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VASYLYSHYN T.V.

TOPOLOGY ON THE SPECTRUM OF THE ALGEBRA OF ENTIRE SYMMETRIC
FUNCTIONS OF BOUNDED TYPE ON THE COMPLEX L,

It is known that the so-called elementary symmetric polynomials R, (x) = || 01 (x(£))" dt form
an algebraic basis in the algebra of all symmetric continuous polynomials on the complex Ba-
nach space Lo, which is dense in the Fréchet algebra Hys(Loo) of all entire symmetric functions of
bounded type on L. Consequently, every continuous homomorphism ¢ : Hys(Leo) — C is uniquely
determined by the sequence {¢(R;)}; . By the continuity of the homomorphism ¢, the sequence
{/1@(Rn)|};>_; is bounded. On the other hand, for every sequence {¢,}7" ; C C, such that the
sequence {{/[¢,[}%_; is bounded, there exists xz € Lo, such that R, (xz) = &, for every n € N.
Therefore, for the point-evaluation functional Jxé we have (5X§(Rn) = Gy for every n € IN. Thus,
every continuous complex-valued homomorphism of Hys(Le) is a point-evaluation functional at
some point of L. Note that such a point is not unique. We can consider an equivalence relation on
Leo, defined by x ~ y < 6, = Jy. The spectrum (the set of all continuous complex-valued homo-
morphisms) My, of the algebra Hy (L) is one-to-one with the quotient set Lo/ ~. Consequently,
Mjs can be endowed with the quotient topology. On the other hand, it is naturally to identify M,
with the set of all sequences {¢,}*° ; C C such that the sequence { {/|¢,|}%°_; is bounded.

We show that the quotient topology is Hausdorff and that M;; with the operation of coordinate-
wise addition of sequences forms an abelian topological group.
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INTRODUCTION

Algebras of symmetric functions on the spaces of Lebesgue-measurable functions were
studied by a number of authors [1], [4], [5], [6], [7] (see also a survey [2]). In [3] the spectrum
of the algebra Hy,(L«) of entire symmetric functions of bounded type on L« (see definition
below) is described. In this paper the topology on the spectrum of Hy(Loo) is investigated.

Let Lo, be the complex Banach space of all Lebesgue measurable essentially bounded comp-
lex-valued functions x on [0, 1] with norm

1x[leo = ess supye o [ x(H)]-

Let E be the set of all measurable bijections of [0,1] that preserve the measure. A function
f 1 Leo — C is called symmetric if for every x € Lo, and for every ¢ € =&

flxoo) = f(x).
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Let Hys(Loo) be the Fréchet algebra of all entire symmetric functions f : Lo — C which are
bounded on bounded sets endowed with the topology of uniform convergence on bounded
sets. By [3, Theorem 4.3], polynomials R, : Lee — C, Ry(x) = f[O,l} (x(t))"dt for n € N, form
an algebraic basis in the algebra of all symmetric continuous polynomials on Le. Since every
f € Hps(Lo) can be described by its Taylor series of continuous symmetric homogeneous
polynomials, it follows that f can be uniquely represented as

O =fO+Y Y R RY ().
n=1ki+2ky+...4+nk,=n

Consequently, for every non-trivial continuous homomorphism ¢ : H,; — C, taking into
account ¢(1) = 1, we have

o(f) =f(0)+ ) Y py, g @(R1)M - (R ),
n=1ki+2ky+...+nk,=n

Therefore ¢ is completely determined by the sequence of its values on R, :

((P(Rl)/ GD(RZ)/ .- )

By the continuity of ¢, the sequence {{/|¢(R;)|}{>_; is bounded. On the other hand we have
following statement.

Theorem 1 ([3]). For every sequence ¢ = {{,}5_; C C such that sup,n /|| < 400, there

n=1
exists xz € Lo, such that R,(xz) = &, foreveryn € N and ||xz (e < 2 su V/1&x|, where
g g Y g M SUPreN
M= ﬁ CcoS E—l . 1)
i 2n+1

Hence, for every sequence § = {ﬁn}g’:l such that sup, m < o0, there exists the
point-evaluation functional ¢ = Jy, such that ¢(R,) = ¢y for every n € IN. Since every such a
functional is a continuous homomorphism, it follows that the spectrum (the set of all contin-
uous complex-valued homomorphisms) of the algebra Hy,(Lo ), which we denote by My, can
be identified with the set of all sequences § = {¢, }_; C C such that { {1/@ o1 is bounded.

There are different approaches to the topologization of the spectra of algebras. The most
common approach is to endow the spectrum by the so-called Gelfand topology (the weakest
topology, in which all the functions f : My; — C, f(¢) = @(f), where f € Hyy(Loo), are

continuous). We consider another natural topology on M. Let v : Lo, — M, be defined by

v(x) = (R1(x),Ra(x),...).

Let T be the topology on L, generated by || - ||e. Let us define an equivalence relation on Leo
by x ~ y < v(x) = v(y). Let T be the quotient topology on My, :

T={v(V): V€ 1}

Note that v is a continuous open mapping. Therefore, T contains the Gelfand topology.
In this work we show that (M, +, T) is an abelian topological group, where “+” is the
operation of coordinate-wise addition.
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1 THE MAIN RESULT

Let us denote B(x,r) the open ball with center at x € Lo and radius ¥ > 0in L.
Theorem 2. (My, T) is a Hausdorff topological space.

Proof. Leta = (ay,a,...),b = (b1, by, ...) € Mygsuchthata # b.Letm= min{j € N : a; # b;}.
By Theorem 1, there exist x,, X, € Lo such that v(x,) = a and v(x,) = b. Let

s—min{lwmin{ 1 1 }}
" 3m ([[xallo + 1)1 ([[xp |0 + 1)1 | |

Note that V; = v(B(x4,¢)) and Vo, = v(B(xy,¢€)) are neighborhoods of a and b respectively.
Let us prove that V4 and V; are disjoint. Let y € B(x,,¢) and z € B(xy,€). Let us show that
R (y) # Ryu(z). Note that

|am — bm| =R (xa) — R (xp)| <R (xa) = Riu(Y)| + [Rin (¥) — Rin(2)| + [Rin (2) — R (x) ] (2)

Since ||y — xalloo < &,

|[Rin(xa) = R (y)] S/ | (xa(£))™ = (y(£))"™] dt

(0]

= Jo 0 (£) = ()| | (xa ()" + (xa ()" 2((1)) + ... + (xa()) (W(£))" 2 + (y(£))" Y| dt

< 8/[0/” (|xu(f)|m—1 + |xa(i')|m—2|y(t)| + ...+ |xa(t)||y(f)||m_2 + |y(t)|m_1) dt

IN

8/[01](”xa|‘°m°_1+”xa”omo_ZHyHOO"i_"'_"”xaHOOH]/HTo_Z‘FHy”glo_l)dt

IN

8/[01} (”xaHZiofl + ”xal‘giz(”xﬁ”w +€) + . + Hxa”OO(HxaHoo _|_€)I’Vl*2 + (”xaHoo +€)m71) dt

< em([|xalco +€)" 7" < em(]|xalleo +1)" 1.

Since ¢ < 3m(||“m—bm| it follows that |Ry(x;) — R (y)| < %\am — by|. Analogously, we

|%aloo+1)m 17
obtain |Ry(z) — R (xp)| < 3|am — bu|. Therefore, by (2),

bl < 2o — b + [ R () — Ron ()]
Hence,
[Ru(y) = R(2)| 2 5l — bu] > 0.
Therefore, R,,(y) # Ru(z), and, consequently, v(y) # v(z). Hence, V; and V; are disjoint. [
The operation of coordinate-wise addition + : M%s — My is defined by
a+b=(ay+by,a+0by,...)
fora = (ay,ay,...),b = (b1,by,...) € M. Note that (M, +) is an abelian group.

Theorem 3. The operation of coordinate-wise addition + : Ml%s — My is continuous with
respect to the topology T.
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Proof. Leta,b € My,. Let us show that for every neighborhood U of the point a + b there exist
neighborhoods V, and V, of points a and b respectively, such that a’ + b’ € U for every a’ € V,
and b’ € V.

By Theorem 1, there exist functions x4, X4y € Lo such that v(xy,) = (4ay,4a;,...) and
V(X4b) = (4b1,4b2, .. ) Let

[ xa,(4t), ift€[0,1],
”w_{o, if t € (1,1]

and
xp(t) = { xgp(4t —2), ifte %

.3,
0, ift €[0,4

,7) U
Thenv(x,) = aand v(x;) = b. Note that v(x, + x,) = v(x;) +v(xp). Hence, v(x; + xp) = a+b.
Therefore, x, + x, € v~1(U). Since the set v~1(U) is open in Le, it follows that there exists
e > 0 such that B(x; + x5,¢) C v—1(U). Let

e M
C2M+8
where M is defined by (1). Let V, = v(B(x,,7)) and V}, = v(B(xp,7)). Let us show thata’ + b’ €
U for every a’ € V,and b’ € V. Lety € B(x,,7) and z € B(xp,7) such that v(y) = 4’ and
v(z) = Let
[y, ifte(od], [0, ifte0 1],
1M0—{Q ifre (1] 20 =y, e (31,
L[z, ifte[y?) _ [0 ifte(y])
a0 =407 e boan =0={2 wephog
Since x,(t) = 0 for t € (1,1] and x,(t) = 0 for t € [0, 1) U (3, 1], it follows that
|y — xallo = max{[ly1 — Xalloo, [Y2llc}  and ||z — xp|l = max{[|z1 — xp ||, [|22]|c0 }-

Since y € B(x,,t) and z € B(xy, ), it follows that ||y — x4||ec < 7 and ||z — xp]|ec < 7. Conse-
quently,
1 = Xallo <70 lly2lle <7, 21 = 2plle <7 and  [lza][ec <7

By Theorem 1, for sequences { = 4v(yz) and 17 = 4v(z;) there exist functions ug, v; € Leo
such that v(uz) = & v(uy) = 1, [uglle < 2 and [vy[l < 2, where ¢ = sup,,.p /|¢n| and
d = sup, . 4/ |17n|. Note that

Cnl = [4Rn(y2)| < 4ly2llc <4"  and  |ya| = |[4Ru(z2)] < 4[z2fl5 < 4"

Therefore, ¢, d < sup, . V4r < 4r. Consequently, |||l < & and [0y || < 3. Let

. [0 ift € 0,3 U[3,1],
w0 ={ V), e
and 0 if t € [0,2]
_ ) ift 0,3,
“”:{meﬁyﬁte@a.
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Then
v(u) = v(y2) and  v(?) = v(zp). 3)

Note that ||if]|ec = [|tt¢]|eo and [|T]|cc = [|vy|co- Let ¥ = y1 + @ and Z = z; 4 7. Note that
8r rw _ &

y— oo — - 0o/ Noo < - 0o Noo - = .
17— xalleo = max{{lyr — Xalloo, [[#lleo} < fly1 = %alloo + [[itlleo <7+ i 5

Analogously, ||Z — xp|/cc < 5. Therefore,
1742 = (xa+ xp) [l <[ = Xallow + [ = 2 ]l0 <.
Hence, ¥ +Z € B(x; + xp, €). Therefore, v(iy + 2) € U. Note that
v(y +2) = v(y) +v(2).

By (3),
v(y) = v(y) +v(i) =v(yr) +v(y2) = v(y) =a
and
v(Z) = v(z1) +v(0) = v(z1) + v(z2) = v(z) = V.
Therefore, v(y +2) = a’ + V. Hence,a’' + V' € U. O

Theorem 4. The group’s inverse operation ¢ — —¢ on (Mys, +) is continuous with respect to
the topology T.

Proof. Let us prove that the inverse operation is continuous at the identity element (0,0, ...)
of M. Let U be a neighborhood of (0,0, ...). Then v~1(U) contains 0 € Le. Since v—1(U) is
open, it follows that there exists ¢ > 0 such that B(0,¢) C v~1(U). Let 0 < r < 1Me, where M
is defined by (1), and V = v(B(0, r)). Note that V is a neighborhood of (0,0, ...). Let us show
that —¢ € U forevery { € V. Let{ = ({1,82,...) € V. Then there exists yz € B(0,r) such that
v(yz) = ¢. Note that
Gnl = IRn(ye)| < [lyelleo <"

for every n € IN. Therefore,

sup /|Cn| <.

nelN
By Theorem 1, there exists x_z € Lo such that v(x_¢) = —¢ and

2 .
leglleo < 37 5P {/1 = &l

Since

sup {/| — &ul = sup {/]&| < r
nelN nelN

and r < Me, it follows that ||x_z||o < ¢ ie. x_gz € B(0,¢). Therefore, x_z € v~}(U) and,
consequently, v(x_¢) € U, ie. —¢ € U. Hence, for every neighborhood U of (0,0, ...) there
exists neighborhood V of (0,0, ...) such that —¢ € U for every ¢ € V. In other words, the
inverse operation is continuous at (0,0, .. .).

For n € My let f; : Mys — M, be defined by f,; : ¢ — ¢ + 1. By Theorem 3, f, is a
continuous function for every 7 € M. Let { be an arbitrary element of M,,. By the continuity
of the inverse operation at (0,0,...) and by the continuity of functions f_; and f; at { and
(0,0, ...) respectively, the inverse operation is continuous at { as a composition of continuous
functions. Hence, the inverse operation is continuous at every point of Mj;. 0

Corollary 1. (M, +, T) is an abelian topological group.
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Bia0MO, 1110 Tak 3BaHi eAeMeHTapHi CMMeTpyYHi moAiHOMM R, (x) = || 0] (x(t))" dt yTBOpIOIOTH
aArebpaiunmit 6asyc aATebpy ycix CMMETpUUHMX HellepepBHIX ITOAIHOMIB Ha KOMITA€KCHOMY 6a-
HAXOBOMY IPOCTOPi Loo, SIKA € CKpi3b IIiABHOIO B aarebpi dpemre Hys(Loo) yeix mmirmx cumerpu-
YHMX (PYHKIIi 0OMeXXeHOro TUIy Ha Leo. SIK HacAiAOK, KOXeH HellepepBHUIT TOMOMOPJi3M ¢ :
Hps(Leo) — € OAHO3HAYHO BU3HAYAETHCS TTOCAIAOBHICTIO { (R} ;. 32 HeTepepBHICTIO TOMOMOP-
dismy @, mocaiaosHicTs {{/|@(Ry)|}5_; € 0bMexeHOW0. 3 iHIIOro 60Ky, AAST KOXHOI MOCAI AOBHO-
cri {&,}%.; C C, Taxoi, mo nocairosricts {{/[Z,[}5; € 06MexeHOIo, icHye Xz € Lo Taxa, mo
Ru(xz) = Gn Anst xoxsoro n € IN. Tomy ars pyHKIiOHANA OOUMCAGHHS 3HAUEHHS B TOUL Ox,
6yae Ox.(Ry) = & Arst xoxHoro n € IN. OTXe, KOXeH HellepepBHII KOMIAEKCHO3HAYHWIA TO-
MoMopdism aarebpu Hys(Loo) 36iraeThbest i3 pyHKIIOHAAOM OGUMCAEHHS 3HAYEHHST B AeSIKiit TOULI
IIPOCTOPY Loo. 3ayBaXkyMo, IO TaKa TOUKA He € EAMHOIO0. PO3rAsSHeMO BiAHOILIEHHSI eKBiBaA€HTHOCTI
Ha Leo, BU3HAUEHE PABUAOM X ~ Y < Jy = Jy. TOAl ciexTp (MHOXMHA yCiX HeTllepepBHIX KOM-
IIA€KCHO3HAYHMX TOMOMOPi3MiB) Mps aarebpu Hys(Loo) € Y B3a€MHO OAHO3HAUHINM BiAIOBIAHOCTI
i3 dpaKTOP-MHOXUHOIO Lo/ ~. BiaIOBiaAHO, Ha Mjps MOXXHA PO3TASIHYTH (PaKTOP-TOIOAOT0. 3 iHIIIO-
ro 60Ky, IIPUPOAHO OTOTOXHUTU M i3 MHOXMHOIO ycix mocaiaoBHoOCTel {Cy )5 ; C C Takmx, mo
nocaiaoBHicTD { {/]Eq|}%_, € obMexeHoO.

Y poboTi mokasaHo, 110 ¢paKTOP-TOMOAOTIsI € TaycA0pdoBoIo i 0 My, 3 Omepaliero TOKOOPAN-
HaTHOTO AOAABaHHS TIOCAIAOBHOCTE yTBOPIOE abeAeBy TOIIOAOTiUHy TPYILY.

Kntouosi cnosa i ¢ppasu: cvmeTpudHa doyHKIIisI, TOITIOAOTISI Ha CTIEKTPi.



