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VASYLYSHYN T.V.

SOME PROPERTIES OF SHIFT OPERATORS ON ALGEBRAS GENERATED BY
*-POLYNOMIALS

A x-polynomial is a function on a complex Banach space X, which is a sum of so-called (p, q)-
polynomials. In turn, for non-negative integers p and g, a (p, q)-polynomial is a function on X,
which is the restriction to the diagonal of some mapping, defined on the Cartesian power XP 11,
which is linear with respect to every of its first p arguments and antilinear with respect to every
of its other g arguments. The set of all continuous *-polynomials on X form an algebra, which
contains the algebra of all continuous polynomials on X as a proper subalgebra. So, completions
of this algebra with respect to some natural norms are wider classes of functions than algebras of
holomorphic functions. On the other hand, due to the similarity of structures of *-polynomials and
polynomials, for the investigation of such completions one can use the technique, developed for the
investigation of holomorphic functions on Banach spaces.

We investigate the Fréchet algebra of functions on a complex Banach space, which is the comple-
tion of the algebra of all continuous *-polynomials with respect to the countable system of norms,
equivalent to norms of the uniform convergence on closed balls of the space. We establish some
properties of shift operators (which act as the addition of some fixed element of the underlying
space to the argument of a function) on this algebra. In particular, we show that shift operators are
well-defined continuous linear operators. Also we prove some estimates for norms of values of shift
operators. Using these results, we investigate one special class of functions from the algebra, which
is important in the description of the spectrum (the set of all maximal ideals) of the algebra.
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INTRODUCTION

x-Polynomials (see definition below) are natural generalizations of usual polynomials on
complex Banach spaces. Such objects were firstly studied in [4]. It is known that comple-
tions of the algebra of all continuous polynomials on some complex Banach space with respect
to topologies of uniform convergence on some bounded subsets of the space are algebras of
holomorphic functions. On the other hand, the analogical completions of the algebra of all
continuous *-polynomials contain wider classes of continuous functions. Except of holomor-
phic functions, they can contain functions, which are complex-conjugate to holomorphic. Also,
as it is shown in [3], such algebras can contain functions, which cannot be represented as lin-
ear combination of products of holomorphic functions and complex-conjugate to holomorphic
functions. Thus, such algebras can contain the wide enough class of continuous functions on a
complex Banach space. The algebraic structure gives the opportunity to consider the elements
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of the algebra as continuous functions on the spectrum (the set of maximal ideals) of the al-
gebra. In the description of spectra of algebras of functions on Banach spaces the so-called
convolution operation on the spectrum plays an important role. In turn, the convolution op-
eration on the spectrum is defined with aid of the so-called shift operators, defined on the
algebra. Shift operators for algebras of holomorphic functions on Banach spaces and their
applications for the spectra were investigated in [1], [2], [7], [8].

In this work we establish some properties of shift operators on the Fréchet algebra of func-
tions on a complex Banach space, which is the completion of the algebra of all continuous
x-polynomials with respect to the countable set of norms, which are equivalent to norms of
the uniform convergence on closed balls with rational radii, centered at 0. We show that shift
operators are well-defined continuous linear operators. Also we investigate one special class of
functions from the algebra, constructed by using of the composition of continuous linear func-
tionals with shift operators. Such classes of functions play an important role in the description
of spectra of algebras of functions on Banach spaces.

Let IN be the set of all positive integers and Q be the set of all positive rationals. Let
X be a complex Banach space. A mapping A : XP™1 — C, where p,q € N U {0} are such
that p # 0 or g # 0, is called a (p, q)-linear mapping, if A is linear with respect to every of
first p arguments and it is antilinear with respect to every of last 4 arguments. A (p, q)-linear
mapping, which is invariant with respect to permutations of its first p arguments and last g
arguments separately, is called symmetric. A mapping P : X — C is called a (p, g)-polynomial
if there exists a symmetric (p, q)-linear mapping Ap : XP*7 — C such that P is the restriction
to the diagonal of Ap, i.e.,

P(x) = .
(x) = Ap(x,.. . %)
p+q
for every x € X. The mapping Ap is called the symmetric (p, g)-linear mapping, associated
with P. (p, g)-polynomials and (p, q)-linear mappings were studied in [5] and [6].

Note that for (p, q)-polynomials the following analog of the Binomial formula holds:

l

y) ]ZOkZO] (q Ay ¥

where
Ap(xj,y”_j, xk,yq_k) =Ap(X, ..., X, Y, Y, X XY, Y)
j p=i k -k
for every x,y € X. Let us denote by P (P7X) the space of all continuous (p, g)-polynomials with
norm
IP] = sup |P(x)].

[[xf <1

Also, for convenience, let P(X) = C.
A mapping P : X — C is called a *-polynomial if it can be represented in the form

M N
P = Z: Z:l?w

p=04=0

where M,N € N U {0} and P,; € P(P7X). Denote P.(X) the algebra of all continuous *-
polynomials on the space X.
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1 THE MAIN RESULT

Let
{Il-llr: 7€ (0,400)} (2)

be the set of norms on P, (X) such that
1. |PQ]lr < ||P|I||Q|lr for every P,Q € P«(X) and r € (0, +00).

2. There exist functions (0, +o0) 3 t — ¢; € (0, +00) and (0, +c0) > t — C; € (0, +00) such
that inf,c(, ¢+ > 0 and SUP;c (4] Ct < +oo forevery b > a > 0, and

¢ sup |P(x)] < |IP], < C sup |P(x)

[lxf| <r [l <r
for every r € (0,+o0) and P € P.(X).

Let
{1y reQs} (3)

be the subset of the set of norms (2). Note that the set (3) is countable. Let A(X) be the
completion of P, (X) with respect to the metric, generated by the set of norms (3). It can be
checked that A (X) is a Fréchet algebra of functions on X. By the continuity of norms from (3),

cr sup |f(x)| < [Ifllr <G sup [f(x)] (4)

1l <r [lxl|<r
forevery r € Q4 and f € A(X).
Theorem 1. (i). For every x € X the operator Ty : A(X) — A(X), defined by

(Tf)(y) = f(x +y),

where f € A(X) andy € X, is a well-defined continuous linear operator such that

[T fllr < Crc;f__&HxHHer—i-HxH/

for every f € A(X) andr € Q4.
(ii). For every f € A(X) and for every continuous linear functional ¢ : A(X) — C, the
function h(Prf : X = C, defined by

hy,f(x) = ¢(Txf),
belongs to A(X), and
|hgo,f(x)| < KCSCS__:HxHHf”s-i-HxH/
for every x € X and for every s € Q4 such that ¢ is continuous with respect to || - ||s, where
K = sup) ¢ <1 [o(f)].

Proof. (i). Let x € X. For every f € A(X), since (Txf)(y) = f(x +y) and f is well-defined at
x + v, it follows that T f is well-defined at y. Also note that for every r € Q

sup [f(x+y)| < sup |[f(z)] < C;_:HxHHf|’r+HXH’

Iyll<r 2] <r+[x|
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ie.,

sup |(Txf)(y)| < Cr+|\x|\||f|’7+\|x\| ®)
lyll<r

Let P € P.(X). Let us show that T,P € P.(X). Let P = EQ/I:() 2{7\’:0 Py;, where Py, €
P(P1X). By (1),

P 'q! j o p—J +k 49—k

pzotazojzoz;ol kg — R Fw XYY,
where Ap, is the symmetric (p, g)-linear mapping, associated with the (p, q)-polynomial Pp,
for every p € {0,...,M} and q € {0,...,N}. Note that for fixed x € X the function
Appq(xf ,yP~7,xk,17%) is a continuous (p — j,q — k)-polynomial with respect to y. Therefore,
TyP is a continuous *-polynomial.

Let f € A(X). Let us show that Ty f € A(X). Since P, (X) is dense in A(X), it follows that
there exists the sequence {f,};’ ; C P«(X), which converges to f with respect to every norm
from (3). Consider the sequence {Txf,}:" ;. Since f, € P«(X), it follows that Ty f, € P:(X).
Thus, {Txfu}; 1 C P«(X) C A(X). Let us show that the sequence {Txf,}5_; is fundamental
in A(X). Letr € Q4. Form,n € N, by (4),

| Txfm — Tafullr < Cr HSlHlp (T fn)(y) — (T fu) ().
yll=r
By (5),
sup |(Txfm)(y) — (Txfa) (y)| < Cr+\|x\|”fm fﬂ”r+\|x\|

lyll<r
Thus,
HTxfm - Txfn”r < CrC;JrleHHfm - anr+|\x|\~
Since the sequence {f,}?> ; is fundamental, it follows that the sequence {Txf,}$ ; is funda-
mental. Since the algebra A(X) is complete, it follows that there exists ¢ € A(X) such that
the sequence {Tf,};"; converges to g. Let y € X. Let us show that (Tyf)(y) = g(v). Let

p € Q4 be such that p > ||y||. Since the sequence {Txf,}:’ ; converges to g, it follows that
{IITxfn — 8llp Yoy converges to 0. By (4),

sup |(Txfu)(z) —g(2)| < C;1||Tan — 8llp-

llzll<p
Therefore,
(T fu)(y) — )| < C51||Tan — 8llp-
Consequently, the sequence {(Tyf)(y)}>_; converges to ¢(y). On the other hand, by (5),
sup [(Tef)(2) = (Tef) (2)] < 58y lF = Fallos -

llzll<p

Therefore,
(TeHW) — (Tef) D] < &y = Fallps -

Since || f — fullo4|x — 0asn — oo, it follows that the sequence {(Txfx)(y)};-; converges to
(Txf)(y). Therefore, (Txf)(y) = g(y). Thus, Ty f = g and, consequently, Ty f € A(X).
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By (4) and (5),
[T fllr < Cr sup [(Txf)(y)] < CrC,_JrleH||er+\|x\| (6)

lyll<r

for every r € Q.

(ii). Let f € A(X) and ¢ € A(X)'. Note that the function h, ¢(x) = ¢(Tyf) is well-defined
at every point x € X, because Ty f belongs to .A(X) and ¢ is well-defined on A(X).

Since ¢ is a continuous linear functional on A(X), there exists s € Q such that ¢ is con-
tinuous with respect to the norm || - ||s. Therefore, for every f € A(X),

()l < K[| flls, (7)
where K = sup ¢ 4 l¢(f)|. By (7) and (6),

lo(Tf)| < K[| Tuflls < KCSCS_+1HxHHf||s+HxH/

i.e.,
’hq),f(xﬂ < KCSCS_+1‘|X‘|”st+|\x|\~ (8)

LetP = 22/120 Zé\[zo Py be a continuous *-polynomial. Let us show that a function i1, p(x) =
@(TyP) is a continuous *-polynomial. By (1), taking into account the linearity of ¢, we have

_ p'q! i pi ok gk
h‘P/P(x> o Z ZZZ il _]')!k!(q_k)!¢(y'_>Aqu(x]/yp J,x ryq ))
Note that the function

Wpq,ik(X) = @y =+ Ap,, (P, 25, y775))

is the restriction to the diagonal of (j, k)-linear symmetric mapping

B(x1, .-, X, Xj1,- -, Xjak) = @y = Appq(xl,...,x]-,yp_j, x]-+1,...,xj+k,y‘7_k)),

therefore, w), , ;  is a continuous (j, k)-polynomial. Hence, h, p is a continuous *-polynomial.

Let us show that i, ¢ € A(X) for every f € A(X). Since f € A(X) and P.(X) is dense in
A(X), there exists the sequence {f,}* ; C P.(X), which converges to f. Since f, € P«(X), it
follows that h,, s, € Pi(X). Therefore, the sequence {h, f, };.; is contained in P.(X). Let us
show that this sequence is fundamental in A(X). Letr € Q. For m,n € IN, by (8),

|hgo,fm(x) - h(P/fn(x)| = |h(p,fm—fn(x)| < KCSC;:HJCH”fm - fn”s-i-HxH'

Therefore,

”h(p,fm - h(p,anV < C; sup ‘h(p,fm(x> - h(P,fn(x)’ < KCG,Cs sup C;Lluxu”fm _fn”s+\|x\|-

x| <r llxll<r

Note that

sup Cs_JrleH”fm - fn”s-i-HxH < < sup Cs_+1\|x\|> < sup ||fm — ans-i-HxH)

[l x| <r x| <r [l x| <r
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and

sup C;:qu = < inf cs+|x|>1 = ( inf }Ct> 71,

[l x||<r ||x|| <r tels,s+r

which is finite, because inf;c[s 51, ¢+ > 0. By (4),

sup |[fm = fallsyx < sup Coppxy  sup  |fm(y) — fu(y)| <

lxl<r lxl<r [yl <s+Ilxl
< sup Coyjy| sup fn(y) — fa(y)| = < sup Ct)”fm — falls+r-
x| <r lyll<s+r te(s,s+7]
Thus,
7 7 ||<1<cc< inf c>_1< c)||f fll
— in su — :
I Pl Phllr = T tels,s+r] : tE[s,sl::Lr} t ! e
Therefore, since the sequence { f, }7_; is fundamental, it follows that the sequence {%,, 1, } 7> is

fundamental. Since A(X) is complete, there exists v € A(X) such that the sequence {h, r, } 7
converges to v. Let us show that i, r = v. Let x € X. Let p € Q. be such that p > ||x||. By (4),

sup |hy, 5, (z) = 0(2)] < ¢t hg,5, = llp-

Therefore,

., (x) = 0(x)] < ¢ By, p, = llp-
Since ||hy,f, — 0llp — 0asn — oo, it follows that the sequence {h, r, (x)};_; converges to
v(x). On the other hand, by the continuity of ¢ and Ty, since f, — f as n — oo, we have
@(Tx(fn)) = @(Tx(f)) asn — oo,ie., hyr, (x) — hy r(x) as n — oo. Therefore, hy, ¢(x) = v(x).
Thus, hy r = v and, consequently, h, r € A(X). O
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*-IToAiHOM — Ile pYHKITiSI Ha KOMIIAeKCHOMY 6aHaxoBOMy IpocTopi X, sKa € CyMOIO TaK 3BaHMX
(p, q)-moAIHOMIB. Y CBOIO Uepry, AASI HEBIA'€MHMX umceA p i g, (p, q)-IoAiHOM — Iie (pyHKIIsI Ha
mpocTopi X, sIKa € 3By>KeHHSIM Ha AlarOHaAb AeSIKOTO BiAOOGpaskeHHsI, BU3HAUeHOrO Ha AeKapTOBOMY
creneHi XP 19, sike € AiHIHMM BIAHOCHO KOXKHOTO i3 CBOIX HEPLIMX p apryMEHTIB i aHTUAIHIHIM
BiIAHOCHO KOXXHOTO i3 pellTH § CBOiX apryMeHTiB. MHOXIHa BCiX HellepepBHMX *-IIOAIHOMIB Ha IIpo-
cropi X yTBOpIOE aATebpy, sSiKa MiCTUTh aATebpy BCix HellepepBHMX IOAIHOMIB Ha mpocTopi X sIK
BAACHY miaaATebpy. Takymm umHOM, TOTOBHEHHS 11i€l aATe6py BIAHOCHO AeSIKVIX IIPMPOAHIX HOPM €
IIMPIIMMY KAacaMyl (PYHKIIIN, HiX aare6py aHaAiTHaHMX pyHKIINA. 3 iHIITOro 60Ky, 3aBASIKM ITOAL-
6HOCTi Oy AOBM *-TIONIHOMIB 1 IOAIHOMIB, AASI AOCALAXKEHHSI TaKMX ITOITOBHEHD MOXHA BUKOPVCTOBY-
BaTM TEXHIKY, PO3POOAEHY AAST AOCAIAXKEHHS aHAAITHUHMX (PYHKIIN Ha 6aHaXOBMX IIPOCTOPaX.

Y poboTi A0cAiAXYeThes aarebpa Dpelrte pyHKIIIN Ha KOMIIAEKCHOMY 6aHaxOBOMY ITPOCTOPI,
sIKa € TIOTIOBHEHHSIM aATebpy BCiX HellepepBHMX *-TIOAIHOMIB BiAHOCHO 3AiUeHHOI crcTeMM HOPM,
eKBiBaAeHTHMX A0 HOPM piBHOMipHOI 361KHOCTi Ha 3aMKHEHMX KYASIX IPOCTOpPy. BcTaHOBAEHO Ae-
sIKi BAACTMBOCTi oIlepaTopa 3CyBY (KM Ai€ SIK AOAABaHHS AESIKOTO (pikCOBAaHOTO eAeMeHTa IIpo-
CTOPY AO apryMeHTy (pYHKIIii) Ha IIilf aArebpi. 3okpema, IIOKa3aHO, IO OIIEPaTOPH 3CYBY € AOOpe
BU3HAUYEHVMI HellepepBHMMM AiHiVHMMY onlepaTopamit. TakoX AOBEAEGHO AesKi OLIHKM AASI HOpM
3Ha4eHb OIepaTopiB 3CyBy. BuKopucToByroun i pe3syAbTaTH, AOCAIAXEHO OAVH CHeliaAbHMIA KAAC
YHKIIIV i3 aATeOpY, SIKMIT € BaXKAMBUM AASI OINCY CIIEKTpPa (MHOXKIMHM BCiX MAKCYMAABHMX iAeaAiB)
aArebpm.

Kutouosi ciosa i ppasu: (p, q)-TIOAIHOM, *-TIOAIHOM, OIlepaTop 3CyBY.



