number of form ag + By, B € {0, £1, £i} with the smallest norm, the
constant c(g, y) is computable and depends on &g and .

In the present paper, we investigate the distribution of values of the divisor function not
only in an arithmetic progression, but in narrow sectorial region also. By the 75(w) we denote
the function 74, 4,(w) in case, when Ay = Z[i], A, = S(¢) is a fixed sector of complex plane

S(¢) ={a € Z[i]: p1 <arga < ¢2, ¢ = @2 — ¢1}.

The main point of this paper is to construct an asymptotic formula for sum

T(x,7,wo,5(9)) = Y,  ws(w),

w=wy (mod 7),
N(w)<x
in particular to investigate the ranges of v and x for which this formula is nontrivial. Apply-
ing the method of Vinogradov we get the asymptotic formula in case, when the norm of a
difference of progression grows.
In this paper we denote by Z[i] the ring of Gaussian integers

Z[i| = {a+bi|a,b € Z}.

For a € Z[i] we put Sp(a) = a« + & = Rew, N(a) = a - @, where @ denotes a complex conjugate
with a. Sp(a) and N(«) we name a trace and a norm (respectively) of « from Z[i]. Moreover,
exp (x) :=e*, e4(z) := ™1 for g € IN. The Vinogradov’s symbol as in f(x) < g(x) means
that f(x) = O(g(x)); € is an arbitrary small positive number that is not necessarily the same
at each occurence; the constants implied by the O (or <) — notation depend at most on e.
{(s) is the Riemann zeta-function; L(s, x4) is the Dirichlet L-function with the non-principal
character modulo 4. B := {0,+1,+i}. @(a) = N(a)[Tp.(1 - N(p)~') denotes the Euler

function in Z[i].

1 PRELIMINARIES

We begin this section with few background definitions and facts. Note that every non-zero
Gaussian number has associated element in each quadrant of the complex plane. Therefore
without loss of generality, we assume 0 < ¢1 < ¢ < 7. Let x(¢) be a characteristic function
of sector S. We will follow the idea of Vinogradov [1]. We first mention some classical results.

Lemma 1 ( [1]). Suppose r is an integer,r > 0,2 > 0,0 < A < 1 Q), ¢y, ¢> are real numbers,
A < ¢ — ¢1 < Q —2A. Then there exists a periodic function f(¢) = f(¢; ¢1, ¢2) with period
Q) such that:

1. f(¢) = 1 in the interval [¢1,¢2]; 0 < f(¢) < 1 in the intervals [¢; — A, ¢1] and
(@2, 2 + A];

2. f(9) = 0in the interval [p + A, ¢ + Q — A];

3. f(¢) can be expanded into Fourier series of the form

fle) = i A €XP (27171'%),

m=—0oo
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Qg2 — g1 +4),
whereag = & (g2 — @1+ A), |am| < { 2(7t|m|)~!
2(7t|m]) =1 (rQ(7r|m|A) 1)

Remark 1. There exist numbers 6;, |6;| <1, i = 1,2, such that

x(@) = f(@; 01, 02) +01f(@; 91 — B, 1) + O2f (@; 2, 92 + A). (1)

Let d, 6y € Q[i] and m € Z. Let for Res > 1 we define the Hecke Z-function with the shift

exp (4miarg (w +9)) ,
Zm(s;0,00) = exp (27ti Re(dpw) ).
m( 0) wezz[i] N(w—|—5) p( ( 0 ))
w#—6

Lemma 2. Z,(s;0,dy) is an entire function if m # 0 and &y ¢ ZJi]. For m = 0 and §y € Z]i]
Hecke Z-function Zy(s; 6, ¢y) is a holomorphic function in the whole complex plane except at
s = 1, where it has a simple pole with residue 7t. It satisties the functional equation

ST(2|m| + 8)Zm(5;0,80) = m~I9IT(2|m| +1 — §)Z(1 — 5; =30, 8) exp (—27i Re(806)) (2)
in all cases.

For the proof in the case § = Jp = 0 see [2]. The proof in other cases similar.

Lemma 3 ( [9]). Let § be a Gaussian rational, N(§) < 1. Then Zy(s;6,0) has the following
Laurent expansion

Zo(s;6,0) = % +ag(8) + ar(8)(s — 1) + ...,
where

wy +4L' (s, xa), if 6 € Z][i],
a0(0) =\ 7y +4L'(s, x4) tE (N(+B) " +ho(y), ifO<N() <1

7 is the Euler’s constant, by(y) = —4 + O (N% (5)) :

By the Stirling’s formula for Gamma-function to the terms of the second order O(t~2) we
have for [t| > 1,0 >0

T(oc+it) =V 27t 2

X exp ( <tlogt —tt3 ((7— %) + <(7— o? — %) (2t)71 +O(t2))) exp (—%)

Hence,
r2jml+1—s) : 2 oy, 12ml+1  (2Jm|+1)?
T@m£5) = exp | it(2 — log(4m” + ¢ )—|—4 o (4m2—|—t2)2)
(4m* 4 12)1 27 exp <U—%+16(4m +2|m| + 1)~ 1) (3)

/-\I\JIF—‘

x (14 0(m?+ 2)~ %>.
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Applying the estimations for || > 2, 0 =1

pamiarg (w+5)

Z3(5:6,80) == Z(s;6,60) — N@ o)

weB

eZm’Re((FOw) < 1Og4(t2 +m2)

and functional equation (2), from (3) and Phragmen-Lindeltf theorem in the strip
—1 < Re(s) < 1 we infer

1-o

Z:(5:6,60) < (m? + £2) 2" <log(m +t2)> 2, m > 4)

Leta, B, v € Z]i]. We define the Kloosterman sum for the ring of Gaussian integers

!

msp(ac+ﬁf;)

K(a, B;y) = Z e .
&,¢’ (mody)
Ee'=1()

Lemma4. Leta, B,y € Z]i],v # 0. Then the estimate

K&, B;7) < (N(7)N((&, ,7)))27(7)

holds. Moreover,
x
K pn) = ¥ NOK(157). ©
o[ (a, B,y

Proof. This lemma follows from multiplicative property of K (&, 8;y) on 7 and the Bombieri
estimate of an exponential sum on the algebraic curve over the finite field. The formula (5) is a
generalized Kuznetsov’s identity for Kloosterman sums. O

2 THE MAIN RESULTS

Lemma 5. Let v,wy € Z[i|, N(v) > 1, (wo,7) = B,N(B) < N(7v). Then for every ¢ > 0,
N(v) < x37¢ we have

To(x, v, wo) = co(7, wO)Nzcy) log NZC[%) + Cl(’)’rWO)ﬁ +0 (;5:;) /

where co(7y, wy), c1(7y, wo) are computable constants

ol wo) = PN()F (%) N ()(p), ©)
Lwo) =2y [2E -1 2L IOgN P) “1—N(p) Y. (@

Proof. Without loss of generality we will consider a case (wp,y) = 1. For Res > 1 we denote

F)= Y 29 b= F(s) - Y D@0 tEY)
BeB N(wo + B)
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F(s) = ZZ0< )Zo< “20>.
ae(mod'y) ,)/ Y

aqap=wp ()

It is clear, that

By using the Abel’s Lemma about partial summation of Dirichlets’ series, we have forc = 1 +¢,
1 < T < x, where e > 0 is arbitrary small

c+iT
To(x cu)—L / F*(s)x—sds+O X 8)
01 @0) = 5 . s TN(y)) "

c—1

From Lemma 4 we have the functional equation

72(25—1) 1"2(1 _ S)

F(s) = Y(1-—s),
O =N T Y
where
. anq +Bay
¥(1-s) OB, )= Y )
w N a‘B:w aq,0p (mody)
”‘1”‘25“’0(7)

We consider the function F*(s) in the strip —1 < Res < 1+ e. It is obviously that F*(1 +
e+it) < N(7) 17% On the line Res = —3 we apply the functional equation for Zy(s;J,0),
(3), Lemma 4 and then obtain F*(1 + &+ it) < N(v)Y2*¢(|t| + 3)3.

Applying the Phragmen-Lindelof theorem in the strip —}1 < Re(s) < 1+ ¢ we infer for
H<T

F*(—E—l—it) < N(7)1/5+€T12/5+s.

To deal with integral in (8) we shift the line of integration to Res = —e&. By the Theorem of
residues we obtain
x° x° 1 e x°
Tot, o) = res ()% ) +res (FOT ) 5 [ Fo)%as )
—e—iT

x1+s
+0 (xS) +0 (x—sN(,y>l/5+sT7/5+e> +0 (TN(7)> '

Further, applying Lemma 2 we get

. x5 _nleogx %1 _ 1
res <F (S>)_)_—N(’y) [T*a-=N(p)™)

s=1 S
ply

(10)
ﬁ %1 -1\ | L,(1/X4) * logN(p)
N LN )[ ”2(E+L<1,X4> s (N<p>1>)]'

ply ply

where sign [T* means that the product conducts by all the non-associated prime Gaussian
numbers. Moreover, F(0) = 0if N(y) > 1.

S



310 SAVASTRU O.V.

Observe that by Lemma 4
Y e gl = Y K, pwo;7)| < N(1)Y2N((w, 1) 1(7)T(w).
xf=w af=w

Now by the termwise integration and applying the Stirling formula for gamma function and
the method of stationary phase we get

—e+iT
1 o X > y3/8 11 4
p | FOTE= ¥ N(w)“;f<“'ﬁf7>4,r/n@(—g—w )
—e—iT 0<N(w)<Y -
1/8 x1+s ( )
x (14+0(y~ +o<—>+o X 12
(14047 +0 (75 ) +O )

+O( )3 y€T1+4£N(7)1/2“N((w,7))1/2T(w)N(w)1)
N(:;;>Y

4
where Y < X = (%) w, y = %(S’) Thus, by combining (8)—(12) and taking T =

x/2N(v)~3/4, Y = x1/3 we obtain the assertion of Lemma 5. O

Theorem 1. Let v, wy € Z[i], N(y) > 1, (wo,7) = B, N(B) < N(7). Then for every ¢ > 0,

3
x> N2 (v) and @2 — @1 > N2 the following formula holds

4
1 V4
x2~°¢

T(x,7,w0,5(g)) = 22— 91) (

X X
NNy 8 N

+ (c1(y, wo) + Ao(9)) ﬁ) +0 (;;—;)) ,

where co(7y, wo), c1(7y, wo), Ao(¢) are computable constants, which defined in (6), (7). The con-
stant in symbol "O” depends only on e.

Proof. Let m # 0. Denote

cm(w) — Ze4miargo¢.
af=w

For Res > 1 we have
cm(w) e4miarg'y < oq ) ( Xo >
Fu(s) = = Zmls,—,0)1Zgs,—,0],
" w;zm N(w)s N2S(v)aiem20dw "\ v
w=wp(7) agap=wo(7)

Bl)=Fnls) = L Niao s oy

ap=wo+py

e4mi arg o

Thus, repeating the arguments of the proof of Lemma 5, we obtain for m # 0

Tyedmiargy o
Tu(x, v,w0) = Y, cm(w) = NI Y. 'Zn (1,—1,0>
wezZl[i] i a1 €(mod-y)

w=wp(7) (13)

1ie
+0 N(7)1/5+£‘m‘6/5+s +0 X2 ,
Ni(y)
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where sign’ in summation ) denotes that a1 runs reduced residue system modulo .
By the Lemma 1 and (1) we have

T(x,v,wo,S(9))= ), wlw)= ), ) xlarga)

w=wy (mod ), w=wy (mod 7v), ajw
N(w)<x N(w)<x
= ) (flarga o, ¢2) +01f (arga; 1 — A, 1) (14)
af=wy (mod v)
N(ap)<x

+6,f (arga; @2, 92+ A)) Zo +64 21 +6, Zz ,

where f is the function from Lemma 1, associated, respectively, with segments [¢1, ¢2],
(91 — D, ¢1], [p2, 92 + A]. The sums Y, Y1, Y, can be investigated similarly, so we consider
the case } ;. We have

+o0
Zo = Z flarga; @1, ¢2) = Z Z Ay exp(4miarg w)

aBf=wy (mod 7) ap=wp (mod 7y) M=—0
N(ap)<x N(aB)<x (15)
—+o0
= ) am ) exp(dmiarga) = agTo(x, v, wo) + Y amTu(x, 7y, wo),
m=—00  gf=w; (mod 7) |m|>1
N(ap)<x

where a9 = %(902 —¢1+A), Q = 7Z, the exact Value of A will be defined later. The sum
over m we split into two parts: 1 < |m| < A~L, |m| > A=l For |m| < A~! we use the
estimation |a,| < (27t|m|)~!, when |m| > A~ we apply |an| < 2(w|m|) 1 (rQ(r|m|A)~1),
r = 2. Substituting these estimates into (15), using the Lemma 5, (4) and (13) we obtain

2 X ; o
gvz — @1+ D) Tp(x, v, wp) + N2(7) Z / Z 0,7 <1, _1,()>
i a1 €(mody) |m|>1 T

x%—i—s
N(7)1/5+£|m|6/5+8+1—
1<|m\<A 1 Ni(7y)

3 1/5 6/5 xate
— A N(’)/) / +£‘m| / +s+
m|>A 1 (7)

N

NI

.

N?W) AO((PZ - 91, A)

<P2 — @1+ A)To(x, 7, wo) + (92 — ¢1)

1ie
+0 N(7)1/5+£A7275 +0 X2 ,
Ni(7)

1
where Ag(p2 — ¢1,A) = Ag(@) + O(A) limited for ¢ — 1 — 0and A — 0. Let A~ = —&*

In such case we have

= H (e o g
lie (16)
+ (Cl(’Y,wo)Jer((P))N? )+O< x; )
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The sums };, Y, have similar representations, but we write A instead ¢» — ¢1. Ao(¢) can

be obtained using Lemma 1 for the case r = 1. The assertion of the Theorem 1 follows from
(14), (16). The proof is completed. m

In the same way the asymptotic formula for summary function of 74, 4,(w) can be proved,

where A1 = S(¢), Ay = {a € Z[i] : « = ag(mod 7)}.

The asymptotic formula for the Ty(x,y,wp) can be used for investigation of number of

solutions in Gaussian integers of the equation wjay — wzag = B, N(wjap) < x.
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Hexait A1 Ta Ay — Te 3apaHi MHOXMHM LIAMX TaycoBux umceA. depes Ty, 4, (w) mosHauMMoO
KiABKICTD YSIBA€HD w Y BUTASA w = aff, Ae & € Ay, B € Ap. Tlobyaosana acumnToTiaHa ¢op-
MyAa AAS CyMaTOPHOI (PYHKIIII, sika BiAnOBiAae pyHKIIT T4, 4, (W), Y BUMAAKY, KOAM (W HAAEXKUTDH
apudpMeTnyHiit mporpecii, A1 — CeKTOp POCTBOPY ¢ Y KOMIIAeKCHIN IAommmHi, Ay = Z[i].

Kntouoei cnosa i ppasu: raycosi umcaa, mpobaeMa AIABHUKIB, acuMITOTHYHA popMyAa, apudpMe-
TUYHA IPOTPeCisl.



