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ON INVERSE SUBMONOIDS OF THE MONOID OF ALMOST MONOTONE

INJECTIVE CO-FINITE PARTIAL SELFMAPS OF POSITIVE INTEGERS

In this paper we study submonoids of the monoid I �ր
∞ (N) of almost monotone injective co-

finite partial selfmaps of positive integers N. Let Iր
∞ (N) be a submonoid of I �ր

∞ (N) which con-

sists of cofinite monotone partial bijections of N and CN be a subsemigroup of I �ր
∞ (N) which is

generated by the partial shift n 7→ n + 1 and its inverse partial map. We show that every automor-

phism of a full inverse subsemigroup of Iր
∞ (N) which contains the semigroup CN is the identity

map. We construct a submonoid IN
[1]
∞ of I �ր

∞ (N) with the following property: if S is an inverse

submonoid of I �ր
∞ (N) such that S contains IN

[1]
∞ as a submonoid, then every non-identity congru-

ence C on S is a group congruence. We show that if S is an inverse submonoid of I �ր
∞ (N) such

that S contains CN as a submonoid then S is simple and the quotient semigroup S/Cmg, where

Cmg is the minimum group congruence on S, is isomorphic to the additive group of integers. Also,

we study topologizations of inverse submonoids of I �ր
∞ (N) which contain CN and embeddings of

such semigroups into compact-like topological semigroups.
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1 INTRODUCTION AND PRELIMINARIES

In this paper all spaces will be assumed to be Hausdorff. Furthermore we shall follow the

terminology of [14, 16, 20, 35, 39]. We shall denote the set of all positive integers by N, the first

infinite ordinal by ω and the cardinality of the set A by |A|. If A is a subset of a semigroup S,

then by 〈A〉 we shall denote a subsemigroup of S generated by the elements of the set A.

An algebraic semigroup S is called inverse if for any element x ∈ S there exists a unique

x−1 ∈ S such that xx−1x = x and x−1xx−1 = x−1. The element x−1 is called the inverse of

x ∈ S. If S is an inverse semigroup, then the function inv: S → S which assigns to every

element x of S its inverse element x−1 is called an inversion.

A congruence C on a semigroup S is called non-trivial if C is distinct from universal and

identity congruences on S, and a group congruence if the quotient semigroup S/C is a group. If

C is a congruence on a semigroup S then by C♯ we denote the natural homomorphism from S

onto the quotient semigroup S/C.

If S is a semigroup, then we shall denote the subset of all idempotents in S by E(S). If S is

an inverse semigroup, then E(S) is closed under multiplication and we shall refer to E(S) a as
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band (or the band of S). Then the semigroup operation on S determines the following partial

order 4 on E(S): e 4 f if and only if e f = f e = e. This order is called the natural partial order

on E(S). A semilattice is a commutative semigroup of idempotents.

An inverse subsemigroup T of an inverse semigroup S is called full if E(S) = E(T).

By (P<ω(λ),∪) we shall denote the free semilattice with identity over a set of cardinality

λ > ω, i.e., (P<ω(λ),∪) is the set of all finite subsets (with the empty set) of λ with the

semilattice operation “union”.

If S is a semigroup, then we shall denote the Green relations on S by R, L , J , D and H

(see [16]). A semigroup S is called simple if S does not contain proper two-sided ideals and

bisimple if S has only one D-class.

A (semi)topological semigroup is a topological space with a (separately) continuous semi-

group operation. An inverse topological semigroup with continuous inversion is called a topo-

logical inverse semigroup.

A topology τ on a semigroup S is called:

semigroup if (S, τ) is a topological semigroup;

semigroup inverse if S is an inverse semigroup and (S, τ) is a topological inverse semigroup;

shift-continuous if (S, τ) is a semitopological semigroup.

The bicyclic semigroup (or the bicyclic monoid) C (p, q) is the semigroup with the identity 1

generated by two elements p and q, subject only to the condition pq = 1.

The bicyclic semigroup is bisimple and every one of its congruences is either trivial or a

group congruence. Moreover, every homomorphism h of the bicyclic semigroup is either an

isomorphism or the image of C (p, q) under h is a cyclic group (see [16, Corollary 1.32]). The

bicyclic semigroup plays an important role in algebraic theory of semigroups and in the the-

ory of topological semigroups. For example a well-known Andersen’s result [1] states that a

(0–)simple semigroup with an idempotent is completely (0–)simple if and only if it does not

contain an isomorphic copy of the bicyclic semigroup. The bicyclic monoid admits only the

discrete semigroup Hausdorff topology. Bertman and West in [13] extended this result for the

case of Hausdorff semitopological semigroups. Stable and Γ-compact topological semigroups

do not contain the bicyclic monoid [3, 33]. The problem of embedding of the bicyclic monoid

into compact-like topological semigroups was studied in [5, 6, 28]. Independently to Eberhart-

Selden results on topolozabilty of the bicyclic semigroup, in [41] Taimanov constructed a com-

mutative semigroup Aκ of cardinality κ which admits only the discrete semigroup topology.

Also, Taimanov [42] gave sufficient conditions for a commutative semigroup to have a non-

discrete semigroup topology. In the paper [23] it was showed that for the Taimanov semigroup

Aκ from [41] the following conditions hold: every T1-topology τ on the semigroup Aκ such that

(Aκ , τ) is a topological semigroup is discrete; Aκ is closed in any T1-topological semigroup con-

taining Aκ and every homomorphic non-isomorphic image of Aκ is a zero-semigroup.

Non-discrete topologizations of some bicyclic-like semigroups were studied in [7, 8, 9, 10,

11, 12, 22, 25, 34, 36, 40]. In particular in [21] it is proved that the discrete topology is the unique

shift-continuous Hausdorff topology on the extended bicyclic semigroup CZ. We observe that

for many (0-)bisimple semigroups S the following statement holds: every shift-continuous Haus-

dorff Baire (in particular locally compact) topology on S is discrete (see [15, 24, 26, 27, 29, 30]).

Let Iλ denote the set of all partial one-to-one transformations of a set X of cardinality λ

together with the following semigroup operation:

x(αβ) = (xα)β if x ∈ dom(αβ) = {y ∈ dom α | yα ∈ dom β}, for α, β ∈ Iλ.
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The semigroup Iλ is called the symmetric inverse semigroup over the set X (see [16]). The sym-

metric inverse semigroup was introduced by Wagner [43] and it plays a major role in the theory

of semigroups.

Remark 1. We observe that the bicyclic semigroup is isomorphic to the semigroup CN, which

is generated by partial transformations α and β of the set of positive integers N, defined as

follows:

dom α = N, ran α = N \ {1}, (n)α = n + 1

and

dom β = N \ {1}, ran β = N, (n)β = n − 1

(see Exercise IV.1.11(ii) in [38]).

Let N be the set of all positive integers. We shall denote the semigroup of monotone, non-

decreasing, injective partial transformations ϕ of N such that the sets N \ dom ϕ and N \

rank ϕ are finite by Iր
∞ (N). Obviously, Iր

∞ (N) is an inverse subsemigroup of the semigroup

Iω. The semigroup Iր
∞ (N) is called the semigroup of cofinite monotone partial bijections of N.

In [29] Gutik and Repovš studied the semigroup Iր
∞ (N). They showed that the semigroup

Iր
∞ (N) has algebraic properties similar to the bicyclic semigroup: it is bisimple and all of its

non-trivial group homomorphisms are either isomorphisms or group homomorphisms. Also,

they proved that every locally compact inverse semigroup topology τ on Iր
∞ (N) is discrete

and described the closure of (Iր
∞ (N), τ) in a topological semigroup.

Doroshenko in [18, 19] studied the semigroups of endomorphisms of linearly ordered sets

N and Z and their subsemigroups of cofinite endomorphisms O f in(N) and O f in(Z). In [19]

he described the Green relations, groups of automorphisms, conjugacy, centralizers of ele-

ments, growth, and free subsemigroups in these subgroups. Especially in [19] it is proved that

the group of automorphisms consists only of the identity mapping, whereas the groups of au-

tomorphisms of O f in(Z) is isomorphic to the semigroup of integers with operation of addition

and consist only of inner automorphisms. In [18] there was shown that both these semigroups

do not admit an irreducible system of generators. In their subsemigroups of cofinite functions

all irreducible systems of generators are described there. Also, here the last semigroups are

presented in terms of generators and relations.

A partial map α : N ⇀ N is called almost monotone if there exists a finite subset A of N such

that the restriction α |N\A : N \ A ⇀ N is a monotone partial map.

By I �ր
∞ (N) we shall denote the semigroup of monotone, almost non-decreasing, injective

partial transformations of N such that the sets N \ dom ϕ and N \ rank ϕ are finite for all

ϕ ∈ I �ր
∞ (N). Obviously, I �ր

∞ (N) is an inverse subsemigroup of the semigroup Iω and the

semigroup Iր
∞ (N) is an inverse subsemigroup of I �ր

∞ (N) too. The semigroup I �ր
∞ (N) is

called the semigroup of co-finite almost monotone partial bijections of N.

In the paper [15] the semigroup I �ր
∞ (N) is studied. It was shown that the semigroup

I �ր
∞ (N) has algebraic properties similar to the bicyclic semigroup: it is bisimple and all of

its non-trivial group homomorphisms are either isomorphisms or group homomorphisms.

Also it was proved that every Baire shift-continuous T1-topology τ on I �ր
∞ (N) is discrete,

described the closure of (I �ր
∞ (N), τ) in a topological semigroup and constructed non-discrete

Hausdorff semigroup topologies on I �ր
∞ (N).
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A partial transformation α : (X, d) ⇀ (X, d) of a metric space (X, d) is called isometric or a

partial isometry, if d(xα, yα) = d(x, y) for all x, y ∈ dom α. It is obvious that the composition

of two partial isometries of a metric space (X, d) is a partial isometry, and the converse partial

map to a partial isometry is a partial isometry. Hence the set of partial isometries of a metric

space (X, d) with the operation of composition of partial isometries is an inverse submonoid

of the symmetric inverse monoid over the set X.

Let IN∞ be the set of all partial cofinite isometries of the set of positive integers N with

the usual metric d(n, m) = |n − m|, n, m ∈ N. Then IN∞ with the operation of composition of

partial isometries is an inverse submonoid of Iω. The semigroup IN∞ of all partial co-finite

isometries of positive integers is studied in [32]. There we describe the Green relations on

the semigroup IN∞, its band and proved that IN∞ is a simple E-unitary F-inverse semigroup.

Also in [32], the least group congruence Cmg on IN∞ is described and proved that the quotient-

semigroup IN∞/Cmg is isomorphic to the additive group of integers Z(+). An example of a

non-group congruence on the semigroup mathb f IN∞ is presented. Also we proved that a

congruence on the semigroup IN∞ is group if and only if its restriction onto an isomorphic

copy of the bicyclic semigroup in IN∞ is a group congruence.

In this paper we show that every automorphism of a full inverse subsemigroup of Iր
∞ (N)

which contains the semigroup CN is the identity map. We construct a submonoid IN
[1]
∞ of

I �ր
∞ (N) with the following property: if S be an inverse subsemigroup of I �ր

∞ (N) such that

S contains IN
[1]
∞ as a submonoid, then every non-identity congruence C on S is a group con-

gruence. We show that if S is an inverse submonoid of I �ր
∞ (N) such that S contains CN as

a subsubmonoid then S is simple and the quotient semigroup S/Cmg, where Cmg is the mini-

mum group congruence on S, is isomorphic to the additive group of integers. Also, we study

topologizations of inverse submonoids of I �ր
∞ (N) which contain CN and embeddings of such

semigroups into compact-like topological semigroups.

2 MAIN ALGEBRAIC RESULTS

We recall for a semigroup S a homomorphism Φ : S → S is called an endomorphism of S

and every bijective endomorphism (isomorphism) Φ : S → S is called an automorphism of S.

We observe that in the case when S is a monoid with the unit 1S, then an endomorphism

Φ : S → S with (1S)Φ = 1S is called a monoid endomorphism. It is obvious that (1S)Φ = 1S for

any automorphism Φ : S → S of a monoid with the unit 1S.

Recall [37] a semigroup S is combinatorial if it has no non-trivial subgroups. A regular (an

inverse) semigroup S is combinatorial if all its H -classes are singleton. It is obvious that any

subsemigroup of a combinatorial semigroup is combinatorial.

Lemma 1. Let Ψ : S → S be an automorphism of a combinatorial inverse semigroup S. If

(e)Ψ = e for all e ∈ E(S), then Ψ is the identity map.

Proof. Fix an arbitrary s ∈ S \ E(S). Then (ss−1)Ψ = ss−1 and (s−1s)Ψ = s−1s. Since in

any inverse semigroup the following condition hold: xH y if and only if xx−1 = yy−1 and

x−1x = y−1y (see [35, Section 3.2, p. 82]), we have that

(s)Ψ(s−1)Ψ = (ss−1)Ψ = ss−1 and (s−1)Ψ(s)Ψ = (s−1s)Ψ = s−1s,

and hence (s)ΨH s. Since S is a combinatorial inverse semigroup, (s)Ψ = s.
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For any positive integer i by ε(i) we denote the identity map of the set N \ {i}. It is obvious

that ε(i) ∈ E(IN∞) for any positive integer i.

Lemma 2. Let S be a full inverse submonoid of Iր
∞ (N) and Φ : S → S be an automorphism.

Then (ε(1))Φ = ε(1).

Proof. Since Φ : S → S is an automorphism, (I)Φ = I. Suppose to the contrary that (ε(1))Φ 6=

ε(1). Since the restriction Φ|E(S)\{I} : E(S) \ {I} → E(S) \ {I} of the automorphism Φ onto

E(S) \ {I} is an automorphism, there exist (not necessary distinct) idempotents ι, υ ∈ S \

{I, ε(1)} such that (ε(1))Φ = υ, (ι)Φ = ε(1) and |N \ dom υ| = |N \ dom ι| = 1.

We shall show that 1 ∈ dom ϕ ∩ ran ϕ and moreover (1)ϕ = 1 for any ϕ ∈ 〈(α)Φ, (β)Φ〉.

Our assumption implies that ε(1)) = βα and hence

(1)(βα)Φ = 1 = (1)(αβ)Ψ = (1)(I)Φ = (1)I = 1.

This implies that 1 ∈ dom(α)Φ and 1 ∈ dom(β)Φ. If (1)(β)Φ 6= 1, then the monotonicity of β

implies that 1 /∈ dom(α)Φ, and hence 1 /∈ dom(αβ)Φ = N, a contradiction. Since α is inverse

of β in S, the equality (1)(β)Φ = 1 implies that 1 = (1)(βα)Φ = ((1)(β)Φ)(α)Ψ = (1)(α)Φ.

This implies that (1)(βiαj)Φ = 1 for all non-negative integers i and j.

By Remark 1, 〈α, β〉 is a submonoid of Iր
∞ (N) which is isomorphic to the bicyclic monoid,

and since Φ : S → S is an automorphism, 〈(α)Φ, (β)Φ〉 is isomorphic to the bicyclic monoid,

too. By Lemma 2.6 of [29] for every idempotent ε ∈ Iր
∞ (N) there exists a positive integer nε

such that ε · βnαn = βnαn for any positive integer n > nε. Then there exists a positive integer

nι such that ιβnαn = βnαn and hence (ιβnαn)Φ = (βnαn)Φ for all n > nι. Since (ι)Φ = βα we

have that (ιβnαn)Φ = (ι)Φ(βnαn)Φ = ε(1)(βnαn)Φ and hence 1 /∈ dom βα for all n > nι. This

contradicts the previous part of the proof. The obtained contradiction implies the statement of

the lemma.

Lemma 3. Let S be a full inverse submonoid of Iր
∞ (N) and Φ : S → S be an automorphism.

Then (βiαj)Φ = βiαj for all non-negative integers i and j.

Proof. By Lemma 2, (βα)Φ = (ε(1))Φ = ε(1) = βα and since (I)Φ = I, we have that

(β)Φ(α)Φ = βα and (α)Φ(β)Φ = I.

By Proposition 2.1(iii) from [29] the semigroup Iր
∞ (N) is combinatorial and hence S is com-

binatorial, too. Then the arguments presented in the proof of Lemma 1 imply that (β)Φ = β

and (α)Φ = α. Therefore we get

(βiαj)Φ = (βi)Φ(αj)Φ = ((β)Φ)i((α)Φ)j = βiαj

for all non-negative integers i and j.

Lemma 4. Let S be a full inverse submonoid of Iր
∞ (N) and Φ : S → S be an automorphism.

Then (ε)Φ = ε for each idempotent ε ∈ S.

Proof. Since the restriction Φ|E(S)\{I} : E(S) \ {I} → E(S) \ {I} of Φ onto E(S) \ {I} is an

automorphism, the equality (ι)Φ = υ for ι, υ ∈ E(S) \ {I, ε(1)} implies that |N \ dom υ| =

|N \ dom ι|. Fix so elements ι, υ ∈ E(S) \ {I, ε(1)} with |N \ dom υ| = |N \ dom ι| = 1. Then



ON INVERSE SUBMONOIDS OF THE MONOID 301

there exist positive integers k and l such that υ = ε(k) and ι = ε(l). Suppose to the contrary

that ι 6= υ. If k > l > 1 then,

βlαl = (βlαl)Φ = (βlαl · ε(l))Φ = βlαl · (ε(l))Φ = βlαl · (ε(l))Φ = βlαl · ε(k) 6= βlαl .

If l > k > 1, then

βkαk = (βkαk)Φ−1 = (βkαk · ε(k))Φ−1 = βkαk · (ε(k))Φ−1

= βkαk · (ε(k))Φ−1 = βkαk · ε(l) 6= βkαk.

The obtained contradictions and Lemma 3 imply that (ι)Φ = ι for every ι ∈ E(S) with

|N \ dom ι| = 1.

By Proposition 2.1 of [29] for every idempotent ε ∈ Iր
∞ (N) there exists a finite subset

{n1, . . . , nk} of positive integers such that ε is the identity map of N \ {n1, . . . , nk}. This implies

that ε = ε(n1) · · · ε(nk). Hence we get that

(ε)Φ = (ε(n1) · · · ε(nk))Φ = (ε(n1))Φ · · · (ε(nk))Φ = ε(n1) · · · ε(nk) = ε,

which completes the proof of the lemma.

It is well known that every automorphism Φ of the bicyclic semigroup C (p, q) is trivial.

i.e., Φ is the identity map of C (p, q). The following theorem shows that every full inverse

subsemigroup of Iր
∞ (N) which contains the semigroup CN has such property.

Theorem 1. Let S be a full inverse submonoid of Iր
∞ (N) which contains the semigroup CN.

Then every automorphism of S is the identity map.

Proof. By Lemma 4 for each automorphism Φ : S → S the band E(Iր
∞ (N)) is the set of fixed

points of Φ. By Proposition 2.1 of [29], Iր
∞ (N) is combinatorial inverse semigroup, and hence

by Proposition 3.2.11 of [35] so is S. Next we apply Lemma 1.

Theorem 1 implies the following two corollaries.

Corollary 1. Every automorphism of the semigroup Iր
∞ (N) is trivial.

Corollary 2. Every automorphism of the semigroup IN∞ is trivial.

Remark 2. By Lemma 1.1 from [15] the band of the monoid Iր
∞ (N) is isomorphic to the free

semilattice (P<ω(ω),∪). Next we identify N with ω. Then every bijective transformation

of N extends to an automorphism of the free semilattice (P<ω(ω),∪). This implies that the

monoid Iր
∞ (N) contains a full inverse subsemigroup which has c distinct automorphisms.

An example of a non-group congruence on the semigroup IN∞ is presented in [32]. Later

we shall establish what submonoids of I �ր
∞ (N) admit only a group non-identity congruence.

For an arbitrary positive integer n0 we denote [n0) = {n ∈ N : n > n0}. Since the set of all

positive integers is well ordered, the definition of the semigroup I �ր
∞ (N) implies that for every

α ∈ I �ր
∞ (N) there exists the smallest positive integer nd

α ∈ dom α such that the restriction

α|[nd
α) of the partial map α : N ⇀ N onto the set

[

nd
α

)

is an element of the semigroup CN, i.e.,

α|[nd
α) is a some partial shift of

[

nd
α

)

. For every α ∈ I �ր
∞ (N) we put −→α = α|[nd

α), i.e.

dom−→α =
[

nd
α

)

, (x)−→α = (x)α for all x ∈ dom−→α and ran−→α =
(

dom−→α
)

α.
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Also, we put

nd
α = min {j ∈ N : j ∈ dom α} for α ∈ I �ր

∞ (N),

and

nd
α = max

{

j ∈ dom α : j < nd
α

}

for α ∈ I �ր
∞ (N) \ CN.

It is obvious that nd
α 6 nd

α when α ∈ I �ր
∞ (N) and nd

α 6 nd
α < nd

α when α ∈ I �ր
∞ (N) \ CN.

The following theorem is proved in [32].

Theorem 2 ([32, Theorem 9]). Let C be a congruence on the semigroup IN∞. Then the follow-

ing conditions are equivalent:

(1) C is a group congruence;

(2) there exists a subsemigroup S of IN∞ which is isomorphic to the bicyclic semigroup and

S contains two distinct C-equivalent elements;

(3) every subsemigroup of IN∞, which is isomorphic to the bicyclic semigroup, has two

distinct C-equivalent elements.

The following lemma completes the statements of Theorem 2.

Lemma 5. Let C be a congruence on the semigroup IN∞, ε ∈ E(CN), ι ∈ E(IN∞) \ E(CN) and

ι 6 ε. Then εCι implies that C is a group congruence on IN∞.

Proof. The assumptions of the lemma imply that nd
ι < nd

ε . Put εnd
ι +1 : N ⇀ N and εnd

ι
: N ⇀

N are identity maps of the sets
[

nd
ι + 1

)

and
[

nd
ι

)

, respectively. It is obvious that εnd
ι +1, εnd

ι
∈

E(CN),

εnd
ι
= εnd

ι
· εnd

ι +1 = εnd
ι
· ι = εnd

ι +1 · ι and εnd
ι +1 = εnd

ι +1 · ε,

and hence εnd
ι +1Cεnd

ι
. Then Theorem 2 and Corollary 1.32 [16] imply that C is a group congru-

ence on IN∞.

Definition 1. Put IN
[1]
∞ =

{

α∈Iր
∞ (N) : the restriction α|dom α\{nd

α}
is a partial isometry of N

}

.

It is obvious that IN
[1]
∞ is an inverse submonoid of the inverse monoid Iր

∞ (N), IN∞ is an

inverse submonoid of IN
[1]
∞ and E(IN∞) = E(IN

[1]
∞ ) = E(Iր

∞ (N)) = E(I �ր
∞ (N)).

Lemma 6. Let S be an inverse subsemigroup of I �ր
∞ (N) such that S contains IN

[1]
∞ as a sub-

monoid. Let C be a congruence on S such that two distinct idempotents ε and ι of IN
[1]
∞ are

C-equivalent. Then C is a group congruence on S.

Proof. If ε and ι are idempotents of the subsemigroup CN of I �ր
∞ (N), then the statement of

our lemma follows from Theorem 2. Hence, we assume that at least one of idempotents ε and

ι does not belong to CN.

We consider two cases: 1) nd
ε = nd

ι ; and 2) nd
ε 6= nd

ι .

Suppose case nd
ε = nd

ι holds. Since ε 6= ι without loss of generality we may assume that

there exists a positive integer n0 < nd
ε such that n0 ∈ dom ε \ dom ι. Then n0 = nd

ε − (k + 1)

for some positive integer k.
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For every positive integer j < nd
ε − 1 we define a partial bijection αj : N ⇀ N in the follow-

ing way:

dom αj = {j} ∪
{

n ∈ N : n > nd
ε

}

, ran αj = {j + 1} ∪
{

n ∈ N : n > nd
ε

}

and

(n)αj =

{

n, if n > nd
ε ;

n + 1, if n = j.

Simple verifications show that

εnd
ε −1 = α−1

nd
ε −2

· · · α−1
n0+1α−1

n0
εαn0 αn0+1 · · · αnd

ε −2

and

εnd
ε
= α−1

n0
ιαn0 = α−1

n0+1α−1
n0

ιαn0 αn0+1 = . . . = α−1
nd

ε −2
· · · α−1

n0+1α−1
n0

ιαn0 αn0+1 · · · αnd
ε −2

are identity maps of the sets
{

n ∈ N : n > nd
ε − 1

}

and
{

n ∈ N : n > nd
ε

}

, respectively, and

hence εnd
ε −1 and εnd

ε
are distinctC-equivalent idempotents of the subsemigroup CN in I �ր

∞ (N).

By Theorem 2 all idempotents of the sebsemigroup IN∞ are C-equivalent, and hence C is a

group congruence on the semigroup S, because E(IN∞) = E(S) = E(I �ր
∞ (N)).

Suppose case nd
ε 6= nd

ι holds. Without loss of generality we may assume that nd
ε > nd

ι .

Put εnd
ι −1 : N ⇀ N is the identity map of the set

{

n ∈ N : n > nd
ε − 1

}

. Simple verifications

show that εnd
ι −1 = εnd

ι −1ε and −→ι = εnd
ι −1ι are distinct C-equivalent idempotents of the sub-

semigroup CN in I �ր
∞ (N). By Theorem 2 all idempotents of the sebsemigroup IN∞ are C-

equivalent, and hence C is a group congruence on the semigroup S, because E(IN∞) = E(S) =

E(I �ր
∞ (N)).

Theorem 3. Let S be an inverse subsemigroup of I �ր
∞ (N) such that S contains IN

[1]
∞ as a

submonoid. Then every non-identity congruence C on S is a group congruence.

Proof. Let α and β be two distinct C-equivalent elements of the semigroup S.

We consider two cases:

(i) αH β in S;

(ii) α and β belong to distinct two H -classes in S.

Suppose that αH β in S. Then Proposition 1.1(ix) of [15] and Proposition 3.2.11 of [35]

imply that dom α = dom β and ran α = ran β, and hence there exists a positive integer

n0 ∈ dom α such that (n0)α 6= (n0)β. Let εn0 : N ⇀ N be the identity map of the set

{n0} ∪ {n ∈ N : n > m0}, where m0 ∈ dom α is an arbitrary positive integer such that m0 >

n0 + nd
α . By Proposition 3(i) of [32] and Proposition 3(i) of [15], E(IN∞) = E(I �ր

∞ (N)) and

hence εn0 ∈ E(S). Since S is an inverse semigroup Proposition 2.3.4 from [35] and αCβ imply

that α−1Cβ−1, and hence we have that (α−1εn0 α)C(β−1εn0 β). Then the definition of εn0 implies

that α−1εn0 α and β−1εn0 β are distinct idempotents of the semigroup S, and hence by Lemma 6,

C is a group congruence on S.

If case (ii) holds then at least one of the following conditions holds

αα−1 6= ββ−1 or α−1α 6= β−1β.

Then by Proposition 2.3.4 of [35] the semigroup S has two distinct C-equivalent idempotents.

Next we apply Lemma 6.
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Every inverse semigroup S admits the least group congruence Cmg (see [38, Section III]):

sCmgt if and only if there exists an idempotent e ∈ S such that se = te.

Later we shall describe the least group congruence on any inverse subsemigroup S of

I �ր
∞ (N) such that S contains CN as a submonoid.

Definitions of inverse semigroups CN, I �ր
∞ (N) and the congruence Cmg imply the follow-

ing lemma.

Lemma 7. Let S be an inverse subsemigroup of I �ր
∞ (N) such that S contains CN as a sub-

monoid. Then the following conditions hold:

(i) αCmg
−→α for every α ∈ S;

(ii) if α and β are elements of S such that α = −→α and β =
−→
β , then αCmgβ if and only if

(n)α = (n)β for all n ∈ dom α ∩ dom β.

Theorem 4. Let S be an inverse subsemigroup of I �ր
∞ (N) such that S contains CN as a sub-

monoid. Then the quotient semigroup S/Cmg is isomorphic to the additive group of integers

Z(+).

Proof. We define a map F : S → Z(+), α 7→ iα in the following way. Put iα = (n)−→α − n,

where n ∈ dom−→α . Simple verification implies that so defined map F is correct and it is a

homomorphism. Also, Lemma 7 implies that αCmgβ if and only if (α)F = (β)F for α, β ∈ S.

Theorems 3 and 4 imply the following corollary.

Corollary 3. Let S be an inverse subsemigroup of I �ր
∞ (N) such that S contains IN

[1]
∞ as a

submonoid. Then for any non-injective homomorphism F : S → T into an arbitrary semigroup

T there exists a unique homomorphism H : Z(+) → T such that the following diagram

S
F

//

C
♯
mg

��

T

Z(+)
H

<<②②②②②②②②

commutes.

The semigroups CN, Iր
∞ (N) and I �ր

∞ (N) are bisimple (see [16], [29], [15]). But the semi-

group IN∞ is not bisimple whereas it is simple. A very amazing property about some inverse

subsemigroups of I �ր
∞ (N) illustrates the following theorem.

Theorem 5. Let S be an inverse subsemigroup of I �ր
∞ (N) such that S contains CN as a sub-

monoid. Then S is simple.

Proof. Since α = αI = Iα for any element α of S, it is sufficient to show that for every β ∈ S

there exist γ, δ ∈ S such that γβδ = I.

Fix an arbitrary element β in S. Simple verifications show that β
−→
β −1 =

−→
β
−→
β −1 and β

−→
β −1

is an idempotent of S, where
−→
β −1 is inverse of

−→
β in S, because

−→
β and

−→
β −1 are elements of

the sebsemigroup CN in S. Next we define a partial maps γ : N ⇀ N in the following way

dom γ = N, ran γ =
{

n ∈ N : n > nd
γ

}

and (i)γ = i − 1 + nd
γ for i ∈ dom γ.

Then γβ(
−→
β −1γ−1) = I.
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3 ON SHIFT-CONTINUOUS TOPOLOGIES ON INVERSE SUBSEMIGROUPS OF I �ր
∞ (N)

A subset A of a topological space X is said to be co-dense in X if X \ A is dense in X.

We recall that a topological space X is said to be:

compact if every open cover of X contains a finite subcover;

countably compact if each closed discrete subspace of X is finite;

feebly compact if each locally finite open cover of X is finite;

pseudocompact if X is Tychonoff and each continuous real-valued function on X is

bounded;

locally compact if each point of X has an open neighbourhood with the compact closure;

Čech-complete if X is Tychonof and there exists a compactifcation cX of X such that the

remainder cX \ c(X) is an Fσ-set in cX;

a Baire space if for each sequence A1, A2, . . . , Ai, . . . of nowhere dense subsets of X the

union
⋃

∞

i=1 Ai is a co-dense subset of X.

According to Theorem 3.10.22 of [20], a Tychonoff topological space X is feebly compact if and

only if X is pseudocompact. Also, a Hausdorff topological space X is feebly compact if and

only if every locally finite family of non-empty open subsets of X is finite. Every compact

space is countably compact and every countably compact space is feebly compact (see [4]).

Also, every compact space is locally compact, every locally compact space is Čech-complete,

and every Čech-complete space is a Baire space (see [20]).

By the Eberhart-Selden theorem every Hausdorff semigroup topology on the bicyclic semi-

group is discrete. It is natural to ask: Do there exists non-discrete semigroup topology on the semi-

group IN∞?

Theorem 6. Let S be an inverse subsemigroup of I �ր
∞ (N) such that S contains CN as a sub-

monoid. Then every Baire shift-continuous Hausdorff topology τ on S is discrete.

Proof. If no point in S is isolated, then since the space (S, τ) is Hausdorff, it follows that {α}

is nowhere dense for all α ∈ S. But, if this is the case, then since the semigroup S is countable

it cannot be a Baire space. Hence the space (S, τ) contains an isolated point µ. If γ ∈ S is

arbitrary, then by Theorem 5, there exist α, β ∈ S such that α · γ · β = µ. The map f : χ 7→

α · χ · β is continuous and so the full preimage ({µ}) f−1 is open. By Proposition 1.2 from [15]

for every α, β ∈ I �ր
∞ (N), both sets {χ ∈ I �ր

∞ (N) | α · χ = β} and {χ ∈ I �ր
∞ (N) | χ · α = β}

are finite, and hence the same holds for the subsemigroup S of I �ր
∞ (N). This implies that the

set ({µ}) f−1 is finite and since (S, τ) is Hausdorff, {γ} is open, and hence isolated.

Since every Čech complete space (and hence every locally compact space) is Baire, Theo-

rem 6 implies Corollary 4.

Corollary 4. Let S be an inverse subsemigroup of I �ր
∞ (N) such that S contains CN as a sub-

monoid. Then every Hausdorff Čech complete (locally compact) shift-continuous topology τ

on S is discrete.
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The following example shows that there exists a non-discrete Tychonoff inverse semigroup

topology τW on the semigroup IN∞.

Example 1. We define a topology τW on the semigroup IN∞ as follows. For every α ∈ IN∞

we define a family

BW(α) = {Uα(F) | F is a finite subset of dom α} ,

where

Uα(F) = {β ∈ IN∞ | dom β ⊆ dom α and (x)β = (x)α for all x ∈ F} .

It is straightforward to verify that {BW(α)}
α∈Iր

∞ (Z)
forms a basis for a topology τW on the

semigroup IN∞.

Proposition 1. (IN∞, τW) is a Tychonoff topological inverse semigroup.

Proof. Let α and β be arbitrary elements of the semigroup IN∞. We put γ = α · β and let

F = {n1, . . . , ni} be a finite subset of dom γ. We denote m1 = (n1)α, . . . , mi = (ni)α and

k1 = (n1)γ, . . . , ki = (ni)γ. Then we get that (m1)β = k1, . . . , (mi)β = ki. Hence we have that

Uα({n1, . . . , ni}) · Uβ({m1, . . . , mi}) ⊆ Uγ({n1, . . . , ni})

and
(

Uγ({n1, . . . , ni})
)−1

⊆ Uγ−1({k1, . . . , ki}).

Therefore the semigroup operation and the inversion are continuous in (IN∞, τW).

Let N = N ∪ {a} for some a /∈ N. Then NN with the operation composition is a semigroup

and the map Ψ : IN∞ → NN defined by the formula

(x)(α)Ψ =

{

(x)α, if x ∈ dom α;

a, if x /∈ dom α

is a monomorphism. Hence NN is a topological semigroup with the product topology if N has

the discrete topology. Obviously, this topology generates topology τW on IN∞. Therefore by

Theorem 2.3.11 from [20] topological space NN is Tychonoff and hence by Theorem 2.1.6 from

[20] so is (IN∞, τW). This completes the proof of the proposition.

Theorem 7. Let S be an inverse subsemigroup of I �ր
∞ (N) such that S contains CN as a sub-

monoid. Let T be a T1 semitopological semigroup which contains S as a dense discrete sub-

semigroup. If I = T \ S 6= ∅ then I is an ideal of T.

Proof. By Lemma 3 [31], S is an open subspace of the topological space T.

Fix an arbitrary element y ∈ I. If x · y = z /∈ I for some x ∈ S then there exists an

open neighbourhood U(y) of the point y in the space T such that {x} · U(y) = {z} ⊂ S. By

Proposition 1.2 from [15] the open neighbourhood U(y) should contain finitely many elements

of the semigroup S which contradicts our assumption. Hence x · y ∈ I for all x ∈ S and y ∈ I.

The proof of the statement that y · x ∈ I for all x ∈ S and y ∈ I is similar.

Suppose to the contrary that x · y = w /∈ I for some x, y ∈ I. Then w ∈ S and the separate

continuity of the semigroup operation in T yields open neighbourhoods U(x) and U(y) of the

points x and y in the space T, respectively, such that {x} · U(y) = {w} and U(x) · {y} = {w}.

Since both neighbourhoods U(x) and U(y) contain infinitely many elements of the semigroup

S, equalities {x} ·U(y) = {w} and U(x) · {y} = {w} do not hold, because {x} · (U(y) ∩ S) ⊆ I.

The obtained contradiction implies that x · y ∈ I.
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Theorem 7 implies the following corollary.

Corollary 5. Let T be a T1 semitopological semigroup which contains IN∞ as a dense discrete

submonoid. If I = T \ IN∞ 6= ∅, then I is an ideal of T.

Proposition 2. Let S be an inverse subsemigroup of I �ր
∞ (N) such that S contains CN as a

submonoid. Let T be a Hausdorff topological semigroup which contains S as a dense discrete

subsemigroup. Then for every γ ∈ S the set

Dγ = {(χ, ς) ∈ S × S | χ · ς = γ}

is a closed-and-open subset of T × T.

Proof. Since S is a discrete subspace of T by Lemma 3 [31] we have that Dγ is an open subset

of T × T.

Suppose that there exists γ ∈ S such that Dγ is a non-closed subset of T × T. Then there

exists an accumulation point (α, β) ∈ T × T of the set Dγ. The continuity of the semigroup

operation in T implies that α · β = γ. But S × S is a discrete subspace of T × T and hence by

Theorem 7, the points α and β belong to the ideal I = T \ S and hence α · β ∈ T \ S cannot be

equal to γ.

Theorem 8. Let S be an inverse subsemigroup of I �ր
∞ (N) such that S contains CN as a sub-

monoid. If a T1 topological semigroup T contains S as a dense discrete subsemigroup then the

square T × T cannot be feebly compact.

Proof. By Proposition 2, for every c ∈ S the square T × T contains an open-and-closed discrete

subspace Dc. If we identify the elements of the semigroup CN with the elements the bicyclic

monoid C (p, q) by an isomorphism h : C (p, q) → CN, then the subspace Dc contains an infinite

subset
{(

(qi)h, (pi)h
)

: i ∈ N0

}

and hence the set Dc is infinite. This implies that the square S × S is not feebly compact.

A topological semigroup S is called Γ-compact if for every x ∈ S the closure of the set

{x, x2, x3, . . .} is compact in S (see [33]). The results obtained in [3], [5], [6], [28], [33] imply the

following

Corollary 6. Let S be an inverse subsemigroup of I �ր
∞ (N) such that S contains CN as a sub-

monoid. If a Hausdorff topological semigroup T satisfies one of the following conditions:

(i) T is compact;

(ii) T is Γ-compact;

(iii) T is a countably compact topological inverse semigroup;

(iv) the square T × T is countably compact;

(v) the square T × T is a Tychonoff pseudocompact space,
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then T does not contain the semigroup S and for every homomorphism h : S → T the image

(S)h is a cyclic subgroup of T. Moreover, for every homomorphism h : S → T there exists a

unique homomorphism uh : Z(+) → T such that the following diagram

S
h

//

C
♯
mg

��

T

Z(+)

uh

<<②②②②②②②②

commutes.

Recall [17] that a Bohr compactification of a topological semigroup S is a pair (β, B(S)) such

that B(S) is a compact topological semigroup, β : S → B(S) is a continuous homomorphism,

and if g : S → T is a continuous homomorphism of S into a compact semigroup T, then there

exists a unique continuous homomorphism f : B(S) → T such that the diagram

S
β

//

g
��❂

❂❂
❂❂

❂❂
❂ B(S)

f
}}④④
④④
④④
④④

T

commutes. Then Corollary 6 and Proposition 2 from [2] imply the following:

Corollary 7. Let S be an inverse subsemigroup of I �ր
∞ (N) such that S contains CN as a sub-

monoid. The Bohr compactification of the discrete semigroup S is topologically isomorphic to

the Bohr compactification of discrete group Z(+).

REFERENCES

[1] Andersen O. Ein Bericht uber die Struktur abstrakter Halbgruppen. PhD Thesis, Hamburg, 1952.

[2] Anderson L.W., Hunter R.P. On the compactification of certain semigroups. Contrib. Extens. Theory Topol.

Struct. Proc. Sympos. Berlin 1967. VEB Deutscher Verlag der Wissenschaften, Berlin, 1969, 21–27.

[3] Anderson L.W., Hunter R.P., Koch R.J. Some results on stability in semigroups. Trans. Amer. Math. Soc. 1965,

117, 521–529. dol:10.2307/1994222

[4] Arkhangel’skii A.V. Topological function spaces. Kluwer Publ., Dordrecht, 1992.

[5] Banakh T.O., Dimitrova S., Gutik O.V. The Rees-Suschkiewitsch Theorem for simple topological semigroups. Mat.

Stud. 2009, 31 (2), 211–218.

[6] Banakh T., Dimitrova S., Gutik O. Embedding the bicyclic semigroup into countably compact topological semigroups.

Topology Appl. 2010, 157 (18), 2803–2814. doi:10.1016/j.topol.2010.08.020

[7] Bardyla S. Classifying locally compact semitopological polycyclic monoids. Math. Bull. Shevchenko Sci. Soc. 2016,

13, 21–28.

[8] Bardyla S. On a semitopological α-bicyclic monoid. Visn. L’viv. Univ., Ser. Mekh.-Mat. 2016, 81, 9–22.

[9] Bardyla S. On locally compact shift-continuous topologies on the α-bicyclic monoid. Topol. Algebra Appl. 2018, 6,

34–42. doi:10.1515/taa-2018-0003

[10] Bardyla S. On locally compact semitopological graph inverse semigroups. Mat. Stud. 2018, 49 (1), 19–28. doi:

10.15330/ms.49.1.19-28

[11] Bardyla S. On locally compact topological graph inverse semigroups. Topology Appl. 2019, 267, 106873. doi:

10.1016/j.topol.2019.106873



ON INVERSE SUBMONOIDS OF THE MONOID 309

[12] Bardyla S., Gutik O. On a semitopological polycyclic monoid. Algebra Discr. Math. 2016, 21 (2), 163–183.

[13] Bertman M.O., West T.T. Conditionally compact bicyclic semitopological semigroups. Proc. Roy. Irish Acad. 1976,

A76 (21–23), 219–226.

[14] Carruth J.H., Hildebrant J.A., Koch R.J. The theory of topological semigroups. Vol. I, Marcel Dekker, Inc., New

York and Basel, 1983; Vol. II, Marcel Dekker, Inc., New York and Basel, 1986.

[15] Chuchman I.Ya., Gutik O.V. Topological monoids of almost monotone injective co-finite partial selfmaps of the set of

positive integers. Carpathian Math. Publ. 2010, 2 (1) 119–132.

[16] Clifford A.H., Preston G.B. The algebraic theory of semigroups. Vol. I., Amer. Math. Soc. Surveys 7, Providence,

R.I., 1961; Vol. II., Amer. Math. Soc. Surveys 7, Providence, R.I., 1967.

[17] DeLeeuw K., Glicksberg I. Almost-periodic functions on semigroups. Acta Math. 1961, 105 (1-2), 99–140.

doi:10.1007/BF02559536

[18] Doroshenko V. Generators and relations for the semigroups of increasing functions on N and Z. Algebra Discr.

Math. 2005 (4), 1–15.

[19] Doroshenko V.V. On semigroups of order-preserving transformations of countable linearly ordered sets. Ukrainian

Math. J. 2009, 61 (6), 859–872. doi:10.1007/s11253-009-0256-3 (translation of Ukrainian Math. J. 2009, 61 (6),

723–732 (in Ukrainian))

[20] Engelking R. General topology. 2nd ed., Heldermann, Berlin, 1989.

[21] Fihel I.R., Gutik O.V. On the closure of the extended bicyclic semigroup. Carpathian Math. Publ. 2011, 3 (2),

131–157.

[22] Gutik O. On the dichotomy of a locally compact semitopological bicyclic monoid with adjoined zero. Visn. L’viv. Univ.,

Ser. Mekh.-Mat. 2015, 80, 33–41.

[23] Gutik O. Topological properties of Taimanov semigroups. Math. Bull. Shevchenko Sci. Soc. 2016, 13, 29–34.

[24] Gutik O. On locally compact semitopological 0-bisimple inverse ω-semigroups. Topol. Algebra Appl. 2018, 6, 77–

101. doi:10.1515/taa-2018-0008

[25] Gutik O., Maksymyk K. On semitopological interassociates of the bicyclic monoid. Visn. L’viv. Univ., Ser. Mekh.-

Mat. 2016, 82, 98–108.

[26] Gutik O.V., Maksymyk K.M. On semitopological bicyclic extensions of linearly ordered groups. J. Math. Sci. 2019,

238 (1), 32–45. doi:10.1007/s10958-019-04216-x

[27] Gutik O., Pozdnyakova I. On monoids of monotone injective partial selfmaps of Ln ×lex Z with co-finite domains

and images. Algebra Discr. Math. 2014, 17 (2), 256–279.
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Гутiк O.В., Савчук A.C. Про iнверснi пiдмоноїди моноїда майже монотонних iн’єктивних коскiн-
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№2. — C. 296–310.

У працi вивчаються iнверснi пiдмоноїди моноїда I �ր
∞ (N) майже монотонних iн’єктивних

коскiнченних часткових перетворень множини натуральних чисел N. Нехай Iր
∞ (N) — пiд-

моноїд в I �ր
∞ (N), який складається з коскiнченних монотонних часткових бiєкцiй множини

N i CN — пiдмоноїд в I �ր
∞ (N), який породжений частковим зсувом n 7→ n + 1 натураль-

них чисел i до його оберненим частковим вiдображенням. Доведено, що кожен автоморфiзм

повної iнверсної пiднапiвгрупи моноїда Iր
∞ (N), який мiстить напiвгрупу CN є тотожнiм вiд-

ображенням. Побудовано пiднапiвгрупу IN
[1]
∞ моноїда I �ր

∞ (N) з такою властивiстю: якщо

S — iнверсна пiднапiвгрупа в I �ր
∞ (N), що мiстить напiвгрупу IN

[1]
∞ , як пiдмоноїд, то кожна

вiдмiнна вiд тотожної конгруенцiя C на S є груповою. Доведено, якщо S — iнверсна пiднапiв-

група в I �ր
∞ (N), що мiстить CN як пiдмоноїд, то напiвгрупа S є простою i фактор-напiвгрупа

S/Cmg, де Cmg – найменша групова конгруенцiя на S, iзоморфна адитивнiй групi цiлих чисел.

Також дослiджуються топологiзацiї iнверсних пiднапiвгруп напiвгрупи I �ր
∞ (N), як мiстять

напiвгрупу CN i занурення таких напiвгруп у близькi до компактних топологiчнi напiвгрупи.
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