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(L)

FILEvYCH P.V., HRYBEL O.B.
THE GROWTH OF THE MAXIMAL TERM OF DIRICHLET SERIES

Let A be the class of nonnegative sequences (A,) increasing to +00, A € (—o0, +00|, L4 be the
class of continuous functions increasing to +oco on a half-closed interval of the form [Ag, A), and
F(s) = ¥ a,e*™ be a Dirichlet series such that its maximum term (o, F) = max, |a,|e"*" is defined
for every o € (—oo, A). Itis proved that for all functions @ € L and f € L4 the equality

* . 0((1];1)
Pnp(F) = max lim
“p (gn)eAN—® ‘B (;7\_: + )\Ln In ﬁ)

holds, where p; 5(P ) is the generalized &, B-order of the function Inu(c, F), i.e. p; 5(F ) = 0if the
function (o, F) is bounded on (—o0, A), and PZ,/S(F) = limyy 4 a(Inp(c, F))/B(c) if the function
#(o, F) is unbounded on (—oo, A).
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1 INTRODUCTION

We denote by INj the class of nonnegative integer numbers, and let A be the class of non-
negative increasing sequences A = (A)cnN, tending to +co.
Let A € A. We consider a Dirichlet series of the form

F(s) = Z a,e, s =0 +it, (1)
n=0
and set
o(F) = Tim —In—,  E(F) = {o € R: |ane™™ = o(1),n — oo}
n—co A, ‘an’

It is easy to see that

U*(F):{—oo, %f E(F) = @;
supE(F), if E(F) # @.

If 0*(F) > —oo, then for all ¢ € (—o0; 0*(F)) we define the maximal term and central index of
the series F respectively by

(o, F) = max{|a,|e™ : n € Ng}, v(o, F) = max{n € Ny : |a,|e” = u(c, F)}.
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Let A € (—o0, 400, and & : D, — R be a real function. We say that « € L4 if two following
conditions are fulfilled: (i) the domain D, of « is a half-closed interval of the form [Ag, A); (ii)
the function « is continuous and increasing to +c0o on D,. If &« € L4 and A < x < 400, then
we assume that a(x) = +oo.

For a given A € (—o0,+o0] and A € A we denote by D% (A) the class of Dirichlet series of
the form (1) such that ¢*(F) > A and put D = UjcaD73 (A).

Leta € Lo, B € Ly and F € D7. If the function p(c, F) is bounded on (—co, A), we set
p;,ﬁ(F) = 0; if the function p(c, F) is unbounded on (—co, A), we put

Let p be a positive constant. Under some conditions on functions «, 8 € L, Sheremeta
[1] proved that

pip(F) = Jim, A
B(3+4mma)
for every Dirichlet series F € D7 , of the form (1). Note that without additional conditions on
functions &, B € Lt formula (1) is false in general (see e.g. [2, 3]).
The following theorem indicates a formula for calculating PZ,;S(F ) in the case of arbitrary
A€ (—oo,+), 0 € Ly, p € Ly, and F € D3

(2)

Theorem 1. Let A € (—o00,+0], & € Lo, B € Ly. Then for every Dirichlet series F € D7 of
the form (1) we have

. — a(11n)
F) = max lim .
sz,ﬂ( ) nEA e g <K_Z+Ainlni)

[an

It can easily be shown that Theorem 1 is equivalent to the following theorem.
Theorem 2. Let A € (—00,+0], & € Ly, B € Ly. Then for every Dirichlet series F € D of
the form (1) we have
o 5(F) = Tim sup —— 1)

n— o0 x 1 1)
XEDy ‘B (A_n + Elﬂw)

2 PROOF OF THEOREM 1

(1)
B+ L)
Consider a Dirichlet series F € D* of the form (1) and prove that k() < Pz,ﬁ(F ). If
Py p(F) = oo it is trivial. Assume that pj 5(F) < +oo, and let p > py ;(F) be a constant.
Then

For a sequence 77 € A set k(1) = limy_c

Inp(e) <a " (pp(c)), o [0, A).
Hence, for every n € Ny we have In|a,| < a=1(0B(c)) — Ayo, o € [0p, A). Therefore, using
the notation ¢, = ,[3_1 (%(x(qn)) for all n > ny we obtain

In [an] < & (0B(0n)) — Ann = tju — Anp " (j;a(w)) ,



THE GROWTH OF THE MAXIMAL TERM OF DIRICHLET SERIES 81

and this can also be written as

> a(1n) . on >
p(k+4ngy)

This yields the inequality k(17) < p. Since p > pj 5(F) is an arbitrary, we obtain k(7)) < pj, 5(F).

It remains to show that there exists a sequence 7 € A such that k() > p; (F ). If

Pz,ﬁ(F) =0, then k(y) > PZZ,/s(F> for every sequence 17 € A as is proved above. Let sz,ﬁ( ) >0,

and (px)ken, be a positive sequence that increase to PZ,;;(F ). Then it follows from the defi-

nition of p ;(F) that there exists a sequence (0 )ken, increasing to A such that the sequence
(v(ox, F))ken, is also increasing and

a(Inp(ox)) = peB(ok), k€ No.
Let ny = v(oy, F), k € Np. Consider a sequence 77 € A such that 17, = a~(0xB(0%)), k > ko.
Then for every k > ko we have

_ 1
In |a”k| + An B ! (E{“(W”k)) =In |‘1ﬂk| + An 0y = lny(ak) (Pkﬁ(‘fk)) = Mng-

This yields p; <

for all sufficiently large k.
n
ﬁ(ﬁ+ﬁ In \aik\ )

Therefore, k(1) > limg_,c px = pj, g(F). Theorem 1 is proved.
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Hexait A — xAac HeBiA'€éMHMX 3pOCTaoumX A0 400 mocairoBHOCTEN (Ay), A € (—00, 4+00], L4 —
KAAaC HellepepBHMX 3POCTAIOUMX AQ +00 (PYHKIIN, 3apAaHMX Ha HAIBBIAKPUTOMY iHTepBaAi BUTAS-
Ay [Ag, A), a F(s) = Y a,e™ — psa Aipixae Takuit, 1o 7OTO MakcUMaAbHWIA uneH p(0, F) =
maxy |a,|e” An ¢ BUSHAYEHVM AASI BCIX 0 € (—o0, A). Bpo60Ti AOBEAEHO, IO AASI AOBIABHMX (PYHKIIIi
& € Licip € Ly npaBuabHa piBHICTD

Pup(F) = max lim ,
/) ) EN 00 77;1 1

() eAn=e g ( in 1)
ae py 5(F) — ysararssermit a, f-nopsiaok dymxuii In (0, F), To6to p} 5(F) = 0, sximo dpymxuis
(o, F) obMexena Ha (—o0, A), i PZ,/S(F) = limy44 a(Inp(c, F))/B(0), siximo dynkuist p(c, F) Heo-
fmexxeHa Ha (—oo, A).

Kntouosi cnosa i ppasu: psia Aipixae, MaKCUMaABHUIL YA€H, IeHTPaABHIIL iHAEKC, y3araAbHEHIIT
TIOPSIAOK.



