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SALO T.M.!, TARNOVECKA O.YU.2

THE CONVERGENCE CLASSES FOR ANALYTIC FUNCTIONS IN THE REINHARDT
DOMAINS

Let L? be the class of positive increasing on [1,+o0) functions ! such that I((1 + o(1))x) =
(1+0(1)I(x) (x — +oo) We assume that « is a concave function such that a(e¥) € L and function
B € L° such that fl x)/B(x)dx < 4co. In the article it is proved the following theorem: If
f(z) = ZHWH _onZn, Z € CV is analytic function in the bounded Reinhard domain G C C?, then the

condition j %Mﬁ < 400, MG(R, f) = sup{|F(Rz)|: z € G}, yields that

oo e
kZ(“(k) —a(k=1))p1 (k/In" |A¢]) < oo, Bi(x) = %, A = max{|ay|: [|n]| = k}.
—0 e
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1 INTRODUCTION

We denote by A?(G), p € N, the class of analytic functions f in G C CP, represented by
power series of the form

+00

f(z) = f(z1,...,2p) = Z a,z", z=(z1,...,2p), (1)
[[n]|=0

with the domam of convergence G, where 2" = z| ...ZZ”, n=(m,..n) €Z, |n| =
y? =117 j; EF == AP(CP) is the class of entire functions in several variables (i.e., analytic functions
in CV) From the one hand, it is well-known that every analytic function f in the complete
Reinhardt domain G with center at z = 0 can be represented in G by the series of form (1).
On the other hand, the domain of convergence of each series of form (1) is the logarithmically-
convex complete Reinhardt domain with center z = 0.

We say that a domain G C C7 is the complete Reinhardt domain if:

a) z = (z1,...,2p) € G = (VR = (Ry,...,Rp) € [0,1]P): Rz = (Ryz1,...,Rpzp) € G (a
complete domain);

b) (z1,...,zp) € G = (V(61,...,0,) € RP) : (z1",...,zpe'%) € G (a multiple-circular
domain).
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The Reinhardt domain G is called logarithmically-convex if the image of the set G* = {z €
G:zi-...-zp # 0} under the mapping Ln: z — Ln(z) = (In|z|,...,In|z,[) is a convex set in
the space R”.

In one complex variable (p = 1), a logarithmically-convex Reinhardt domain is a disc.

The following complete Reinhardt domains (p > 2) are considered most frequently:

Cy(R) :={z€CP: |z1] <Ry,...,|zp| <Ry}, R=(Ry,...,Rp) € (0,400)", (polydisk),
B,(r) := {z € CP: |z| := \/\zlyz Fo |z <} (ball),
I,(r) :={z € CP:|z1| +...+|zp| <71}, r>0.

Remark 1. C;(R) C G forevery w = (wy,...,wp) € Gand R = (|w],...,|wy|). In particular,
Cp(rw) C G, forevery w = (wy, ..., wp) € G.

The domains Cp(re1), e1 = (1,...,1) € R?, By(r), I1,(r) (r > 0) are the logarithmically-
convex complete Reinhardt domains. But, for example, the complete Reinhardt domain

G={z=1(z1,2p): |z1] <1, |z2| <2} U{z = (21,2p): |z1] < 2,|22] < 1}

is not logarithmically-convex.
For a domain G and any R € (0,1) we denote Gk = R-G := {Rz: z € G}, and for a
function f € AP(G) of the form (1) set

Mg(R, f) = max{|f(z)| : z € Gr}, uc(R, f) = max{|a,z"|: z € Gg, n € Z},
dg(n) = max{|z"|: z € G}.
Note, that dg(n) = 1in the case G = Cp(e1).
Let us denote by L the class of positive increasing on [0, +c0) functions, and by L the class
of functions & € L such that w((1+40(1))x) = (1 +o0(1))a(x) (x — 4o0).
Fora € L and B € L we consider the following convergence classes of integrals (in one
variable definition see in [1])

1
x(in* Mg (R, f))
| TR Ayt R < @

1

a(In" pG(R, f))

dR < +oco. 3
| o RpR - R o
0

By &£ 5 and £ Z we denote the classes of entire functions f € £F for which conditions (2) and

(3) are fulfilled, respectively.

We prove the following theorem.

Theorem 1. Leta be a concave function on [xg, +c0), a(e¥) € L?, and a function B € L? satisfies
the conditions xp'(x)/B(x) —2 > h > 0 on [x, +o0) and fxﬁoo %dx < +o00. In order that the
function f € EF(G) of form (1) belongs to the class £ 5((}), it is necessary that

+00
_dt )

pa k
Y- (0(k) ~ak—0)pr (= ) < oo o) = [ 50

k=0 In* | Ak | J

where Ay := max{|a,| : ||n|| = k}.
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2 THE PROOF OF THE MAIN RESULT

Proposition 1. For each function f € £P(G) and any functions «, § € L, we have the following

implication f € aﬁ(G) — F ¢ 5%

The statement of this propositions follows from Proposition 2.

Proposition 2. For every function f € EP(G) and for any r € (0,1)

1
— k.
ug(r,F) = max{Byr*: k > 0} < Mg(r, f) < c(1 — r)pHVG( 5

where ¢ = c(p) < +oo.
Lemma 1 ([2]). Letr € (0,1), T € CF,k >0,
By = max{laalde(n): [l =K}, Be(t) = X ant’, Fir) = Y Ma(L, B
In]|=k k=0
Then
By < Mg(1,P) < Bp(k+1)%, pp(r) = max{Mg(1, P)r* : k >0} < Mg(r, f) < Fi(r).
Proof of Proposition 2. By Lemma 1,
uG(r,F) =max{|a,z"|: z € G, n € Z"} = max{|ay| max{|z"|: z € G,, }: n € Z'}
:max{}an}dg(n)rk: nezbl,|n||=k>0}
= max { max { |a,|dg(n): n € 2%, ||n|| = k}r*: k > 0} = max{B*: k > 0}
<max{Mg (1, P)r* : k> 0} = ur, (r) < Mg(r, f).
On the other hand,
R PN —

Mc(r, f) <Y Y |an|max{|z ‘:zeGr}zlg<1+r) Y. lan| max{|z"|: z G%}

k=0 {|n|=k In]|=k

T4+r N/ 2r \k 1 1+r
< P < = .
<no(— ’F>k§)<1+r) (e+1) _C(l—r)i’”‘;( 7 F) e =elp) < oo
The proof of Theorem 1. Let
BE(R) =Y " BRY, F(R) =Y T ARY, Re(0,1).

From Remark 1 it follows
ArRF =max{|as|: ||n| = k}R* = max{|a,| max{|z|": z € Cp(e1)}: ||n]| = k}RF

= max{|a,| max{|z|": z € Cy(Re1)}: ||n|| = k} max{|a,| max{|z|": z € Gr}: ||n|| = k}

— max{|a,| max{|z|": z € G}: ||n|| = k}RF = max{|a,|ds(n): ||n| = k}RF = BxRE.

Therefore, jr,(R) < ur, (R) = ug(R,F), R € (0,1).
Hence, by Proposition 2

(In™
f e &l :>/1_ z[ﬁ} R) Ryt R < e

Thus, from Theorem 2 in [1] it follows that for the function F; condition (4) holds. O
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In the case a(x) = x, B(x) = e, p > 0, we obtain the following converse statement to
Theorem 1.

Theorem 2. Let f € £P(G) of form (1) with G = Cp(e1), Ay = max{|a,|: ||n]|} =k > 0. If
Ax/Axsq /lasky < k1 400 and

:Z_o: (1HJ;{Ak)2exp{ _ lnkak} < 400,

then

dR < +oo.

/1 In" M¢(R, F)
(1—R)*exp{p/(1—R)}

0

From Lemma 1 we obtain the following statement (see also proof of Proposition 2).

Lemma 2. ForR € (0,1)

e R) = 1 () = ey fR)psz(l ;R)

Then Ay = By. The statement of Theorem 2 follows from Theorem 6 in [1] in a similar way
as in the proof of Theorem 1 we use Theorem 2 from [1].
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Hexatt L0 — xaac aopaTHMX HecmaaHux Ha [1,+00) dymkuiit [ takmx, mo [((1+ o(1))x) =
(14 0(1))I(x) (x — +00). [TpumycTuMo, o & — BrHyTa pyHKLIs Taka, mwo «(e*) € L, a pyHkuis
B € L° Taxa, mo fl+°° a(x)/B(x)dx < +o0. Y cTaTTi AOBEACHO TEOPEMY: SIKIIO f(z) = ZM‘I’:O anZn,
z € C?, — aHaAiTMuHA B 06MexXeHil obaacTi Peitarapaa G C CP dyHKIis, TO 3 TOTO, IO BUKOHY€-

THCSI yMOBa } ( a(In* Mg(R,f))
Ro

lelz < +o0, MG(R,f) = Sup{|F(RZ)| YA G}, BUIIAMBaAE, 110

+oo e
kE(“(k) —a(k—1))p1 (k/In" |A¢]) < +oo, Bi(x) = %, Ay = max{|ay|: [|n]| = k}.
—0 X
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