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MIXED PROBLEM FOR THE SINGULAR PARTIAL DIFFERENTIAL EQUATION OF
PARABOLIC TYPE

The scheme for solving of a mixed problem is proposed for a differential equation
or 0 oT
103 = 3¢ (035 )~ T

with coefficients a(x), g(x) that are the generalized derivatives of functions of bounded variation,
¢(x) > 0, c~!(x) is a bounded and measurable function. The boundary and initial conditions have
the form

nT(L7) + T (L) = 9o (T),

T(x,0) = ¢(x),
oT

where p1p2 <0, 4192 > 0 and by e (x, T) we denote the quasiderivative c(x)4;. A solution of this
problem we seek by the reduction method in the form of sum of two functions T(x, t) = u(x, ) +
v(x, T). This method allows to reduce solving of proposed problem to solving of two problems: a
quasistationary boundary problem with initial and boundary conditions for the search of the func-
tion u(x, ) and a mixed problem with zero boundary conditions for some inhomogeneous equation
with an unknown function v(x, 7). The first of these problems is solved through the introduction
of the quasiderivative. Fourier method and expansions in eigenfunctions of some boundary value
problem for the second-order quasidifferential equation (c(x)X’(x))/ —g(x)X(x) + wa(x)X(x) =0
are used for solving of the second problem. The function v(x, T) is represented as a series in eigen-
functions of this boundary value problem. The results can be used in the investigation process of
heat transfer in a multilayer plate.
Key words and phrases: mixed problem, quasiderivative, eigenfunctions, Fourier method.

{mm, )+ pa (0, 7) = g1 (1),
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INTRODUCTION

Boundary problems for differential equations of heat conduction with smooth coefficients
were studied quite comprehensively in the literature (e.g., see [7]). However, during the mod-
eling of heat transfer processes, the boundary problems with piecewise continuous coefficients
or coefficients that have generalized derivatives of discontinuous functions are often appeared.
Such problems have already begun to be studied in the works [2,5,6].

The present paper deals with solving of a mixed problem for a partial differential equation
of parabolic type with coefficients that are the generalized derivatives of functions of bounded
variation. A reduction method [7] is used for solving of this problem. This method allows to
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reduce solving of this problem to solving of two problems: a quasistationary boundary prob-
lem with initial and boundary conditions and a mixed problem with zero boundary conditions
for some inhomogeneous equation. Fourier method and expansions in eigenfunctions of some
boundary value problem for the second-order quasidifferential equation are used for solving
of the second of these problems. In this paper we consider a more general statement of the
problem than in [2]. Moreover, it is proved the non-negativity of the eigenvalues, which is a
necessary condition for the correctness of the description of the heat transfer process.

Quasidifferential equations are equations that contain terms of the form (p(x)y(™))(),
These equations cannot be reduced to conventional differential equations by n-fold differenti-
ation if the coefficient p(x) is not sufficiently smooth. The introduction of quasiderivatives is
used for their research [3].

1 FORMULATION OF THE PROBLEM

Consider the next mixed problem for a partial differential equation of parabolic type. It is
necessary to find a solution T(x, T) of the equation

1035 = 5 (05 ) —s@)T 0

with boundary conditions

{plT(O, T) 4+ PzTg[cu (0,7) = P1(7), (2)

nT(0,7) + 2T (1, 7) = ya(v)

and initial condition
T(x,0) = ¢(x), (3)
where a(x) = b'(x), g(x) = h'(x), b(x), h(x) are right continuous nondecreasing real functions
of bounded variation on the interval [0,1], c(x) > 0, c~!(x) is a bounded and measurable
function on the interval [0,1], ¢(x) is a continuous function on the interval [0,1], ¥1(7) and

P»(7) are continuously differentiable functions for T > 0, p1, p2, 41, g2 are real numbers,

d
pip2 <0, 192 = 0. By T,[Cl] (x,7T) i c(x)g—z we denote the quasiderivative. The primes in the

formulas a(x) = b'(x), g(x) = I (x) stand for the generalized differentiation, and hence the
functions a(x), g(x) are measures, i.e., a zero-order distributions on the space of continuous
compactly supported functions [1].
A solution of problem (1)—(3) seek by the reduction method in the form of sum of two
functions
T(x,7) = u(x, ) +v(x,T). 4)

Any of functions u or v can be chosen by a special way, then another one will be determined
uniquely.

2  QUASISTATIONARY BOUNDARY PROBLEM FOR u(x, ”C)

We define u(x, T) as the solution of the boundary problem

9 <c(x)g—z> —gx)u =0, ©)



MIXED PROBLEM FOR THE SINGULAR PARTIAL DIFFERENTIAL EQUATION OF PARABOLIC TYPE 167
1
pru(0,) + p2u (0,7) = 1 (), 6
i - (6)
qiu(l, ) + qaux (L, T) = ¥a(7),

which is derived from problem (1)—(3), if T is a parameter. Here the quasiderivative u,[cu (x,7) i

c(x)2%, then g—z = % With the help of the vector 7 = (1, /)T equation (5) is reduced to the

ox”’ C)lc
u / 0 % u
[0 ) (oo 5) ()

system
Boundary conditions (6) are also represented in the vector form

P-ua(0,7)+ Q-u(l,t) =T(7), (8)

(0 0) e=(p ) o= (03) ()

Suppose that we know the Cauchy matrix B(x, s) of system (7). It can be constructed, for ex-
ample, when the coefficients c(x) and g(x) are piecewise constant functions [4]. In the general
case, it is necessary to know the fundamental system of solutions of system (7) for construc-
tion the Cauchy matrix [4]. By [4], equation (5) with arbitrary initial conditions u(xg, T) = ug,
ulll(xg,T) = u1, xo € [0,1] has a unique solution in the class of absolutely continuous func-
tions, and the quasiderivative u!!l of this solution has a bounded variation by the variable x on
the interval [0, I].

We have 7i(x, ) = B(x,0)iiy, where iiy = ii(0, 7). We shall determine 7. From bound-
ary conditions (8) we obtain P - ilg + Q - B(1,0) - iip = [ whence i1y = (P + Q- B([,0))"! - T.
Therefore,

where

a(x,7) = B(x,0) - (P+Q-B(1,0)) "' - T (7). 9)

3 MIXED PROBLEM FOR (X, T)

We substitute u(x, T) and v(x, T) into equation (1)

a(x) <g—z + g—:) = % (c(x) <g—z + g—i)) —g(x)(u+0).

In consequence of (5) we have the equation
Jov 0 v ou
105 = 52 (c037) - )0 - a3 (10)

According to formula (9) the derivative % is a continuous function of the variable x on [0, ]
and so the last term in equation (10) is correct.

By taking into account formula (4), we define the boundary conditions for v from condi-
tions (2)

p11(0,7) + paul (0, 7) + p10(0,7) + p2ol (0, 7) = 91 (1),
(1, T) + gl (1, 1) + g1o(1, T) + g200 (1, 7) = (7).
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By virtue of (6), we obtain

p1o(0,7) + paox (0,7) =0, an
q1o(l,T) + qzv,U(l,T) =0.

The initial condition is determined similarly
af
0(x,0) = ¢(x) —u(x,0) = ¢(x). (12)

4 FOURIER METHOD AND EIGENVALUE PROBLEM

We search for non-trivial solutions of the homogeneous differential equation

050 = 57 (052 ) ~gx)o
with boundary conditions (11) in the form
v(x,T) =e “TX(x), (13)
where w is a parameter, and X(x) is a function. Then

—wa(x)e”TX(x) = (c(x)X'(x)) e™9T — g(x)X(x)e T,

whence we get the quasidifferential equation

(c(0)X' (x)) = g(x)X(x) + wa(x)X(x) = 0. (14)

Substituting formula (13) in boundary conditions (11), we obtain

p1X(0) +P2X[1]( 0) =0,
{th(l) +axll(D) =0, (15)

We denote by wy the eigenvalues of boundary problem (14), (15). Let Xi(wy, x) be the
corresponding eigenfunctions, k = 1,2,.. ., c.

By [8], all eigenvalues wy of boundary problem (14), (15) are real, there are a countable
number of them, and their set has not a finite limit point. The eigenfunctions Xy (wy, x) that
are corresponded to the different eigenvalues are orthogonal in the sense

/X Wi, X)Xy (W, x)db(x) =0,  wpy # wy.

We now prove that all of the eigenvalues wy of boundary value problem (14), (15) are non-
negative with the coefficients imposed in section 1.
To do this, we multiply both parts of the equation

(c(x)Xk(x))" = (%) Xi (%) + wpa(x) X (x) = 0

by X (x) /
(c(x) X (x)) Xe(x) — g(x) X2 (x) + wia(x) X2 (x) = 0.
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Then, taking into account that X][(l] (x) = c(x) X} (x), after transformations we obtain

wpa(x)X2(x) = — (XM ()X, () + X (2) XL (%) + g () X2 ().

By integrating both parts of the obtained ratio in the range from 0 to /, we will have

wr [ XEIb(x) = ~XI0)X(0) + %0 %4(0)
0 (16)

+/ %) (XL (x 2dx+/Xk ().

Since the functions Xj (x) are absolutely continuous as a result of [4], and their quasideriva-

tives X][(l] (x) have a bounded variation on the interval [0, /], we see that all of the above trans-
formations have sense.
All integrals in formula (16) are non-negative. If p; = 0 or p, = 0, then X,[(l] (0)X,(0) = 0.

If p1p2 < 0O, then from the first condition of system (15) we have X][(l] (0) = —%Xk (0). Then
X, (0) X, (0) = —ELXZ(0) > 0. Similarly, if g1 = 0 or g = 0, then X, (1) X (I) = 0, otherwise
X,[(l] (X (1) = —Z—;X,%(l ) < 0. Consequently, it follows from formula (16) that all w; > 0.

5 METHOD OF THE EIGENFUNCTIONS

We seek v(x, T) in the form of the series
oo

Z Xk Wi, X )l (17)

where X (wy, x) are the eigenfunctions of boundary problem (14), (15). We substitute formula
(17) into equation (10)

0 [ & d 0 [ &
alx) (kzl tk<r>xk) = (e(x)a (kzl tk<r>xk))
ou
Z tk Xk - El )aT
whence, under the assumption of uniform convergence of series (17) and series derived from

it by differentiation by x or 7, we have

ou

) Y 50X = Y (1) (X)) = g(x)Xe ) — a(x) 5=
k=1 k=1
As a result of equation (14) there is equality

(c(x)X}) — g(x) Xy = —wia(x) Xy,

then
ou

x) Y ()X Z tr (T)wra(x) Xy — a(x)g.
k=1
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Therefore,

s 0
; ) + wite(T)) X = a: (18)

We expand the known function g” in a series in the eigenfunctions of boundary problem

(14), (15):

o]

de Xk W, X )r (19)

where
1 I'9u

IXill Jo ot
By substituting formula (19) into (18), we obtain

Ai(7) = Xl )b, 1% = [ X (i, db(x).

t;((T) + wktk(r) = —dk(T>, k=1,2,...,00. (20)

Since formulas (12) and (17), we have
Z te(0) Xk (wi, x) = ¢(x).
We expand the function ¢(x) in a series in the eigenfunctions

Z o Xe(wp x), o= HXkH/ %) X (g, %) db(x).

Consequently,
i'k(O) = Pk, k= 1,2,...,00. (21)

Then for all positive integer k we have Cauchy problems (20), (21) for ordinary differential
equations.
General solutions of linear inhomogeneous equations (20) acquire the formulas

T
te(T) = <Ck _/0 dk(s)e“’ksds> e~ VKT,

where Cy are arbitrary constants. Therefore, by using initial conditions (21), we find for each
positive integer k the solution of the corresponding Cauchy problem

te(T) = re” “FF —/ die(s)e 5T s,
0

Then, by virtue of formula (17), we obtain

[ee]

o(x,7) =) (goke_“’kT - /OT dk(s)e“’k(s_f)ds> Xy (wy, x).

k=1

Thus, by using the reduction method, Fourier method and the expansion in a series in
eigenfunctions, we built the solution of the boundary problem for the parabolic type partial
differential equation with distributions. The results can be used in the investigation of the
process of heat transfer in a multilayer plate.
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3anporOHOBAHO CXeMY PO3B’sI3yBaHHSI MilllaHOi 3aAadi AASI AMcpepeHITiaAbHOTO PiBHSHHS

1057 =5 (0 ) g0 T

3 koedpimieHTamm a(x), g(x), siki € y3araapHeHMMYM OXiAHMMY PYHKIII 06MexxeHol Bapiawii, c(x) >
0, c~!(x) — obmexena i BumipHa dynkuis. Kpaitosi i mouaTkoBa yMOBM MAOTh BUTASIA

{mm, )+ pa (0, 7) = g1 (1),
nT(L7) + T (L 1) = 9o (T),

T(x,0) = ¢(x),
aT

Ae p1p2 < 0, q192 > 0, a yepes Y (x, T) mo3HaYeHO KBas3imoxiaHy c(x)%y. Po3B’s30K i€l 3aaa-
ui IIYKa€eThCSI METOAOM PeAYKIIT y BUTAsiAl cymut ABox pyrkuint T(x, T) = u(x, ) + v(x, 7). Llen
METOA, AA€ 3MOTy 3BeCTM PO3B’sI3yBaHHS IOCTaBAEHOI 3apadi AO PO3B’SI3yBaHHS ABOX 3aAay: Kpa-
10BOi KBasicTalioHapHOI 3aAaUi 3 TIOYATKOBMMM i KpallOBMMM YMOBAMM AAS BiAIITyKaHHs (PyHKIIIT
u(x, T) i MillIaHOI 3aAayi 3 HYABOBMMU KPallOBMMM YMOBaMU AASI A€SIKOTO HEOAHOPIAHOTO PiBHSI-
HHSI 3 HeBiAoMOIO pyHKIiieo v(x, T). IlepIma 3 IMX 3adad PoO3B’SI3YE€THCSI 3 AOIIOMOTO0 BBEACHHST
KBa3imoxiaHOi. AAsl pO3B’s3yBaHHSI APYTOi 3aAadyi 3aCTOCOBYEThcsl MeToA Dyp’e i po3BuHeHHS 3a
BAACHMMM (PYHKIIISIMM AesTKOT KparoBoi 3aAaui AAsT KBasiAMdpepeHIiaAbHOTO PiBHSHHS APYTOTO I10-
PAAKY (c(x)X’(x))/ —8(x)X(x) + wa(x)X(x) = 0. ®yHkuist v(x, T) HOAAETHCS Y BUTASIAL psIAY 3a
BAAacHMMM (pyHKIIsIMM Liel KpaitoBoi 3aaaui. OTpuMaHi pe3yAbTaT MOXHA BUKOPUCTOBYBATH AASI
AOCAiAXeHHS ITpoIlecy TeIAOIepeAadi B baraTomaposiit IANTI.

Kntouosi cosa i ppasu: MillaHa 3apava, KBasiloxiaHa, BAacHi oyHKIIiT, meToa Dyp’e.



