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ANALYTIC VECTOR-FUNCTIONS IN THE UNIT BALL HAVING BOUNDED
L-INDEX IN JOINT VARIABLES

In this paper, we consider a class of vector-functions, which are analytic in the unit ball. For
this class of functions there is introduced a concept of boundedness of L-index in joint variables,
where L = (I1,1) : B2 — RZ is a positive continuous vector-function, B = {z € C? : |z| =
V12112 + |z2]% < 1}. We present necessary and sufficient conditions of boundedness of L-index in
joint variables. They describe the local behavior of the maximum modulus of every component of
the vector-function or its partial derivatives.
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1 INTRODUCTION

A concept of bounded index for entire function [19] draws attention of many mathematician
(see a full bibliography in [5, 24, 26]) to investigations of these function class and its possible
applications. Itis interesting with its connections with value distribution theory, because every
entire function has a bounded value distribution if and only if its derivative has a bounded
index [15]. Also, there are many papers devoted to index boundedness of analytic solutions of
differential equations [12,13,18]. It is important because any function of bounded index have
its growth estimates, local behavior of derivatives and some uniform distribution of zeros.
Moreover, some authors [26-33] study connection between p-valence and I-index boundedness
of analytic functions, the existence of solutions of the second order linear differential equations
with polynomial coefficients which are starlike, convex, close-to-convex and of bounded I-
index (I : C — R4 is a continuous function). In other words, they combine analytic and
geometric properties of functions of complex variable. Let us give a main definition introduced
by B. Lepson [19]. An entire function f is said to be of bounded I-index if there exists an integer
m, independent of z, such that for all pand all z € C W < max{%: 0<s<m}If
we replace p! by p!lP(z) and s! by s!I°(z) in the definition, respectively, then we obtain the
definition of entire function of bounded I-index [17]. The generalization was proposed by
A.D. Kuzyk and M.M. Sheremeta to go beyond class of entire functions of exponential type
because every entire function of bounded index is of exponential type [15].

Of course, there are papers on analytic curves of bounded /-index. This function class
naturally appears if we consider systems of differential equations and investigate properties
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of their analytic solutions. A concept of bounded index for entire curves was introduced with
the sup-norm [16] and with the Euclidean norm [23]. In these papers the authors replaced the
modulus of function by the appropriate norm in the definition. Later there was proposed a
definition of bounded v-index [22] for entire curves with these norms. In this definition, R. Roy
and S.M. Shah replaced p! by p!|z|’ and so on. Also M.T. Bordulyak and M.M. Sheremeta
[14, 25] studied curves of bounded /-index which are analytic in arbitrary bounded domain
on the complex plane. These mathematicians found sufficient conditions providing /-index
boundedness of every analytic solutions for some system of differential equations.

Recently, there was published paper [21] about entire vector-valued bivariate functions hav-
ing bounded index. The authors considered a concept of bounded index with the sup-norm.
We will develop their approach and will investigate vector-valued functions which are analytic
in the unit ball.

Our present investigation has used methods of A.I. Bandura and O.B. Skaskiv developed
them for analytic functions in the unit ball [2—4, 10]. It is known that analytic function with
unbounded multiplicities of zeros is of unbounded /-index for any positive continuous func-
tion /. The similar statement is valid for functions analytic in the unit ball [1]. In other words,
functions with unbounded multiplicities of zero points are not still objects of investigations in
theory of bounded index. But we can replace studying of properties of the function f with
unbounded multiplicities of zero points by studying of properties of the map (f,1). Such
approach allows to investigate any analytic functions in theory of bounded index.

2 NOTATIONS AND DEFINITIONS

Here we use some standard notations (see [3—5]) Let Ry = [0;+), 0 = (0,0) € R?,

1= (L1 € lRi, R = (ry,mn) € lRi, = /|z2+|w]2. For A = (ay,a2) € R?
B = (b,by) € R?, we will use formal notatlons without assumption of the existence of

these expressions: AB = (aiby,azby), A/B = (a1/by,a2/by), AB = (all)l,agz), and the nota-
tion A < B means that a; < bj, j € {1,2}; the relation A < B is defined in the similar way.
For K = (k1,kp) € Z%r let us denote K! = kq! - ky!. Addition, multiplication by scalar and con-
jugation in C? is defined componentwise. For a = (ay,a3) € C?, b = (b1, by) € C? we define
(a,b) = a1by + aby, where by, by is the complex conjugate of by, bs.

The polydisc {(z,w) € C?: |z —z9| < r1, |w — wg| < 12} is denoted by ID?((zg, wp), R), its
skeleton {(z,w) € C? : |z — zo| = r1, |w — wo| = r2} is denoted by T?((zg, wp), R), the closed
polydisc {(z,w) € C? : |z —zp| < ry,|w —wo| < rp} is denoted by ID?[(zg, wp), R], D? =
D?(0;1), D = {z € C : |z| < 1}. The openball {(z,w) € C%: \/|z — zo|? + |[w — wp|? < r} is
denoted by B?((zp, wp), ), the sphere {(z,w) € C? : \/|z — z0|? + |w — wp|? = r} is denoted
by S%((zo,wp), r), and the closed ball {(z,w) € C?: \/|z — zo|> + |w — wp|? < r} is denoted by
B?[(zo, wp), 7], B> =B?*(0,1), D=B! ={z€C:|z| < 1}.

Let F(z,w) = (fi(z,w), f2(z,w)) be an analytic vector-function in B2. Then at a point
(a,b) € B? the function F(z,w) has a bivariate vector-valued Taylor expansion:

=Y Y Culz —a)(w—b)",
k=0m=0

where
1

 klm!

k,
~ klm! ozkdw™m 7 9zkdwm Fl m)(ﬂ; b)-

Cop = 1 <ak+mf1(z,w) ak+mf2(z,w)>

z=a,w=>b
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Let L(z,w) = (li(z,w),2(z,w)), where [j(z,w) : B> — R? are positive continuous func-
tions such that

V(z,w) € B?: li(z,w) > P je{1,2}, (1)

1= /]2 + [wl
where B > /2 is a some constant.
Remark 1. Note that from R € R?%, |R| = /r3+715 < B, (zo,wp) € B? and (z,w) €

D?[(z0, wo), R/L(z0, wp)] it follows, that (z, w) € B2.
Indeed,

2
7
< — < 2
’(Z’ ZU)‘ — ‘(Z,ZU) (ZO,WO)‘ + ’(ZO’WOM — \/l%(ZO, wO) + l%(ZO,ZUO)

1—|(zp, w 1—|(zo,w
<—|(50 O)|\/r%+r§~l—|(zo,w0)|gwlﬂﬂzo,uﬂ:l-

The norm for the vector-function F : B> — C? is defined as the sup-norm

IF(z,w)|| = max{|fi(z,w), | fa(z, w)][}.

2
"

+ ‘(ZOrWOM

We write

Fd (2, ) = I"E(zw) _ (a”r]f‘l (z,w) alﬂflz(z,‘w)) _
oz'ow/ oz'ow/ dziow!

An analytic vector-function F : B2 — C2 is said to be of bounded L-index (in joint variables),
if there exists ng € Z such that V(z,w) € B> V(i,j) € Z2 :

(i.j) (k,m)
EDEl el L
il (z,w) (z, w) kim!ly (z, w)ly' (z, w)

The least such integer ny is called the L-index in joint variables of the vector-function F and is
denoted by N(F,L, IBZ). The concept of boundedness of L-index in joint variables was consid-
ered for other classes of analytic functions. They have differed domains of analyticity: the unit
ball [1,3,4,10], the polydisc [7,9], the Cartesian product of the unit disc and complex plane [8],
n-dimensional complex space [1,6,11,12].
1

(1/v2-2)(1/vV2-w)
variables N(F,L,1D?>((0,0),R)) = 0 in the bidisk ID?>((0,0), R) with R = (1/+/2,1/+/2) and

Example 1. The function f(z,w) = exp{ } has a bounded L-index in joint

— 1 1 et _ _
L(z,w) = <(1/ﬁ7‘2|)2(1/ﬂ7‘w‘), (1/\@7“2')(1/\&7@')2) (see details in [9]). But |R| = 1, there
fore, it is easy to see, that the vector-function F(z,w) = (f(z,w),1) has the same bounded

L-index in joint variables N (F, L, B?) = 0 in the unit ball B.

Q(B?) stands for the function class of L : B> — IR%, which obey inequality (1) and for any
j€{1,2} and some R = (r1,12), |R| < B:

{ lj(zllwl) r1

L1Z1 — Z < N ’
li(z2, w2) 21— 2| < min{l1 (z1, w1), 11 (z2, w2) }

sup
(z1,w1),(z0,wy ) €B2
Y]

Wy —wp| < — < 0.
on —wa| < mln{12(21/w1)112(22!w2>}}
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The function class Q(IB?) also can be defined as follows: for all R € ]R%r, |IR| < B, and for
j € {1,2} the inequality 0 < Ay ;(R) < A;(R) < co holds, where

lj(z,
Ai(R) = (zo,i?)fegz inf {% :(z,w) € Dz[(zo,wo),R/L(zo,wo)]}, 3)
l:
A2j(R) = sup sup {lé(zl : (z,w) € D*[(zo, wo),R/L(zo,wo)]} ' ()
(zo,wp) €B? j 2o, Wo)

3 LOCAL BEHAVIOR OF PARTIAL DERIVATIVES OF VECTOR-VALUED BIVARIATE ANALYTIC
FUNCTIONS HAVING BOUNDED L-INDEX IN JOINT VARIABLES

The following theorem is basic in the theory of functions of bounded index. Our proof is
similar to proof of the corresponding theorem [2] for analytic functions from B" onto C. For
other classes of analytic functions it is proved in [5,8,9,20,24].

Theorem 1. Let L € Q(IB?). An analytic vector-function F : B> — C? has a bounded L-index
in joint variables if and only if for every R € R?, |R| < B there exist ny € Z, p > 0 such that
for all (zg, wy) € B? there exists 2-tuple (ko, mg) € Z2, ko + mo < ny, satisfying inequality

k,m)
max{ IE™(z )] :k+m§noz(zzw)G]DZ[(ZOIWO)zR/L(ZO'wO)]}
Ktm!I (z, w)15 (z, w) )

[IEFom0) (zo, o )|

ko!ﬂlo!llfo (Zo, wO)l?O (Zo, ZU()) ‘

< Po

Proof. Below we repeat considerations from [2], replacing modulus of function by the norm of
vector-function.

Let F be an analytic vector-function of bounded L-index in joint variables with
N = N(F,L,B?) < . Forany R € RZ, |R| < B, we define

2
q=q(R) = [2(N+1)(r1 +r2) [ [(A1,j(R)) "N (A, (R))N*] +1,
j=1

where [x] stands for the entire part of the real number x. For p € {0,...,q} and (zg, wy) € B?
we denote:

|FEm (2, w)| 2 PR
— : < aL(za. wa)
Sp((z0,wo), R) max{k!m!llf(Z,zU)l’zﬂ(Z, @) rmENGEweD (200, qL(Zo/wo)] }
IE%™) (2, w) |

:k+m <N, (z,w) €ID? [(zo, wp), L}}

5;((20, wp), R) :max{ gL (zo, wo)

ktm!IK (zo, wo) 13" (zo, wo)

Using equality (3) and ID?[(zg, wp), qL(Z%O)] C D?[(zg, wy), M], we have
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_ [F®m) (z,w)| 2 pR
S o), ) =y SN <02 o
_ { | E®m™) (2, w)]| ‘ 1¥(zo, wo) 13" (20, wo) kbm <N,
Kim!I¥ (2o, wo) I8 (zo, wo) 1§ (z, w)I¥(z, w)
2 PR
(z,w) €D [(Zo,wo),m]}
. 1%(zo, wo), 15 (20, w0, ) (6)
< 5, ((z0, wo), R) max{ Fa o)) k+m<N,
2 PR
(z,w) € D[(z0, wo), m]}
< 5,((z0, wo), R) max{(A1,1(R)) *(A12(R)) ™™ :k+m < N}
2
<S5 ((z0,w0), R) (A1 (R)) N (A12(R)) N <S5 ((z0,wo), R) [ (A1, (R)) ™
j=1
Taking into account (4), we obtain
. _ [FE™ (z,w)||  1(z )l (z,w)
Sp((z0,wo), R) = max { il )5 (2, @) Tz, ) (20, 00) k+m<N,
> (pr1, pr2)
(z,w) € D[(z0, wo), m]}
[F®) (2, w)]| k m.
< max { Kt (z, ) 21z, ) (A21(R))*(A22(R))™ : k+m <N, (7)
> (pr1, pr2)
(z,w) € D[(z0, wo), m]}
2
< SP((Z(), wO),R)(Azll(R))N(Azlz(R» < Sp Z0, wo H Al]
j=1

Let (kp,mp) € Zi, kp +my < Nand (zp, wp) € D? [(zo, wp), ] be such that

ﬂL(Zo wo)
|Fkem) (2, 0,)]|

S;((Zo,wO>,R) = (8)

- .
kp!mp!llp(zo,wo)l';” (zo, wp)
. . L 2 PR
Since by the maximum modulus principle we have (z,,w,) € T <(zo, wy), m)
therefore (z,, w,) # (zo, wo). We choose

(zp —20), @p:wo—l—pT(wp—wo).

Then we have

L p—1 p—1  pn IO p—1 pr
z —Z — z — Z = 7 w —w — 7
Zp — 2o |zp — 2o v qh(zo, wo) [y — o P qla(zo, wo)
_ p—1 ! I
Zp — Zp| = |20 + Zp —20) —Zpl = 120 — Zpl = S ?
Zp — zp| = |20 (zp — 20) — 2| p’ 0~z ql1 (zo, wo) ®)
_ p—1 1 12
Wy — Wy| = Wy + ——(Wp —Wp) — Wy| = —|Wy — Wp| = —————. 10
[@p pl = |wo p (wp — wo) pl p| 0 pl ql2(zo, wo) 10
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(5 2 (p~1R ’ [FPe) (2, p)
We obtain (Z, @) € D {(ZO’ wo), Q(R)L(Zoﬂvo)] and Sﬁfl((zo’ww’ R) =z kptmp!l] p(ZO,wo)l;’p(ZO/wo).
From (8) by mean value theorem we have

|E¥m) (), wp)ll — [[F%em) (2, @p) |

0 < S,((z0,wo), R) — S;_l((zo,wo),R) A
kp’mp’l (Z()r w0>lz (ZOI wO)

1 14 o N
= | I Gt = 2, @ty — @)
pMpty (Zo,wo)z (z0, wo) 70
1 1 _ ~ o N
= ; | D =Bl [EE ) @, 4 1z — ), Ty + Hwp — @)

kptm 17 (zo, wo)l;n” (zo, wo)

+ [P — @, | | FERem (2, 4tz — ), Wy + Hwp — @) ||dt
1

kp!mp!lll(”(zo,wo)l;n” (zo, wo)
Fl?) — @[ FEm D (E, + £ (2 — 2), By + £ (w0, — B) ],
(11)

(120~ 2610 (5, + £ (2 — ), Ty + (w0 — )]

where 0 < t* < 1, and (2, + t"(zp — 2p), Wp + t*(wp — Wp)) € Dz[(zo,wo),qL(piR For

Zo,wo)]'
(z,w) € D?|[(z, wp), %] and (j1,j2) € Z%: j1 +j» < N+ 1, we have

IEU2) (2, ) | (G w) (Zz w)
I !jzll]f (zo, wo)lj2 (2o, wp) l]1 (z,w)I} (z,w)
i) l]l l]z
[FU2) (z,w) | BEw) Nt
T Al (2, w) I (z,w) I (z0,w0) 12 (20,wo)

[EE (z, )] PR\ \N+T PRy N4
<  k <N A (o (PR
< max {k!m!l’f(z,w)lg”(z,w +m < (A1 (— 7 ) (A22())

(k,m) Z,Ww
< (haa(R), Aaa(R))MH - ma { el
= (A21(R)A22(R)N* - S, ((20,wo), R)
< (A21(R)A22(R)NFT - 55 ((z0,w0), R) - (A1,1(R), A12(R)) M.
Then from (11), (9) and (10) we obtain
O S 5;((20,’(/00), R) — ;_1((20,’(/00), R)

2
(A2 (R)NTTA1(R)) NS5 ( (20, wo), R)

k+m§N}

~—.
—_

x ((k“’) +1) (1 (20, w0))|z}" — 27| + (mP) + 1) (L2 (20, o)) — @(PM)

(ha (R Ay ()~ 0L D

I
.:1N

((kp —+ 1)1’1 + (mp + 1)1’2)

2 Z0, W,
< H()\z,j(R))NHM,j(R))_NSp(( O(R;) ) (N+1)(r1+72) < %SZ((ZO,wo),R)~
i=1 1
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It follows that S} ((zo, wp), R) < 25;_1((20, wp), R) and in view of (6) and (7) one has

Sp((z0,wo), R) < 2] [(A1,/(R)) ™S} 1((z0,w0), R)

T

IN

2] (A1, (R) ™M (A2,i(R))NS,—1((z0, w0), R).

Il
—_

j
Then

Km!IX (z, w)I5 (z, w) qL(zo, wo)

2

= 54((z0,w0), R) < 2H()\1,j(R))N()tz,j(R))NSq1((ZorWO)rR)
=

2
< 21_{(()\1,]'(R))_N()\Z,j(R))N)qSO((ZOI wo), R)
=

:2ﬁ((/\l,j(R))_N(Az,j(R))N)qmaX{ ||F(k'm)(ZOIWO)H :k+m§N}.

i1 k!m!l’l‘(zo,wo)l’zﬂ (zo, o)

(k,m)
ax{ IE (z,w)] tk+m<N, (z,w) € D? (zo, wo), L] }

(12)

IN

This inequality implies (5) with py = 2]—[]2:1(()\1,]-(1{))*1\’ (A2,j(R))N)7 and some ko, mg, such
that kg + mo < N. The necessity of condition (5) is proved.

Now we prove the sufficiency. Assume that for every R € R?,, |R| < B, there existng € Z,
po > 1, such that for every (zp,wg) € B2 and for some (ko,mo) € Z%, (ko + mo < np),
inequality (5) holds. By Cauchy’s integral formula we have (V(zo, wg) € B?), (V(k,m) € Z2),
(V(s,y) € Z2):

dzdw.

F(k+s,m+y) (ZOr wO) 1 / E(k;m) (Z, ZU)
sly! - (2mi)? 72 ((zg,m0)

i) (2= 20)  H (w — wo )Y
Hence, in view of (5), we obtain that

[P+ (20, wo) | 1 / [FEM) (z,w)|
((Zo wo)

< dz||d
sly! — (2m)?2 ) Iz = zo[**H|w — wo |y+1‘ 2ljdw

R
’L(Z@Wo)
m 15+ (20, w0) 13 (20, wp)

< L EE 2, w)] =
TZ((zo,wo),L—>) (27‘()2 s+ g

(zg,w0q 1
KimtpoAy; (R)AS, (R)
< oy IFE o) | 2 S
T((zo,wo),m) (27‘()2k0!m0!r1 5}

|dz||dw|

li+k+1( ZOer>

lk (Zo, wO)l (ZOI ZUO)

ktmipo A% | (R)AS, (RIS (zo, wo) 1y ™ (20, wo)
ko!mo!rfl’rgl 0 (2o, wo )15 (2o, wo)

kim!po szzl Agf’j(R)liJrk(zO, wo)lg (zo, wp)

kolmolrirgl’fo (zo, wo)15° (2o, wo)

Z0, W

|dz||dw|

= [|E®™ (2o, w) |

= ||[F%™) (29, wy) |
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It follows that
[|[Etsmt9) (20, wg) | _ TT7—q A5 (R)Ktm!po || FFomo) (zg, wo) ||sty!
(k+s)!(m +y)!l'l‘”(zo,wo)lgiw(zo,wo) =y (k4 s)!(m + y) ko tmol] O(ZO,wO)ZZO(zo,wo).
(13)
. . ksl _ ! my! y!
It is obvious that (kfs) = (k+1)s (k+s) <1, Ty = (m+1) ) < 1. We choose ri €

-
1,8/V2),j € {1,2}. Then |R 2 < B, Thus, WREM®) g0y o,
(1B j o y
k+m < ny. e
Therefore, there exists sy such that for every (s,y) € Z3 with s +y > so the inequality
holds
pok!m!s!y'Agl(R)Ag”z(R) B pok!m!s!y! Hz Ano-(R)

(k+s)!(m + y)'r5ry  (k+59)! (m + y)'rjrs

Then, in view of (13), one has

|| FUFsm+9) (29, wp) | || Fkomo) (2o, wy) ||

(k + s)!(m + y)1E(zo, wo)l;"ﬂ/(zo, wy) ko!mo!l’{0 (zo, wo)ly° (zo, wo) .

It implies that for all (j1, /) € Z%

[FOR) (2o, wo)| { IE%™) (2o, wo) |

> ck+m< So+nop,
]1']2'171 (Zofwo)l] (2o, wo) kim!I¥ (2o, wo) 18" (zo, wo) }

where sy and 719 do not depend on (zp, wp). Then the analytic vector-function F in B? has
bounded L-index in joint variables N(F, L, B?) < sq + no. O

Note that instead of sup-norm ||F(z, w)|| = max;<j<2{|fj(z,w)|} one can consider the Eu-
clidean norm ||F(z,w)||g = /|fi(z,w) ]2 + | fo(z,w) |2
Theorem 1 implies the following corollary.

Corollary 1. Let L € Q(B?). An analytic vector-function F : B> — C? has a bounded L-index
in joint variables in sup-norm if and only if it has a bounded L-index in joint variables in the
Euclidean norm.

Proof. Obviously, that for all (k,s) € Z2 and for all (z, w) € B? we obtain
IEE) (2, )| < |F*9) (z,w) | < V2I[FE)(z,w)].

Using the given double inequality and repeating arguments from Theorem 1 for the case of
the Euclidean norm we can verify the equivalence of these norms for vector-functions having
bounded L-index in joint variables. O

Further, we will use only the sup-norm.
The following proposition was obtained for entire curves in [14]. Here we deduce it for
vector-functions which are analytic in the unit ball.
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Proposition 1. Let L be a positive continuous function in B? satisfying condition (1) and each
component f; of an analytic vector-function F : B? — C? is of bounded L-index in joint vari-
ables. Then F is of bounded L-index in joint variables by the sup-norm with N(L;F) <
max{N(ls;, fs) : 1 < s < 2} and F is of bounded L.-index by the Euclidean norm with
L.(z,w) > v2L(z,w) and

N(L,, F) <max{N(l, fs) : 1 <s <2}
Proof. Foralli+j > N = max{N(L, f;) : 1 <s < 2} we have

IFE o) max{Ifi" w1 (2, w)]}
iljlli (z, w)l (z, w) iljlli (z, w)ly(z, w)
(k)
<maxd L EOL g cN1<s<o
Km!lK (z, w) 15 (z, w)
(k,m)
< max IE; (z, )] :0<k+m<N,,
Km!¥ (z, w) 13 (z, w)

thatis, N(L; F) < N = max{N(L; f;) : 1 <s < 2}. Also

IFD ol VI A @ w)P

1!]!l’1(z,w)l] (z,w) it (z,w)lé(z,w)

: ) ) 2
= JSX% (max{k!m!l’f(z,w)lgi(z,w) 0sk+msN

A (z,w)|
< v2max > d :0<k+m<N,0<s<2
Km!lk (z, )15 (z, w)

Km!X (z, w)15' (z,w) ~ ~ -

(k,m)
§\/§max{ IE (z, )|l :O<k—|—m<N}
and, thus, fori+; > N+1
|FUD) (2, w)||g <1 |F0) (2, w) ||
i!j!lil(z,w)liz(z,w) N \/§N+1 i!j!li(z,w)lé(z,w)

< Lmax [E®")(z,w)le :0<k+m<N
- \/§N Km!¥ (z, )13 (z,w) ~ — -

(k,m)
< max IE (z )| :0<k+m<N},
Kim!Ik (z, w)I™ (z, w)

thatis, N(L., F) < max{N(L, f;) : 1 < j < 2}. Proposition is proved. O

Theorem 2. Let L € Q(B?). In order that an analytic vector-function F : B> — C? be of
bounded L-index in joint variables it is necessary that for all R € R?, |R| < B there exist
ny € Z+, p > 1 such that for all (zo,wy) € B? there exists (ko,mo) € Z2, ko +my < n,
satisfying inequality

max{|[F¥™0)(z,w)| : (z,w) € D?[(z0,w), R/L(zo,wo)]} < p|[F*0") (zo,wp)||  (14)
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and it is sufficiently that for all R € R?, |IR| < B there existny € Z, p > 1¥(zo,wp) € B2
Elkg = (k(l),O), Imy = (0, mg): kg < ny, mg < ng, and
max{ || F50) (zo,wo) | : (z,w) € D?[(z0,w0), R/ L(z0,wp)]} < p|[FH) (zg,0)||  (15)
max{HF(O'mg)(z,w)H 1 (z,w) € Dz[(zo,wo),R/L(zo,wo)]} < pHF(O'mg)(zo,wo)H. (16)
Proof. Then by Theorem 1 inequality (5) is obeyed for some tuple (ko, 1719). We obtain
po_ |IF®om0) (zp, wp) ||
kolmo! l’1<0 (Zo, wO)lgnO (Zo, ZUO)
|[Fkomo) (z, w)|
> max 3
ko!mo!1y° (z, w) 1) (z, w)
(ko,mo) Tko i
S LA 5 (20, 00) 3 20, wo)

ko!my! 15020, w0) 12 (20, wo) 1X° (2, w) I3 (2, w)
(2) € DP{(an o), R/ Lz, 0)]

[ IE e Tl
kolmo!  19(zg, w0) 13" (2o, wo)
From this inequality it follows
po(A2,1(R))™ (Ag2(R))™  |[Fkom) (zg, wp)||
kolmo! 13 (29, w0) 13" (20, wo)

: (z,w) € D? [(z,wp), R/L(z0, wp)] }

:(z,w) € D*[(z0, wo),R/L(zo,wO)]}.

ko,m

> max { Hf( i 0)(2,:10)” : (z,w) € D? [(zo,wo),R/L(zo,wo)]} :
ko!mO!llo (Zo, wO)lz 0 (ZO, ZUO)

From inequality (14) it follows (5) with p = pp(A21(R))"™ (A22(R))™. The necessity of condi-

tion (14) is proved.

Now we prove the sufficiency of (15) and (16). Suppose that for each R € R?, |R| < B there
exist ng € Z4, p > 1 such that for every (zp, wp) € B2 and some kg e Z,, mg € Z, with
k(l) < ny, mg < np inequalities (15) and (16) hold.

Let us write the Cauchy formula in the form V(zg, wp) € B> V(s,y) € Z%

FR+59) (29, wp) 1 / Fk0) (z, w)dzdw
sly! (2711)2 JT2((20,0), R/ L(z0,0)) (2 — 20)5 T (w — wp )Y+
FOmty) (zo,wg) 1 / FOM) (2, w)dzdw
sty! —(271)2 J12((20,00),R/L(zo,0)) (2 — 20)5HH(w — wp )y
We obtain that
0 0
|FRT9) (2, wp) | o1 / |F50) (z, )| dzdeo]
sly! = (271)2 JT2((z0w0),R/L(z0w0)) |2—20[5 T |w—wp[VH1
1 K00 . 2
< Gy max{”F(l )(z,w)|| : (z,w) € D [(zo,wo),R/L(zo,wo)]}
ls+1 ly“‘l
« 1 (ZO'WO)ZH(ZO'wO)/ |dz||dw|
ri“rg T2((zo,w0),R/L(z0,wp))

S .Y ¢

s y
— max {HF(k?rO) (z,w)|| : (z,w) € Dz[(Zo,wo),R/L(zo,wo)]} 15 (2o, wo)13 (20, wo)
1
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||F(S,mg+y)(z0, w0)|| < 1 / ||F Omz)(z w)”
S'y' - (27‘()2 Tz((zo,wo),R/L(zo,wo)) ’Z_ZO’SJrl’w wo ’

= 2np max {HP(O,mS)(z,w)H : (z,w) € D? [(zo,wo),R/L(zo,wO)]}
y 151 (20, w0) 1 (20, wo)

i—i—l y+1 /T2((zo,wo),R/L(Zolw0))

i |dz||dw|

|dz||dw]|

s Y
:nmxﬂwmm@@ﬂwn3@ﬂ@e[ﬁ“mﬂmLRﬂimﬂ%ﬂ}h@mwﬁg&mww.
1°2

PutR = <%, %) . In view of (15) and (16) we have

|IE59) (20, wo) |
sly!
15 (zo, wo)13 (2o, wo) 0
< 2 ax { |[F%0 (z,w)| : (z,w) € D*[(z, o), R/ L(z0, wg)]
(B/vV2)™ { }
Is ?/
<P 120, o)l S(i?/’ “o) | F90) (29, wp)]],
(B/V2)
17)
[EG349) (20, wo) |
sly!
15 (20, wo) 3 (20,
< A= wo>3(f£yw0> ax{HF(O'mg)(z,w)H : (z,w) € ID? [(zo,wo),R/L(zo,wo)]}
(B/V2)
I5 1
< PR WOB 0 00)y 0 2, ).
(B/V2)
(18)
We choose s,y € Zi such that s +y > sp, where (5/55)90 <1.
Then from (17) and (18) we obtain as kg < ny, mg < ng
|FR) (2o, wo) | P syt |IF®50) (zo, wo) |
0 0
l]1<1+s(20’ wo)lg(Zo,wo)(kO +5)ly! (,3/\/2)S+y (s+ k(l))!y! l’1<1 (Zorw0>k(1J!
IFO0) (2, o) |
= 0 7
lll(l (Zo, wo)k(l)!
[F©3+) (2o, wo) | o b syl FO") (o w)|
0 =
15 (z0, w0y 2 Y (20, wo)s!(m +y)t — (B/V2)™H st(m3 +)! Iy (20, wo)my!
- E OmZ)(Zo wo)”
B [ 2(20, ZUQ)
Therefore, N(F, L, B?) < ng + so. O

Lemma 1. Let Ly, Ly € Q(IB?) and for every point (z,w) € B? one has L1(z,w) < Ly(z,w). If
an analytic vector-function F in B? has a bounded Ly -index in joint variables, then the vector-
function F has a bounded L;-index in joint variables and N(F, Ly, B?) < 2N(F,L;,B?).
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Proof. Let N(F,Ly,B?) = ng. In view of (2) we obtain that

IFWD (z,w)|| _ |[FW)(z,w)|
i!j!L;’j (z,w) i!j!lél1 (z, w)lé/z(z, w)
El,Ew) E W)
15,1 (z, w)lé/2 (z,w) i!j!lil1 (z, w)l]L2 (z,w)
I (z,w i Z, W (k,m)
RCADLPEAD max{ IFCM @Oy e 22 e < no}
I (er)lélz(zrw) klmllf | (er)le(er)
< li,l (er)li,z(zrw)
1y (z, )1 (2, )
1k (z, W)™ (z,w (k,m)
xmax{ il( >i12( ) ”f (Z';U)” 2 (k,m) EZZ,k—i-mSnO}
IT1(z w)lf'y (2, w) ktmlly | (z, )13, (z, w)
i~k j—m
< max <ll,1 (Z/ w)) . <ll,2(zl ZU)>
k+m<ny lZ,l (Z/ ZU) lZ,Z (Z/ ZU)
(k,m)
X max IF (z,w)] : (k,m) EZi,k+m§n0 .
k!m!l’z‘,1 (z, )3y (z, w)

Since L1 (z,w) < Ly(z,w), for all i + j > 2ny we have

[FD )l { |EE (2, w)|

_ c(km) € Z2 k+m<mngyp.
i | (z,w)lél2 (z,w) k!m”Iﬁ,1 (z,w)l5, (z,w) -

Therefore, the vector-function F has a bounded L;-index in joint variables and

N(F, Ly, B?) < 2N(F, Ly, B?).

The notation L =< L means that there exist 6; € R, 6, € R such that for all z € B2 and
for each j € {1,2} we have

011:(z) < Ii(z) < 6a1;(2).

Lemma 2. Let L € Q(B?), L < L, B(®;) > 1. An analytic vector-function F in B? has a
bounded L-index in joint variables if and only if it has a bounded L-index in joint variables.

Proof. Ttis easy to prove that with L € Q(B?) and L < L corresponding function L € Q(IB?).
Let N(F,L,B?) = 7ig < +c0. Then by Theorem 1 for each R = (71,7,) € R%, |R| < B there
exists p > 1 such that for all (zg, wg) € B? and some (ko, mg) with ko + my < 7ig inequality (5)
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is true with L and R instead of L and R, respectively. Hence, we have

P PR zo,we)| 6™ [P (zg,wp)|
kO!mO! ZIIO (Zo, wO)lgio (Z(), wo) ko!ﬂ’lo! 912<0+m0 l’l(o (Z(), wOﬂ;”O (Z(), ZU()>
P |[Fkomo) (7, wo) |
~ ko'mpg! le(ﬁmolleo(Zo, wo)lszo (z0, wo)
(k,m)
> max{ IF @O < ) (20) € D2 [(zO,wo>,R/L<z,w>]}
0+mp ~ko ~my
0, kKim!ly “(z,w)l, ~(z,w)
erm_ |F®™ (zw)| ~ 2 =
> 9§0+m0 max {91 k!m!l’l‘(z,w)lzm(z,w) ck+m <, (z,w) €D [(zo,wo),QlR/L(z,w)}

min{1,6°} { IE®) (z, )|

oy : k+m <, (z,w) €D? |(z9,w0),0:R/L(z, ,
~ max{1,6,°} Km!If z,w) " z,w) +m <, (z,w) [(ZO wo),61R/L(z w)}}

By Theorem 1 we conclude that the vector-function F has a bounded L-index in joint variables.
O

Theorem 3. Let L € Q(IB?), B > 2. An analytic vector-function F : B> — C? has a bounded
L-index in joint variables if and only if there exist R € R%, |R| < B, ng € Z2 and py > 0 such
that for all (zp, wg) € B? and for some (ko, mg) € Zi, ko + mo < ng inequality (5) is valid.

Proof. The necessity of this theorem follows from the necessity of Theorem 1.

Now we prove the sufficiency. From the proof of Theorem 1 with R = <%, %) we have

that N(F, L, B?) < +-co.
0 0
Let L*(z,w) = ROLI({Z’W), that is <l;‘(z,w) = %f’w),l;(z, w) = M), where RV =

r2
- ) - (4
such that |[R| < B,

, %) In the general case, with validity of (5) for F, L and R = (rq,72)
R # R°, we get

[FE™ @ w) *
max { ktm! (13 (z,w))k (13 (z, w))™ k+m <mng,(z,w) € D? [(zo,w0), Ro/L*(z, w)]}

. IE®™) (2, w) |
a k!m!(r(l)ll(z,w)/1’1)k(7’(2)lz(zrw>/7’2)m

R
tktm <o, (z,w) €D? [(Zo’w0>’ m] }

k+m
275 [FEm (z,w)|| 2
< max{k!m!l’{(z,w)l’zﬂ(z,w) sk +m < ng, (z,w) € D?[(z0,wo), R/L(zo, wp)]

po  2/2||Fkomo) (z5, wy) || 2M0/2(B/+/2)kotmo || Fkomo) (2o, w) |
~ kolmo! 10(zg, w0) 13" (20, wo) Rorokotmg!  (R1(z,w)/r1)Ro(rla(z, w) /ra)™0
ng (B/+/2)kotmo || Fkom0) (29, wp) |
<22 -7 .k < ’
=<7 pomax { Koy 0¥ Mo = o ko!mo! (1} (z,w) )% (I3 (z, w) ) ™o

i.e. (5)is true for F, L. and Ry = (B/+/2, /+/2). Hence, by Theorem 1 the vector-function F
is of bounded L,-index in joint variables. By Lemma 2 the vector-function F has a bounded
L-index in joint variables. O
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Y Wit CTaTTi MM PO3TASIAAEMO KAAC BEKTOP-(PYHKIIIN, aHAAI TUIHIX B OAVHIYHI Ky Ai. AAS ITBOTO
KAacy (PYHKIIi BBEACHO HOHSITTSI 06MeXeHocTi L-iHAeKkcy 3a cykymHicTio 3MiEmX, ae L = (I3, 1) :
B2 — R%2 — aoaarHa HenepepBHa BekTop-cpyHKuist, B2 = {z € C2: |z| = \/|z1]2 + |22]2 < 1}. Ha-
MU OTPMMAHO HeObXiAHI 1 AOCTaTHI YMOBU 0bMeXXeHOCTi L-iHAekcy 3a cyKynHicTIO 3MiHHMX. BoHu
OIICYIOTh AOKAAbHE MOBOAXKEHHSI MAKCMMYMYy MOAYASI KOXXHOTO KOMIIOHEHTa BeKTOP-(PYHKIIT um
il YaCTMHHVX IOXiAHMX.

Kntouosi croea i ppasu: obMexxeHMT iHAeKC, 0OMexxeHMI L-iHAeKC 3a CyKyTIHICTIO 3MiHHIX, aHaAi-
TUYHA (PYHKIIisl, OAMHMYHA KYAS, AOKaAbHe TIOBOAXKEHHS, MAaKCMMYM MOAYASI, SUp-HOpMa, BeKTOp-
HO3HauHa (PYHKIIisI.



