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THE INVERSE AND DERIVATIVE CONNECTING PROBLEMS FOR SOME
HYPERGEOMETRIC POLYNOMIALS

Given two polynomial sets { P, (x)},,>0 and {Qn(x) },>0 such that deg(P,(x)) = deg(Qu(x)) =
n. The so-called connection problem between them asks to find coefficients &, ; in the expression

n
Qu(x) =} &, Pc(x). The connection problem for different types of polynomials has a long history,
k=0

and it is still of interest. The connection coefficients play an important role in many problems in
pure and applied mathematics, especially in combinatorics, mathematical physics and quantum
chemical applications. For the particular case Q,(x) = x" the connection problem is called the
inversion problem associated to {Py(x)},>0. The particular case Q,(x) = P, ;(x) is called the
derivative connecting problem for polynomial family {P,(x)},>¢. In this paper, we give a closed-

form expression of the inversion and the derivative coefficients for hypergeometric polynomials of
the form
—n,a —-nm,n+a —n,a
F , oF , 2F ,
“{ Z} “{ Z} “{ n+bz}

b b
is the Gauss hypergeometric function and (x), denotes the

(Ck F

1, =0,
Pochhammer symbol defined by (x), = "
x(x+1)(x+2)---(x+n-1), n>0.

All polynomials are considered over the field of real numbers.

Key words and phrases: connection problem, inversion problem, derivative connecting problem,
connecting coefficients, hypergeometric functions, hypergeometric polynomials.
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INTRODUCTION

Given two polynomial sets { P,(x) },>0 and {Q,(x)},>0 such that

deg(Py(x)) = deg(Qu(x)) = n.

The connection problem between them consists in finding the coefficients «,, ; in the expansion

Qu(x) = ) g Pi(x).
k=0

For the particular case Q,(x) = x" the connection problem is called the inversion prob-
lem associated to {P,(x)},>0. The particular case Q,(x) = P;_ ;(x) is called the derivative
connecting problem for polynomial family {P,(x)},>0.
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The study of such a problem has attracted lot of interest in the last few years. The in-
verse problem for classical orthogonal polynomials are considered in [6], for more general
case see [7]. The connection coefficients have been computed explicitly for classical orthogonal
polynomials in [6] and [8].

The derivation connection problem ( with respect to parameter derivatives) for hyperge-

ometric polynomials »F; [ na z| was solved in [9]. In [10, 11] the first author solved the

b
derivation connection problem for the Fibonacci, Lucas and Kravchuk polynomials and use

the solutions to produce new combinatorial identities for these polynomials.
Our aim in this paper is to compute the inversion and derivative connection coefficients for
hypergeometric polynomials of the forms

—na —nn-+a —na
ZFl{ b Z], 25{ b Z], 2F1{in+b Z],
where
a b ] (a)(b) 2
R "3 = B

is the Gauss hypergeometric function.
The main results of this paper are gathered together in the following two theorems.

Theorem 1. The following identities hold:

(b)n E —ii+4a
@+ 2" b

(b+i)y— —ia
(b+2n_1>leFl[i+b

(iv) z":i(—l)ic)(b—l)%zﬂ[ i z].

. d [—n a
(i) Ezpl_ b

. d [—nn+a e ~(n\ (a+2i)(n+a)i
o gon = B (e () G e
—n+i+1 b+i a+i+n+1
b+i+1 a+2i+1

|

z: - niz(—l)”ﬂ"’” b=y 1{ —ia
Z:| .

Z] bt+n—1 [—(n—l)a

(iii) 2= 2R it (b —n),
na+n—1) —(n—1)a
—ZFl[—(n —1)+0b

il —i+b
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1 BASIC DEFINITIONS AND IDENTITIES

The generalized hypergeometric series is defined by

E [611 ay ... ap z] _ & (@)@ (ap)i 2*

PH1by by ... by = (b1)i(D2)k - - - (b kY
where a;,b; are complex parameters and (x), denotes the Pochhammer symbol (or shifted
factorial) defined by

&)_{L n=0,
" x(x+1)(x+2)---(x+n—-1), n>0.

It is assumed that b; are not negative integers or zero.

b
The partial case 2 F [ac z] is called the Gauss hypergeometric function. The series con-

verges when |z| < 1 and also when z = 1 provided that Re(c —a — b) > 0. In this case the
Gauss summation identity holds:

oA "1 = ey W

where I'(z) is the Gamma function defined by the equality I'(z + 1) = zI'(z).
When a = —n or b = —n is a negative integer the series terminates and reduces to a
polynomial of degree 1, called a hypergeometric polynomial:

- () e

2F {
b i=0

For the hypergeometric polynomial the summation identity becomes

[ 1<t

and this is equivalent to Vandermonde’s theorem. If the hypergeometric function is differenti-

ated of z, it gives

d ab ab a+1b+1

Ezﬁ{ Z}—?z 1{ c+1 ‘Z} ©)
We also need the following properties of the Pochhammer symbol
~ T(x+n)
(X)n = T (4)
_(x +n-—1 _ oy (X

(X)n n.( ; (=x)p = (—1)"n! . (5)
(=x)n = (1) (x =1+ 1)y, 6)
() n+m = (X)m(x +m)y, @)

(see [1,2] for more details). We will also often use the summation interchange formula

Z al‘b]‘ = Z ( ai> b], (8)
/ j=1 \i=j

i
i=1j=1 =

(see [3]).
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2 INVERSE PROBLEM

n
A solution of the inverse problem for the family Py(z) = Y. p, 2", namely
k=0

2" =) aiPi(z) =) (Z pi,kzk) =) (Z “iPi,k) Z,
k=0 i=0 i=k

k=0 k=0

defines the orthogonal relation

n
Y wipix = buks
i—k

©)

where J,, i is the Kronecker delta. Similar orthogonal relations are frequently encountered in
combinatorial problems and have been extensively studied by Riordan [4]. Thus, to solve the
inverse problems we will check whether the numbers «; and the coefficients of the correspond-

ing hypergeometric polynomials are orthogonal.
Let us prove Theorem 1. For the item (i) we just check an orthogonality. We have

g (- R E
()

i=0 k=0

as required. Here we have used (8) and the well known (see [4]) orthogonal relation

() -

(ii) We have

lf (J%zﬁ{ o = @t & O K
-3 (2() (1) a2 D L0l (;)?k) Zk

- (i<—1>f*k<’f) (+ <a+fif>i_kﬂ)zk

- B i (Eorern ()G )

} Z <->(a+2i)(b)n Lo(—i)k(ita)i 2

:kio(b) UETES (Z)( l+k“+2l)<n f)(itﬁi)l)ﬂ{
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Let us prove the orthogonal relation
Z ; =K\ fa+n+i\ "
—1) a4+ 20y (" = G
1;(( )" at Z)<n—i n—k+1 nk
Rewrite the relation in an equivalent form by shifting the index of summation from i to i 4 k:
n—k
—k\(a+n+i+k
1 2(i+k = Oy k-
v vaaaem(" ) () ) =dn

Now we again perform the shifts n — k — n and a + n + 2k — a and will get the relation in
such a simplified form

For n = 0 the both sides are equal to 1. Let us prove that the sum equals O for n > 0. Indeed,
we have

i( 1)’ (a+21)<1><a+n+l> 1:i( i(a+2i)n'(n +1)(a+i—1)!

= n+1 = in—i)l(a+n+i)!
(a=-Dn! & (a+2i)(—n)i(a);
~ (a+n)! D illa+n+1); °

Now to calculate the last sum we divide it into two sums and then express them by hypergeo-
metric functions

2 (a+2i)( )(a)i_a
y ! =

ﬂa+n+1

(a+n+1); io'(a+n—|—1)i

i=0 i=o b
—na (—n)i(a)i
= 1
a21[n+a+1' ]+ (i—1)l(a+n+1)
—n,a —-n+1,a+1
= 1 1
“2 1[n+a+1' ]+ a+n+1 2 1[ n+a+2 ' ]
_a<1"(a+n+1 F2n+1) T@+n+1)I(2n+1)
B (

T2n4+a+1)I(n+1) TRu+a+1)T(n+1)

(iii) Since

—na
2F1 {

o (ka2 i\ (a)
n+b Z] =) (i +kb)kkﬁ - (_1)k<k> (i+£)k'

k=0

we have to prove the following orthogonal relation:

Y (—1)ik (:‘) <;<) b+20 1) ?ag)n”‘l (b(i)’l‘,)k = b (10)

i=k

After simplification we obtain

n
b+21’l—1 Z H_k( I;) (b+i+k)n_1_k :5n,k-
i=k
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By index shifting like as in (ii) we get the identity

_12": <>b+l)n1—5n0

=0

For n = 0 taking into account

we have that the identity is true.
For n > 0 taking into account

[ 2]

we get

i=0 =0 ! i=0
" (=n)i(b+n—1),
= (b),_ .
( ) 1;) (b)il’
=@ ] = @ o

This complete the proof of the item (iif).

(iv) Since

A A E R ()

we have to prove the following orthogonal relation:

0= () () 0= R =

i=k
The proof techniques are similar to the one of the identity (10) and we omit it.
3 THE DERIVATIVE CONNECTING PROBLEM
Let us prove Theorem 2.

Proof. (i) We first prove the auxiliary combinatorial identity:

B n—2 1 B 1
S0k = L TRt 0 (@) e — 1) (= ()

(11)



THE INVERSE AND DERIVATIVE CONNECTING PROBLEMS FOR SOME HYPERGEOMETRIC POLYNOMIALS 241

Simplify
n—2 1 n—2 1
Suk ZZI:( (i—Kk)!a+i); = (z—k)!(n—z)'<a+n_1>
n—i
1 §f (n—k)! <a+n—1>1
(n—k)! = (i—k)mn—i)!\ n—i
1 ”X:2<n—k><a+n—1>_1_ 1 ”k2<n—k><a—|—n—1>_l
(n—k)! = \i—k n—i (n—k! = i n—i—k
Put

n—=k
. n—k—2 i
— (1 — IS, — S N A
Lk (n—k)!S, i;) PR
n—i—=k

We prove by double induction on n and then on k that

g _ (n—k)! _(n=k)(n—-k-1) (12)
kT (a4k) (a+n — 1) (n—(k4+2))! — (a+k) (atn—1)
Firstly we fix k and use the induction on n. The base case n = k + 2 is obviously true. Assume
that the identity

n—k—3 (ni:fzi 1) (n—k—1)(n—k—2)
-1k = Z (u +n— 1) ~ (atk)(atn—2) "

i=0 ]
n—i—=k

holds. Then by standard combinatorial technique we have

g () (2l e (10

”'k:i:() a+n—1 a+n—1 = a+n—1
n—i—=k 2 n—i—k

. (n=km—-k-1) n—k g
_(“+Tl—1)(a+n—2) a4+n—1 nLk
(n—k)(n—k—1) n—k (n—k—1)(n—k-2)

- (a+n—1)(a—{—n—2)+a+n—1 (a+k) (a+n —2)

(n—k)(n—k—1) n—k—2\ (m—-k)(n—k-1)
(a+n—-1)(a+n-2) <1+ a+k >_ (a+k) (a+n—1) °
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Thus, for a fixed k and all n the following relation

1 (m—k(n—-k-1) 1

Sk = (n—k)! (a+k) (a+n—1)  (a+k) (a+n—1) (n—(k+2))!

holds.
Now let us fix n. The induction on k is true due to obvious identity S , . ; = S, _; . This
completes the proof of (12).
Let us show that for the coefficients «;
[X‘_n_! a—>b . __nb—l—n—l

T+, YT Tan—1

the following identity holds:
Yo Emea(b+k)
igk Déi(—l)k - a+k . (13)
Indeed, by (11) we obtain
ai(—i)y=(@—-b)n! ) ————=(a—b)n!(— , ,
= (== ) =oila+i), ( Jni( =ik a+i)u—i
C a=bm(=DF (k=nt1) (a=b) (—n)eny
(a+k) (a+n—1) (n—(k+2))! (a+k) (a+n—-1)

Taking into account the identity

(k=n+4+1)(a=b) b4+n—-1 b+k

(a+k)(a+n—-1) a+n—-1 a+k
we get

n—1 ' n—2 ' b+n—1
;{ ai(—i) = ;{ oi(—1)x + (—”)m(—(”—l))k
et @b (my  ban1 (bt h
(a+k)(a+n—-1) a+n—1 krl a+k ’

This establishes the identity (13).
Now we can prove Theorem 2, item (7). Taking into account

n' a-> . B nb+n—1
tati); "' Ta+n—-1

K =

let us expand the sum

n—2 n' a—>=> —i,a b+n—1 (n—l),a n—1 —ia
— 7= 2F z| —n F = a;oF >
B 2 eonl el ] - B[
_nfl n—1 (_Z)k(b)k Z__nfl nfla . @Z_
_ (;k - )k!—k;@( ( >k> Oz

= (=i (b +K) (b2 —ﬂb"il (= + Db+ 1) 2"
a+k (a)i k! a = (a4 1) k!

—nb {—n—i—l,b%—l'} d {—n,a ]
= z EE

= EZFl
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(ii). Let us find the differential connecting coefficients for the family of polynomials
nn+a

2k { b

z] by using the solution of the corresponding inverse problem (Theoren 1, (if)):

- (e o[

i=0

Taking into account

(a+1) a+k (b b (=1)kt1 n
(ﬂ)k . o a ! (b—i—li)k o b—i—kl k!k+1 N (_1>k+1 (k) (ﬂ—k),

we have

d —n,n+al_|  —n(n+a) —(n—1),n+a+1

EZH{ b Z]—ib 2F1{ b+ 1 ‘Z]
_ —n(n4a) S (—n+ 1) (n+a+1)kz_k
B b = (b+1) k!
 —n(n4a) S (—n+ 1) (n+a+1k k (0t 2 (b)x —ijita|_
S M e M U [ e B
 —n(n4a) i (i ik (—n+1)k(n—|—a—|—1)k (a+2i)(b)g —i,i+a ,
“T & (E( V() T R i >2F1{ al
(5 ik (K (1 0 oy @t 20) (1 + )i —hital
‘EO(E-( v () (7)o <b+k><a+i>k+l)25[ y

B () (B (o) o e on

i=0 k=i

In the internal sum we perform the shift of the index of summation as k — k +i:

ikl (1 " (a+2i)(n + a)g
LuT (n—k>( O T 0@+ D

_nflfi_ k+1 n—i - ; (a+2i)(n+a)ii14i
o L e P L e o e irrem

By using the relations

(@a+2)(n+a)1yi _ (@+20)(nt+a)iq (a+n+i+ 1
(@4 D)ks14i (@+1)is1 (a+2i4+1)
11 (btix
(b+k+i) (b+i) (b+i+1)
R, g ) i) = (e SR

we rewrite the sum in the form

(nt+a)in  "NNT(ntit )b+ i)(atn i1

4

(—n+i) (a +2i)

(b+l) (a+i)1-+1 k=0 k!(b+i+1)k(ﬂl+2i+1)k
B . N (n+a)ig —n+i+1Lb+i,a+i+n+1
= (=nti) (@ +20) B+ (@t > b+i+1,a+2i+1 1
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Finally, we get

d —n,n+a n_l L (n\ (a+2i)(n+a)i
2 F = — , , .
im0 = g (e () GG
o« oF —n+i+1,b+i,,a+i+n+1 1 r —i,i+a ,
372 b+it+la+2,i+1 21 b ’

as reguired.

(iii) We have to prove that

d —n,a n=2 apint! (b—1) —i,a
dz? 1[—n+b Z] B 1;)(_1) F(b—n)n_izpl{—intb Z]
_n(a+n-1) F —(n—1),a ,
b—n) ' -n-1+b|"|
We find the differential connecting coefficients for the family of polynomials »F; [ —_nn+ab z]
by using the solution of the corresponding inverse problem (Theoren 1, item (iii))
- (b — 1)k —ia
O e AT
We have
d —ma | 1 —na o fontlatd] Z n+1 Je(a+ 1) 2*
dzZ Y —n+b|7] T SnH b —n+1+0 —n+b (—n+b+1) K
_ —n +1 (a+1) k 1 —i,a
—n+b+1) () 2F[—i+b Z]

_—n+

2|

i
(g (e 31“>za{:fb

k=i

Put
e e (4 1@+ 1) i(k (0= e
o= ¥ e Lont +kb+1)kk(_1) <i>(b_1)Tkkl

=i

( ) _1)(ﬂ+kk)(—n+1)k(b—i)k_1

:—n+b2 (—n+b+1)
Fori =n — 1 we have
. —n . (a+n—-1)(—n+1),1(b—n—-1))p—2  n(a+n-1)
L i} [ | AP ()

Fori < n — 1 we have
(b—1)

L (_q\nHilt
i = O T
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thus

- (a+k)(=n+1)(b—i)k_1 gt (b—1)
Z () (b-1) k!(—n+b:—1)k kl_(_1>+ﬁ(b—n)n,i

or

" (a+ k) (—n)gea (b — i)y nt (b—n)
L (;) 1

— n_
= \i kKl(—n+b+1) = )i! (b—mn)p_;

Divide the sum into the two sums

£ ()it - L () Gt
£ ()i

and calculate them separately. Taking into account

(b —i)k71 = (b _i)i(b)kflfi = (b - i)i(k_ 1- i)!< k—1 ;i

—n+b+1>’ By = (b+k—2)!

(—n+b+1)k:k!< k (b—l)! ’

for the first sum we have
nil K\ (=1)p1(b— 1)1 i et n\ (n—k)(b—i)1
\i) kl(—n+b+1) = k) (—n+b+1)

k=i
-() o T

k=i
“(e-rEer(Te-vtn

Now we shift the summation indexes k — k+iandn— n+1i:

"il(_l)kﬂ (”:;{) (n—k)(O)k—1-i _ "fl(_1)k+i+1 (” ]: i) (n—k—1i)(b)k1

S ki (n=k)(b)r—y
N k;o( e <k> (—n—i+b+1)kyi

(14)
_ (1) N n\ (n—k) ()i
=Ty g{)(_l)k(k> (—n+b +kk)1!
_ i (b =i n (b+k—2)!
= (—1)"*! b—1)! k;)(—l)k <k> (n— k)—(_n AT

Let [z"]f(z) denote the operation of extracting the coefficient of z" in a formal power series
f(z). Itis clear that [z"] is a linear operation and the following well known properties holds:

) (14 2)7 = (Z) P f(2) = [)f(2),
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[5]. By using these properties let us prove that the sum (14) is equal to 0. We have

() -2 e (2

k=0

= (—=1)"n(n—2)! Xn:(_l)kG:D <b+1;:l;—2>
. Culinny
= (=1)""n(n-2)! = <n—1> <b_—r;:#11>
B n—1 <

1’1—1) [Zb—k—H] (1+Z)—n+1

=

= (1) n(n=2)!2" ] (14+2) " Z (nk1>z

(=" n(n=2)[" ") (142)” "+1<1+z>"*1
(_1>n+1n(n . 2)![Zb+1]1 _ O,

and the claim follows.

The second identity

— (b—i)k—1 an(b—n)
; (z) I;—l#bﬂ)k =D it (b—n)y

can be proved using the same arguments used in (11), so we will omit it here. O

(1]
(2]
(3]

(4]
(5]

6]

(7]

(8]

[9]
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beapatiok A.IL, Beapatiox I'.I. Obeprena 3adaua ma 3adaua dugpeperyitiosHoi 36’ a3Hocmi 019 0esKux
einepeeomempuunux muoeounerie // Kapmarcoki mateM. myoa. — 2018. — T.10, Ne2. — C. 235-247.

PosrastHeMo mOCAiAOBHOCTI MHOrOUAeHIB { Py (x)} >0, {Qn (%) }n>0 Taxi, mo deg(Py(x)) = n,
deg(Qn(x)) = n. 3apaua 3B'S3HOCTI AASI HMX TIOASITA€ y 3HAXOAXKEHHI KOedpillieHTiB &,y y BUpasi

n
Qu(x) =} a,xPc(x). 3araua 38’s13HOCTI AASI Pi3HMX THITiB MHOTOUAEHIB Ma€ AOBrY icTopio i mpo-
k=0

AOBXY€ BUKAMKATH iHTepec B pi3HMX TaAy3sIX MaTeMaTHKM, 30KpeMa B KOMbiHaTopuIli, MaTeMaT-
uHil ¢pisnrt, KBaHTOBII XiMmii. AAst gacTKOBOrO Buraaky Q,(x) = x" 3apaua 3B’SI3HOCTI Ha3MBAETHCS
obepreHom0 3apagero AAST { Py (x) } 0. YacTkoswmit Bumaarok Qn(x) = Py, (x) Mae Ha3y andpepe-
LiaABHOI 3aAadi 3B SI3HOCTI AASI IOCAIAOBHOCTI MHOTOYAEHIB { Py (X) },>0. B mpomoHoBaHiit craTTi Mu
3HAXOAMMO y 3aMKHEHOMY BUTASIAL KoedpillieHTH obepHeHOI i AndpepeHITiaAbHOI 3aAaY 3B’ SI3HOCTI
AAS TiIEpreOMeTPUYHMX MHOTOYAEHIB BUTASIAY
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Bci MHOrOUAEHV PO3TASIAQIOTHCSI HAh TIOAEM AIVICHUX UVICEA.

[Noxrammepa, SIKMIT BU3HAYAEThCSI POPMYAOIO (X), =

Kontouosi cnoea i ppasu: TimepreoMeTpuura yHIisI, KoedillieHTH 3B’I3HOCTI, 0ObepHeHa 3aAayva,
3apava AMdpepeHITiaAbHOI 3B’ I3HOCTI, TillepreoMeTpMYHIMII MHOTOUAEH.



