ISSN 2075-9827 e-ISSN 2313-0210 http://www.journals.pu.if.ua/index.php/cmp
Carpathian Math. Publ. 2018, 10 (1), 133-142 KapmaTcbki MaTeM. my6a. 2018, T.10, Nel, C.133-142
doi:10.15330/cmp.10.1.133-142

(L)

KURYLIAK A.O., TSVIGUN V.L.

WIMAN'’S INEQUALITY FOR ANALYTIC FUNCTIONS IN D x C WITH RAPIDLY
OSCILLATING COEFFICIENTS

Let A2 be a class of analytic functions f represented by power series of the from
f(2) = f(z1,22) Z AnmZ1 23
n+m=0

with the domain of convergence T = {z € C?: |z;| < 1,|z3| < +o0} such that ag f(z1,22) # 0
in T and there exists rp = (r),79) € [0,1) x [0, +00) such that for all r € (r),1) x (r3, +00) we
have rlﬁlnfmf(r) +1Inry > 1, where Ms(r) = L5, _olawm|riry. Let K(f,0) = {f(z,t) =

Yo 2™ O H0n) .t ¢ R} be class of analytic functions, where (6,,) is a sequence of pos-
itive integer such that its arrangement (6} ) by increasing satisfies the condition

0;.,1/6; >q>1,k>0.

For analytic functions from the class KC(f, 6) Wiman's inequality is improved.
Key words and phrases: Wiman's type inequality, analytic functions of several variables.
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1 INTRODUCTION

In this paper we consider some analog of the classical inequality of A.Wiman (in this re-
gard, see [1-7]) for the class .A3 of analytic functions f represented by power series of the form

f(z) = f(z1,22) Z amzizy, z=(z21,22) € C2, (1)
n+m=0

with the domain of convergence T = ID x C = {z € C?: |z1] < 1, |z3] < +oo}. Let A2 be the
class of functions f € A3 such that

aizzf(zl,Zz) Z0 2)

in T, A3 be the class of functions f € A3 there exists rp = (+{,79) € T:=[0,1) x [0, +-c0) such
that forall 7 € (r{,1) x (9, +00) we have

) i
Mgy M) +Inry > 1, My (r) o= Y. laum|riry )
n+m=0

and A2 = A% N A%.
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134 KURYLIAK A.O., TSVIGUN V.L.

Proposition1. 1. If f € A3\ A2 then for every § > 0 there exists a set E = Ef(d) := Eq1 X [1,79],
/ ” )dln r1 < 400, such that for allr € T \ E the inequlity
Elﬂ 7‘1

pr(r) 1 l/2+ ps(r)

< SN
mtf(r) — (1 _r)lJrzS 1 —1’,

pr(r) == max{|anm|riry : n,m > 0}, 4)

holds.
2. 1Ff € AZ\ (A3 U AZ) then forallr € T, My (r) < C < +oo.

Proof. 1. Remark that every function f € A3\ A2 is the function of the form f(z) = f1(z1) for
all z; € C, i.e. is identical function of z; and analytic function of z; € ID. Therefore the result
of T.K6vari (see [8,9]) implies that inequality (4) holds forallr € T \ E.

2. Further, 7’13% In9M¢(r) = rld% In9My, (1), where My, (r1) = L% |ano|ry. Well known
that the function rld% In9My (r1) is nondecreasing on (0,1). Therefore, with the denial of in-
equality (3) we obtain that the inequality rld% In9Mg (r1) +1Inry < 1forall r; € (0,1) holds.
Hence, My, (r1) = O(1) (r; — 1-0). O

Remark 1. For the function f € A3\ A3 similarly as in proof of 2) we obtain

1 r
In9M¢(ry,72) — 1nsz(r(1), rp) < 5(2 —Inrr?) 1né <(1-InM)In E’

forall (r1,72) € (r?,1) x (0, +o0).
For r = (r1,72) € T and a function f € A% we denote

N, = {(tl,tz) eT:ty >r, th > 1’2},
M¢(r) = max{|f(z)|: |z21] < 71, |z2| < 12},
pr(r) = max{|anm|riry': (n,m) € VARS

We call E C T a set of asymptotically finite logarithmic measure on T (E € Y) if there exists

R € T such that g
1 7’2
(EN AR)
Vln n R / / 1-— 1’1 1’2 OO,

EHAR

i.e. the set EN Ay is a set of finite logarithmic measure on T.
We note that for a function f € A? of the form f(z) = fi(z1) - f2(z2), where fj is analytical
in ID and f; is entire function of one variable, the inequality

Mg(r) < 9Mg(r) < a ffr(l))lwl 1o ff_(r)ll 12404, (5)

foreveryr e Aw\E,E=E1 xE; CT,

d?’l d?’z
/ < +00, / — < Ho0,
Ein(01) 1 =1 EoN(1,400) T2

follows from classical Wiman'’s inequality [6]

Inr)'/2d
M, (r2) < sz(rZ)(lnP‘fz(rz))l/Zlnl/z 2 (rz € (13, +°°)\E2,/E L+ )%rr < +00>
2 , T 00
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for entire function f, and Kévari inequality [8]

Hr (1) 1/2+6 KA (1) 0 / dr
m < v/ LrinSEts
aln) =< (1—rp)t+e " 1-r \! €L DAE, EnO1) 1 =7 =

[ee]

for analytic in D function f;, where Mg (t) = Y10 |gu|t", pg(t) = max{|g,[t": n > 0} and
function g(7) = Y% ¢, 7" and t > 0. Moreover, v, (E N Ag) < +oo for every R = (R, Rp) €
T,R1 >0,Ry > 0.

Inequality (5) for the class A2 is proved in [10].

Theorem 1 ( [10]). Let f € A%, Forevery 6 > 0 there exists a set E = E(6, f) € Y such that for
r € T\ E inequality (5) holds.

None of the exponents 1 + ¢ of (5) can not be replaced by a number less than 1 (see [10]).

Remark 2. Remark, that inequality (5) follows from Proposition 1 also in the cases f € A3\
<A% U AZ) ,f € A% \ A? e, analog of Wiman'’s inequality is not considered only in the case
fe AR\ Al

Let Q) = [0,1] and P be the Lebesgue measure on IR. We consider the Steinhaus probability
space (2, A, P), where A is the c-algebra of Lebesgue measurable subsets of ().

Let Z = (Zum(t)) be some sequence of complex valued random variables defined in this
space. For f € A? by K(f,Z) we denote the class of random analytic functions of the form

flzt) = Y umZum(t)2]25'. (6)

In the sequel, the notion “almost surely” will be used in the sense that the corresponding
property holds almost everywhere with respect to Lebesgue measure P on (). We say that some
relation holds almost surely in the class IC(f, Z) if it holds for each analytic function f(z, t) of the
form (6) almost surely in t.

Let Z = (Zum(t)) be some sequence of random variables defined in this space. Z, (t) =
Xum (t) + iYnm(t) such that both X = X, () and Y = Yy (t) are real multiplicative system
(MS). For f € A% by K(f,Z) we denote the class of random analytic functions of the form

+o00
f(z,t) = Z Apm Zum ()21 25" (7)
n+m=0

For such functions in [11] it is proved following statement (Levy’s phenomenon).

Theorem ([11]). If f € A%, and Z = (Zum(t)), Zum(t) = Xum(t) + iYyum(t) such that X =
(Xum(t)) and Y = (Yum(t)) are real multiplicative systems uniformly bounded by the number
1, then for every 6 > 0 almost surely in KC(f,Z) there exists a set E = E(f,t,0),E € Y, such
that forallr € T\ E

ps(r) 1nl/2+0 pr(r) Anl/4H 4, (8)

Mf(?’, t) = max{\f(z,t)] . ’21‘ S r, ’Zz‘ S 1’2} S m 1 —
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In the case when R = (R,(t)) is the Rademacher sequence, i.e. (R,(t)) is a sequence of
independent uniformly distributed random variables on [0, 1] such that P{t: R,(t) = £1} =
1/2, P. Levy [12] proved that for any entire function f of one complex variable we can re-
place the exponent 1/2 by 1/4 in the classical Wiman’s inequality almost surely in the class
K(f,R) (Levy’s fenomenon). Later P. Erd6s and A. Rényi [13] proved the same result for the
class K(f, H), where H = (e2™@n(t)) is the Steinhaus sequence, i.e. (wy(t)) is a sequence of
independent uniformly distributed random variables on [0, 1]. This statement is true also for
any class KC(f, X), where X = (X;,(t)) is multiplicative system (MS) uniformly bounded by the
number 1. That is forall n € N and € [0,1] we have |X,(t)| < 1and

forall1 <ij <ip < --- < ij: M(XilXiz---Xik) =0,

where M(¢ is the expectation of a random variable ¢ ( [14, 15]). The same holds for Z = (Z,),
Zy =Xy +1iYy,and X = (X,),Y = (Y,,) are both MS.

In the spring of 1996 during the report of P. V. Filevych at the Lviv seminar of the theory
of analytic functions professors A. A. Goldberg and M. M. Sheremeta posed the following
question (see [16]). Does Levy’s fenomenon take place for analogues of Wiman’s inequality for
entire functions of several complex variables?

In the papers [16,17] we have found an affirmative answer to this question about Fenton’s
inequality [18] for random entire functions of two complex variables, in [19] about a inequality
from [21] for random entire functions of several complex variables, in [27] in the case of analytic
functions in the polydisc.

In this paper we consider the class K(f, 6) of analytic functions

f(z,t) = f(z1,22,1) Z Qe Onmt 0, 9)

n+m=0

Here (0,) is a sequence of positive integer such that its arrangement (6} ) by increasing {6, :
(n,m) e Z%} = {6} : k€ Z.},0; 1 > 0f, satisfies the condition (0 is Hadamard sequence)

0 1/0f >g9>1,k>0. (10)

Remark, that in the case 4 > 2 analytic functions of the form (9) satisfy the assumptions of
previous theorem from [11], because (cos6yt), (sinf,t) are MS. But in the case g > 1 the
sequence of random variables (cos 19,715)%2+ need not be a MS (see [16]). So the following
question arrives naturally: does Levy’s phenomenon hold for the class K(f,0) with f € A% and a
Hadamard sequence 67

2 MAIN RESULT

Theorem 2. Letd > 0, f € K(f,0) be an analytic function of the from (9) and a sequence of a
positive integer (0 ) (nm)eZ2 satisfies condition (10). Then almost surely fort € R there exists

E(0,t) € Y such that for allr € T \ E we have
pr(r) 1215 P 1ats
Mf (7’, t) l"§1|ax |f(Z t)| ~ W In Trl In ro. (11)
Similar inequalities for entire functions of one complex variable one can find in [13, 26], for

analytic functions in the unit disc in [9], for entire functions of two variables [11,17, 19,20, 22,
23,27], for analytic functions without exceptional sets [15,24].



WIMAN’S INEQUALITY FOR ANALYTIC FUNCTIONS 137
3 AUXILIARY LEMMAS

Lemma 1 ([25]). Let 6 = (6.m) be a sequence of integers which satisfies (10). Then for any
B>0,1€N,I>2and {cyn: (nm) € Z2} C C there exits A > 0, B > 0 such that

o

where 52 Z +m=0 |Cnm|

Z Cn mzpleimlpzeZniGnmt
n+m=0

€ [o,zn]2}> AgS) 1n1/21}_ ﬁs, (12)

Lemma 2 ([10]). Leté > 0 and h: IRi — R4 be an increasing function on each variable such

that
~+00 400

/ / dulduz
—+o00.
h(uy, up)
Then there exists a set E C T of asymptotically finite logarithmic measure such that for all

r € T\E we have

0
81’1

0 1+
In M (r) < h(lnmtf(r),an),%ln?mf(r)g (msmf(r)) . (13)

-
-1 ra(1—r1)°

Lemma 3. There exits set E € Y such that forallr € T \ E we have

+00
pr(r) avas HF(r) o 50035
n+m)|ag, |l < ——2_In In r
n+;:0( )’ nm‘ 172 (1 1)2+o (1 —7’1) 2

Proof. Let h(r) = (rir2)' ™. Then by Lemma 2, there exist set E € Y such that forall r € T \ E;
we have

d 1 1

InON 1| A [ = n|apm | riry
o ) = Gy eI = ey i

+oo 5

< ISR Ms(NInr, ™ Y nlawm|riry < n M (r) In' T M s (r) Inry o

I—n n+m=0 I—n

1 5 = r 5
< M (r) It M s (r) Inry ™0 1| By [P0 < —— 2 N (r) N ML (r
—1-n f() f() nJer::O |nm|12 _1’2(1—1’1)5 f() f()
1 s g 29 ;

< My (7) In'*? Me(r) Y. (n+m)|ag|riry < f( ) In*? Me(r ) Int T py,

(1 — 7’1) n+m=0 1-— 141

By Theorem 1 we obtain forallr € T\ E;

+00
pr(r) 146 P‘f( ). 1246 1426 P‘f( r) . 1426
n+;:0(n )i < (1 —rp)2He In 1—r In r2ln 1—n 2

pr(r) 2435 HF(T) - 3/0135
< ——" 1 <]
- (1 — 1’1)2+‘S n 1—r n "2
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Proof of Theorem 2. Fork,m € Z and | € Z such that k > —I we denote

G ={r=(nm) €T k<In L<ktl <) <i+1),

“+00 +00
Giim = {r = (r1,72) € G:m <Inrp, < M+1}, Gi=U UG
i=k j=I

Remark that the set

_1r1 +1Inpg(r) < 1}: {r eT: Hf—(r) < e}e Y,

Eoz{rETzlnl T

because there exists rg such that Eg N A;, = @. By Lemma 3 for all r € T\ E; we have

n+m 1 =
Z |anm|riry < Z TWW%V?”Z _E Z (n +m)|anm|riry
+m=0

n+m>d n+m>d (14)
1 ]/lf(r) 2436 ]/lf( ) 3/2435
<o ot <
~d(1—r)2H n 1-n n ra < pg(r),
whered = d(r) = (1fi1+)52+5 In2+39 Pl‘f(rl) In3/2+30 1,

Let G;(kl = Gy \ Ey), I = {(l,]) G:} # @}, Er) =EgUE U <U(i,j)¢l G1]> . Then #I = +o0. For

(k,1) € I we choose a sequence ') € G}, such that Mf(r(k'l)) = rrgérz}l Mg(r). So, for all ¥ € G
we get

1w e 101 1 1
gﬂf(f( 1) < uplr) <eps(r®D), e T D ST, S DK
— 1—

AN
N

(k1) 2 (k) (15)
1 () e (r™)

e? 1— rgkrl) —1—r — 1— r%k’l)

and also U 1)e1 Gy = Uk yer Gu \Ey = Ulifil Gy \ E2 = T\ E;. Denote Ny; = [2d; (r(k'l))],

where

244 2
d(r) = —° 2t ps(r) 03/2+3% (er,),

N (1 — 1’1)2+5 1-— 1

Forr € G;; we put

Wy, (r, t) = maX{ Y aprirfemyrtinagat2mibmt |y [0,27'(]2} .
n+m§Nk,
For a Lebesgue measurable set G C Gj; and for (k,I) € I we denote v4(G) = meas(C) \\here

meas(G;)’
meas denotes the Lebesgue measure on IR?.

Remark that vy is a probability measure defined on the family of Lebesgue measurable
subsets of G ([19]). Let Q = U )er Gy and for alli,j € Z ki, i (ki lij) € 1, ki < kiyq,
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lij <lijy1. For Lebesgue measurable subsets G of () we denote

too /19 1\ ki+1—ki
=0
Loiia—1.
1 i,j+174,f
Ni 211/0 (1 o <§> )

*
" j=0 2lij 1 <1)li,N1+1+li,o Viipaliga,joa (G0 ka+lli+1,j+1)
- —\2

7

where N; = max{j: (k;, l;j) € I}. Remark that ij+1lj+1(Gl>(kj+1lj+l) =v(Q) =1

Thus v is a probability measure, which is defined on measurable subsets of Q2. On [0, 1] x Q)

we define the probability measure Py = P ® v, which is a direct product of the probability
measures P and v. Now for (k;1) € I we define

Fag = {(t,r) € [0,1] x Q: Wy, (r,t) > ASn,, () In'/2 Ny, },
Fu(r) = {t € [0,1]: Wy, (r,t) > ASn,, (r) In'/? Ny},

where SZZ\,H (r) = Zanm o |anm|?r3"r3™ and A is the constant from Lemma 1 with § = 1. Using
Fubini’s theorem and Lemma 1 w1th Cnm = Anm?y7y and B =1, we get for (k,1) € I

Po(F]d) = / ( /) dP) dv :ZP(Fkl(T )dl/ < NL](ZV(Q) I\:[lkl.

Q Fkl(r

(rh)

Note that Ny; > ﬁ In?*+30 £ oy I 3/2+3 rgk’l) > 2*(1 + k)3. Therefore

—r{Dy2+5 1— V§
400 +o0
Z Po(Fia) <Z Z eZkl—i—k < Foo.
(kel —k+1

By Borel-Cantelli’s lemma the infinite quantity of the events {Fy: (k,I) € I} may occur
with probability zero. So,

—+00 400

Ph(F)=1, F=U U () Eclol]xq.

s=1m=1k>s, I>m
(kl)el

Then for any point (¢,7) € F there exist kg = ko(t,7) and Iy = ly(¢,7) such that for all k > ko,
I > 1y, (k1) € I wehave Wy, (r,t) < ASn,, () In'/2 Nj.

So, v(F/\(t)) = 1 (see [19]).

For any t € F([19]) and (k,I) € I we choose a point rék’l)(t) € Gj; such that

3 *
Wi, (r5 (1), £) > 2 Mu(t), Mi(t) L sup{Wyy, (r,1): r € G} }.

Then from vy (F"(t) N G};) = 1forall (k,1) € I it follows that there exists a point rkl (1) e
G}, N F\(t) such that [Wy,, (r{") (£), £) — Wy, (P®D(#), £)| < LMy (t) or

3 1
TMia () < Wi (6™ (1), ) < Wi, (P10 (1), 1) 4+ M (1),
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Since (t,r®)(t)) € F, from inequality (3) we obtain

1
EMkl(t) < Wiy, (rFD (1), 1) < AS, (D () In'/2 Ny

Now for rf) = ¢k () we get

2 k1
iz (rEh) s B s
= &D) 2

(1-r )1+o 1-— rikl)

So, for t € Fy and all k > ko(t), 1 > Iy(t), we obtain

1 P‘f(r(k’l)) Kl Vs
Sn(rkhy < yf(r(k'l)) < @ In D lnré ' )> : (16)
1—r 1—r"

It follows from (15) that d; (r*!)) > d(r) for r € G}, Then for t € F, r € F\(t) NG},
(k1) €I, k > ko(t),1 > Io(t) we get

Mg(r,t) < Yo o amlr S +Wh, (nt) <Y a4 Mig(t).
n+m>2dy (kD) n+m>2d(r)

Finally for t € Fy, r € F/(t) NGy, 1 > Ip(t) and k > ko(t) we obtain

Mf(?’(k’l), t) < }lf(?’(k’l)) + ZASNH (T(k’l)> lnl/z Nkl

(k1) (k1) 1 up(rh) vaer 1/4+6 (k1)
, , +5 (k,
< pp(r) + 2Aps(rY) (1—r(k’l) In 1_r(k,l)> In r

1

17
1 20219 2t ezﬂf(r(k’l))l 3/2438 ¢ ,..(kl) (17
x In R S T (ery ) )
—r —-n
pr(r) /2 B (r) Inl/4+0 1,

My (r,t) < (1—rq)1/240 1-n

Therefore inequality (17) holds almost surely (t € F;, P(F;) = 1) for all

re ( U (G,jlmFA(t))mc,g)\E* —(TNGH)\ (E*UG*UE,) = T\ B,
(k1)el

where GE = U le, E;, =EiUG*UE*, G* = U(k,l)eI(G]fl \ F/\(t)).
It remains to remark that v(G*) satisfies v(G*) = ¥ 1yer(vi (Gyy) — v (F/(t))) = 0. Then
for all (k,1) € I we obtain

A meas(Gj; \ F/\(t)) A // drldrz B
v (G \ F (1)) = meas(GF,) =0, meas(Gy; \ F"( 1 A-r)n =0.
Gy \F
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Hexat A? kaac aHaAiTHuHMX PYHKLIH f BUTASIAY

+o0
f(Z) = f(zl/Z?.) = Z anmzilzan

n+m=0

3 obaactio 36ixnocti T = {z € C2: |z1] < 1,|z2] < 400} Takmx, mo aisz(zl,zz) # 08 Tiicaye

ro = (r9,79) € [0,1) x [0, +00) Taxe, wo arst Beix r € (r),1) x (1, +00) Maemo rla%lnimf(r) -
Inry > 1, ae Mp(r) = L0, o lawm|riry. Hexait K(f,0) = {f(z,t) = T35, _o anme? ™ Ot0n) + ¢ €
R} — xaac aHariTHuEMX PYHKIN, Ae (O ) — MOCAIAOBHICTD AOAATHMX IIAMX UMCEA TaKa, IO ii

BIOPSIAKYBaHHS (6} ) 3a 3pOCTaHHSIM 3aAOBOABHSIE YMOBY
0ci1/0F >q>1,k>0.

Anst aHaAiTHUHVX (PYHKII 3 KAacy K(f, ) yrouneHo HepiBHicTh THIy BiMaHa.

Kontouosi cnosa i ¢ppasu: HepisHicTb Tvmy BiMaHa, aHaAiTHUHI PyHKIIT Bia AeKIABKOX KOMIIAe-
KCHMX 3MiHHMX.



