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Let X be a weighted direct sum of infinity many copies of complex spaces ℓ1
⊕

ℓ1. We consider

an algebra consisting of polynomials on X which are supersymmetric on each term ℓ1
⊕

ℓ1. Point

evaluation functionals on such algebra gives us a relation of equivalence ‘∼’ on X. We investigate the

quotient set X/ ∼ and show that under some conditions, it has a real topological algebra structure.
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INTRODUCTION AND PRELIMINARIES

Let X be a complex Banach space and (Pα) a family of continuous complex valued polyno-

mials on X. Often, it is interesting to consider algebras of analytic functions on X, generated

by the family of polynomials (see e. g. [6, 12, 16]). If the family (Pα) does not separate points of

X, then the same is true for any function, generated by (Pα). So, we have a natural relation of

equivalence on X: z ∼ w if and only if Pα(z) = Pα(w) for every α. If X is finite-dimensional,

then from the Algebraic Geometry is well known that the quotient set X/ ∼ is dens in an alge-

braic variety. The same is true for infinite-dimensional case, if the family (Pα) is finite [2]. But

in the general case, the situation may be more complicated.

Let S be the group of all permutations on the set of natural numbers N. A polynomial

P : ℓ1 → C is said to be symmetric if P(σ(x)) = P(x) for every X ∈ ℓ1 and σ ∈ S. It is known [15]

that polynomials

Fk(X) =
∞

∑
n=1

xk
n, k = 1, 2, . . . ,

form an algebraic basis in the algebra of all continuous symmetric polynomialsPs(ℓ1). In other

words, {Fk}
∞
k=1 are algebraically independent and Ps(ℓ1) is the minimal unital algebra contain-

ing {Fk}
∞
k=1. In [1] it was shown that two vectors with finite supports x, y ∈ ℓ1 are equivalent

in the means Fk(x) = Fk(y) for every k, if and only if x = σ(y) for some σ ∈ S. Some algebraic

operations on ℓ1/ ∼ which form a semi-ring structure [4] were considered in [5, 7]. Composi-

tion operators, associated with these operations, on analytic functions were investigated in [8].

Algebras of analytic functions generated by symmetric polynomials on ℓp were investigated

in [1, 3, 5–7, 13, 14].

УДК 517.98
2010 Mathematics Subject Classification: 46J15, 46J20.
The work was partially supported by Ministry of Education and Science of Ukraine Grant 0119U100063

c© Jawad F., Karpenko H., Zagorodnyuk A., 2019



336 JAWAD F., KARPENKO H., ZAGORODNYUK A.

Let X = ℓ1
⊕

ℓ1. We represent each element z of X by z = (y|x), x, y ∈ ℓ1. Let us consider

polynomials Tm : X → C,

Tm(z) = Fm(x)− Fm(y) =
∞

∑
k=1

(xm
k − ym

k ).

Polynomials Tm, m ∈ N are algebraically independent and form an algebraic basis on the

algebra of supersymmetric polynomials on X. In [11] the algebra of supersymmetric polynomials

was investigated and a commutative ring structure on the corresponding quotient set X/ ∼

was described.

For a given complex Banach space E with an unconditional basis {en}∞
n=0 we denote by ℓ

(E)
1

a Banach space defined by the following way. If x ∈ ℓ
(E)
1 , then

x = (x(0), x(1), . . . , x(n), . . .), (1)

where each x(n) = (x
(n)
1 , . . . , x

(n)
k , . . .) ∈ ℓ1 and

∞

∑
n=0

‖x(n)‖ℓ1
en ∈ E with ‖x‖

ℓ
(E)
1

=

∥∥∥∥∥
∞

∑
n=0

‖x(n)‖ℓ1
en

∥∥∥∥∥
E

.

A polynomial P on ℓ
(E)
1 is separately symmetric [10] if for every sequence of permutations on

N, σ = (σ0, σ1, . . . , σn, . . .), σn ∈ S we have P(σ(x)) = P(σ0(x(0)), . . . , σn(x(n)), . . .) = P(x) for

all x ∈ ℓ
(E)
1 . Polynomials

F
(j)
m (x) =

∞

∑
k=1

(x
(j)
k )m, j ∈ Z+, m ∈ N

are separately symmetric and algebraically independent.

In this paper we consider a complex Banach space X which is a weighted direct sum of

infinity copies of ℓ1
⊕

ℓ1 and polynomials which are supersymmetric on each term of this sum.

We show that under some assumptions, X/ ∼ is a real locally convex algebra which contains a

normed subalgebra. This is an extension of results on supersymmetric polynomials, obtained

in [11]. For details about analytic mappings on Banach spaces we refer the reader to [9].

1 THE RING Mω

Let ω be a positive number, 0 < ω ≤ 1. We denote by ℓω
1,∞ a “weighted” version of the

space ℓE
1 . Namely, if x ∈ ℓω

1,∞, then

x = (x(0), x(1), . . . , x(n), . . .), x(n) = (x
(n)
k ) ∈ ℓ1

and

‖x‖ = ‖x‖ℓω
1,∞

= max

(
∞

∑
n=1

ωn‖x(n)‖ℓ1
, sup

n,k

|x
(n)
k |

)
.

We denote by Λω
1 the direct sum of two copies of ℓω

1,∞, Λω
1 = ℓω

1,∞

⊕
ℓω

1,∞. Elements of Λω
1

will be denoted by (y|x), y ∈ ℓω
1,∞, x ∈ ℓω

1,∞ and ‖(y|x)‖ = ‖y‖ℓω
1,∞

+ ‖x‖ℓω
1,∞

. In other words,
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any element z ∈ Λω can be represented as

z = (y|x) =




. . . y
(0)
k . . . y

(0)
1 | x

(0)
1 . . . x

(0)
k . . .

. . . | . . .

. . . y
(n)
k . . . y

(n)
1 | x

(n)
1 . . . x

(n)
k . . .

. . . | . . .




or

z =
∞

∑
n=0

∞

∑
k=1

x
(n)
k e

(n)
k +

∞

∑
n=0

∞

∑
k=1

y
(n)
k e

−(n)
k , (2)

where

x
(n)
k e

(n)
k =




. . . 0 . . . 0 | 0 . . . 0 . . .

. . . | . . .

. . . 0 . . . 0 | 0 . . . 0 x
(n)
k 0 . . .

. . . 0 . . . 0 | 0 . . . 0 . . .

. . . | . . .




and

y
(n)
k e

−(n)
k =




. . . 0 . . . 0 | 0 . . . 0 . . .

. . . | . . .

. . . 0 y
(n)
k 0 . . . 0 | 0 . . . 0 . . .

. . . 0 . . . 0 | 0 . . . 0 . . .

. . . | . . .




.

Note that the expansion (2) is formal, that is, the series on the right is not convergent in general.

We denote by Λω+
1 and Λω−

1 subspaces {(0|x) : x ∈ ℓω
1,∞} and {(y|0) : y ∈ ℓω

1,∞} respec-

tively. If z = (y|x) we will use also notations z+ = x and z− = y when it will be convenient.

Let us define the following polynomials on Λω
1

Tω
m (y|x) =

∞

∑
n=0

ωnF
(n)
m (x(n))−

∞

∑
n=0

ωnF
(n)
m (y(n))

=
∞

∑
n=0

ωn
∞

∑
k=1

(x
(n)
k )m −

∞

∑
n=0

ωn
∞

∑
k=1

(y
(n)
k )m, (y|x) ∈ Λω

1 .

(3)

Proposition 1. For every m ∈ N the polynomial Tω
m is continuous on Λω

1 and ‖Tm‖ = 1.

Proof. Let ‖(y|x)‖ ≤ 1. Then ‖y‖ℓω
1
+ ‖x‖ℓω

1
≤ 1, and

∣∣x(n)k

∣∣ ≤ 1 and
∣∣y(n)k

∣∣ ≤ 1 for all k ∈ N

and n ∈ Z+. Thus

|Tω
m (x)| ≤

∞

∑
n=0

ωn
∞

∑
k=1

(∣∣x(n)k

∣∣m +
∣∣y(n)k

∣∣m) ≤
∞

∑
n=0

ωn
∞

∑
k=1

(∣∣x(n)k

∣∣+
∣∣y(n)k

∣∣) ≤ ‖(y|x)‖.

So ‖Tm‖ ≤ 1. Let now (y|x) be such that y = 0, x(0) = (1, 0, 0, . . .), x(n) = 0 for n > 0. Then

‖(y|x)‖ = 1 and Tm(y|x) = 1. Thus ‖Tm‖ = 1.

Definition 1. Let us say that a polynomial P : Λω
1 → C is ω-supersymmetric if it is an algebraic

combination of polynomials Tω
m , m ∈ N. We denote by Pω

s = Pω
s (Λω

1 ) the algebra of all ω-

supersymmetric polynomials on Λω
1 .
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Theorem 1. Let ω = 1/N for some N ∈ N, N > 1. For every number a ∈ R there exists

z{a} ∈ Λω
1 such that

‖z{a}‖ =

{
|a| if |a| ≥ 1

1 if |a| < 1

and Tω
m (z{a}) = a for every m ∈ N.

Proof. Let a > 0. Then we can write

a =
∞

∑
j=0

aj

N j
, aj ∈ N, (4)

that is, a0 = [a] the integer part of a and (0.a1a2 . . .)N is the representation of a − [a] in the

positional base N numeral system. Let z{a} be of the form z{a} = (0|x{a}), where

x{a} =
∞

∑
n=0

x
(n)
{a}

and

x
(n)
{a}

= (1, . . . , 1︸ ︷︷ ︸
an

, 0, 0, . . .) = e
(n)
1 + e

(n)
2 + · · ·+ e

(n)
an , n = 0, 1, 2, . . . .

Then for |a| ≥ 1,

‖z{a}‖ = max

(
∞

∑
n=0

an

Nn
, 1

)
=

∞

∑
n=0

an

Nn
= Tω

m (z{a}) = a, m ∈ N

and ‖z{a}‖ = 1 for |a| < 1. If a < 0 we can consider b = −a > 0. By the same way, using (4)

for b, we can find the vector x{b}. Let us define now z{a} = (x{b}|0). Then

‖z{a}‖ =

{
µ = |a| if |a| ≥ 1,

1 if |a| < 1,

and Tω
m (z{a}) = a for every m ∈ N.

Let us recall that two operations on ℓ1 “•” and “⋄” which preserve symmetric polynomials

were introduced in [7] and [5]. Namely, let x = (x1, x2, . . . , xk, . . .) and x = (y1, y2, . . . , yk, . . .)

are in ℓ1, then

x • y = (x1, y1, x2, y2, . . . , xk, yk, . . .)

and x ⋄ y is the resulting sequence of ordering the set {xiyj : i, j ∈ N} with one single index

in some fixed order. It is easy to check that for every symmetric polynomial P on ℓ1 and

fixed y ∈ ℓ1, polynomials P(x • y) and P(x ⋄ y) are symmetric. In [11] these operations were

extended to ℓ1
⊕

ℓ1 with preserving supersymmetric polynomials. Now we propose natural

extensions of these operations to Λω
1 .

Definition 2. Let z = (z−|z+) and r = (r−|r+) are in Λω
1 . We say that h = z • r if h

(n)
− =

z
(n)
− • r

(n)
− and h

(n)
+ = z

(n)
+ • r

(n)
+ for every n ∈ Z+. We also say that s = z ⋄ r if

s
(n)
+ =(z

(0)
+ ⋄ r

(n)
+ )• (z

(1)
+ ⋄ r

(n−1)
+ )• · · · • (z

(n)
+ ⋄ r

(0)
+ )• (z

(0)
− ⋄ r

(n)
− )• (z

(1)
− ⋄ r

(n−1)
− )• · · · • (z

(n)
− ⋄ r

(0)
− )

and

s
(n)
− =(z

(0)
+ ⋄ r

(n)
− ) • (z

(1)
+ ⋄ r

(n−1)
− ) • · · · • (z

(n)
+ ⋄ r

(0)
− ) • (z

(0)
− ⋄ r

(n)
+ ) • (z

(1)
− ⋄ r

(n−1)
+ ) • · · · • (z

(n)
− ⋄ r

(0)
+ ).
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Proposition 2. Tω
m (z • r) = Tω

m (z) + Tω
m (r) and Tω

m (z ⋄ r) = Tω
m (z)Tω

m (r) for all z, r ∈ Λω
1 and

m ∈ N.

Proof. The first equality directly follows from the definition of Tω
m (3). Also, in [5] it is proved

that Fm(x ⋄ y) = Fm(x)Fm(y), x, y ∈ ℓ1, m ∈ N. So, using (3) and Definition 2, we have for

s = z ⋄ r

Tω
m (s) = Tω

m (z ⋄ r) =
∞

∑
n=0

ωnF
(n)
m (s

(n)
+ )−

∞

∑
n=0

ωnF
(n)
m (s

(n)
− )

=
∞

∑
n=0

ωn

(
n

∑
j=0

F
(n)
m (z

(j)
+ ⋄ r

(n−j)
+ ) +

n

∑
j=0

F
(n)
m (z

(j)
− ⋄ r

(n−j)
− )

)

−
∞

∑
n=0

ωn

(
n

∑
j=0

F
(n)
m (z

(j)
+ ⋄ r

(n−j)
− ) +

n

∑
j=0

F
(n)
m (z

(j)
− ⋄ r

(n−j)
+ )

)

=
∞

∑
n=0

ωn

(
n

∑
j=0

F
(j)
m (z

(j)
+ )F

(n−j)
m (r

(n−j)
+ ) +

n

∑
j=0

F
(j)
m (z

(j)
− )F

(n−j)
m (r

(n−j)
− )

)

−
∞

∑
n=0

ωn

(
n

∑
j=0

F
(j)
m (z

(j)
+ )F

(n−j)
m (r

(n−j)
− ) +

n

∑
j=0

F
(j)
m (z

(j)
− )F

(n−j)
m (r

(n−j)
+ )

)

=

(
∞

∑
n=0

ωnF
(n)
m (z

(n)
+ )−

∞

∑
n=0

ωnF
(n)
m (z

(n)
− )

)(
∞

∑
n=0

ωnF
(n)
m (r

(n)
+ )−

∞

∑
n=0

ωnF
(n)
m (r

(n)
− )

)

= Tω
m (z)Tω

m (r).

Corollary 1. Let P(z) ∈ Pω
s . Then, for every fixed r ∈ Λω

1 polynomials P(z • r) and P(z ⋄ r) are

in Pω
s .

For a given z = (y|x) ∈ Λω
1 we denote z− = (x|y). Clearly, the map z 7→ z− is a continuous

involution in r ∈ Λω
1 and Tω

m (z−) = −Tω
m (z).

Let us introduce the following relation of equivalence on Λω
1 . We say that z ∼ r if and only

if Tω
m (z) = Tω

m (r) for every m ∈ N. Let us denote by Mω the quotient set Λω
1 / ∼ and by [z]

the class of equivalence which contains z.

Proposition 3. The following operations [z] + [r] := [z • r]; [z][r] := [z ⋄ r], z, r ∈ Λω
1 , of addi-

tion and multiplication are well-defined on Mω ×Mω and (Mω ,+, ·) is a unital commutative

ring.

Proof. Let z′ ∈ [z] and r′ ∈ [r]. By Proposition 2 and the definition of the equivalence we have

that for every m ∈ N,

Tω
m (z) + Tω

m (r) = Tω
m (z′) + Tω

m (r′) = Tω
m (z′ • r′)

and

Tω
m (z)Tω

m (r) = Tω
m (z′)Tω

m (r′) = Tω
m (z′ ⋄ r′).

So the operations on Mω do not depend on representatives. Let [u] = [z]([r] + [s]) and [v] =

[z][r] + [z][s]. Since for every m ∈ N

Tω
m (u) = Tω

m (z)(Tω
m (r) + Tω

m (s)) = Tω
m (z)Tω

m (r) + Tω
m (z)Tω

m (s) = Tω
m (v),
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so [u] = [v] and we have the distributive law. Clearly that the associativity and commutativity

of the addition and multiplication can be proved by the same way. Also, −[z] = [z−] and

I = [e
(0)
1 ] is the identity. Thus Mω is a unital commutative ring.

For any λ ∈ C and z ∈ Mω we set λ ∗ [z] = [λz]. Since, Tω
m (λz) = λmTω

m (z), the operation

“∗” is well defined on C ×Mω . But (Mω ,+, ∗) is not a linear space. Indeed, if z ∈ Λω
1 and

z 6= 0, then [z] + [z] = [z • z] 6= 2 ∗ [z] because Tω
m ([z • z]) = 2Tω

m (z) but Tω
m (2z) = 2mTω

m (z).

2 OPERATORS AND SEMINORMS ON M1/N

For a given z = (y|x) ∈ Λω
1 , we denote by supp z the support of z, that is, the following pair

of sets of indexes

supp z = ({i ∈ N, j ∈ Z+ : y
(j)
i 6= 0}, {k ∈ N, n ∈ Z+ : x

(n)
k 6= 0}).

Let us define the following maps on Λ1/N
1 :

S
+(n,m)
k (z) = (z − x

(n)
k e

(n)
k ) • (x

(m)
k e

(m)
k • · · · • (x

(m)
k e

(m)
k︸ ︷︷ ︸

Nm−n

)

and

S
−(n,m)
k (z) = (z − y

(n)
k e

−(n)
k ) • (y

(m)
k e

−(m)
k • · · · • (y

(m)
k e

−(m)
k︸ ︷︷ ︸

Nm−n

),

where m ≥ n and z = (y|x) ∈ Λ1/N
1 for some N ∈ N, N > 1. Let σ : N → N be a permutation.

We denote by S
+(i)
σ and S

−(i)
σ linear operators on Λ1/N

1 such that

S
+(i)
σ (e

(j)
k ) = e

(i)
σ(k)

if i = j and S
+(i)
σ (e

±(j)
k ) = e

±(j)
k otherwise,

and

S
−(i)
σ (e

−(i)
k ) = e

−(i)
σ(k)

if i = j and S
−(i)
σ (e

±(j)
k ) = e

±(j)
k otherwise.

Lemma 1. For every z = (y|x) ∈ Λ1/N
1 , permutation σ on N and m ≥ n we have

[z] = [S
+(i)
σ (z)] = [S

−(i)
σ (z)] = [S

+(n,m)
k (z)] = [S

−(n,m)
k (z)].

Proof. The proof follows from the definitions and direct calculations.

Proposition 4. Let z = (y|x) ∈ Λ1/N
1 for some N ∈ N, N > 1 and z has a finite support.

If [z] = [0], then there is a number j ∈ N and a composition S of a finite set of mappings

{S
±(n,m)
k , S

±(j)
σ } defined above such that

S(z) = (y′|x′) =




. . . 0 . . . 0 | 0 . . . 0 . . .

. . . | . . .

. . . 0 . . . 0 | 0 . . . 0 . . .

. . . y
′(j)
k . . . y

′(j)
1 | x

′(j)
1 . . . x

′(j)
k . . .

. . . 0 . . . 0 | 0 . . . 0 . . .

. . . | . . .




=
∞

∑
k=1

x
′(j)
k e

(j)
k +

∞

∑
k=1

y
′(j)
k e

−(j)
k (5)

and x
′(j)
k = y

′(j)
k for every k ∈ N.
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Proof. Let j be a minimal number such that x
(j)
k = 0 and y

(j)
k for every k ∈ N. Using a finite

number of mappings S
±(n,m)
k and Lemma 1 we can find z′ = (y′|x′), z′ ∼ z which satisfies (5).

So, for every m ∈ N
∞

∑
k=1

(
y
′(j)
k

)m
=

∞

∑
k=1

(
x
′(j)
k

)m
.

From [1] it follows that vectors
(

y
′(j)
k

)
k

and
(

x
′(j)
k

)
k

coincide up to a permutation σ of coordi-

nates (x1, . . . , xk, . . .). So, applying S
(j)
σ to z′ we have x

′(j)
k = y

′(j)
k for every k ∈ N.

Corollary 2. Let z = (y|x) ∈ Λ1/N
1 for some N ∈ N, N > 1, and z has a finite support. Then

there is an element z′ = (y′|x′) ∈ Λ1/N
1 such that z ∼ z′ and z′ has the following property:

if y′
(j)
i 6= 0, then x′

(n)
k 6= y′

(j)
i for all k ∈ N, n ∈ Z+.

Proof. To get a proof it is enough to apply Proposition 4 to z • z′− = (y • x′|x • y′).

Due to Theorem 1, we can introduce an alternative multiplication by real constants in Mω ,

at least for the case ω = 1/N, N ∈ N, N > 1.

Theorem 2. Let N ∈ N, N > 1. Then M1/N is a real linear commutative unital algebra with

respect to the operations of addition and multiplication defined in Proposition 3 and the fol-

lowing multiplication by constants:

a[z] := [z{a}][z] = [z{a} ⋄ z], a ∈ R,

where z{a} is as in Theorem 1.

Proof. Note first that from Theorem 1 and Proposition 2 it follows that for every m ∈ N,

Tω
m (z{a} ⋄ z) = aTω

m (z). So I = z{1} is the unity in M1/N and [z{a1+a2}] = [z{a1}
] + [z{a2}],

a1, a2 ∈ R. Thus,

a([z] + [r]) = a[z] + a[r] and (a1 + a2)[z] = a1[z] + a2[z],

where a, a1, a2 ∈ R and [z], [r] ∈ M1/N .

Let us denote by Ω the class of functions γ : C → C such that the mappings Φγ : Λω
1 → Λω

1

defined by

Φγ(z) = Φγ(y|x) =




. . . γ(y
(0)
k ) . . . γ(y

(0)
1 ) | γ(x

(0)
1 ) . . . γ(x

(0)
k ) . . .

. . . | . . .

. . . γ(y
(n)
k ) . . . γ(y

(n)
1 ) | γ(x

(n)
1 ) . . . γ(x

(n)
k ) . . .

. . . | . . .




are well defined and z ∼ z′ implies Φγ(z) = Φγ(z′). Such class is nonempty, for example,

γ(t) = tm ∈ Ω, m ∈ N.

Theorem 3. Let γ ∈ Ω. Then Φγ generates a linear operator Φ̂γ : M1/N → M1/N defined by

Φ̂γ([z]) = Φγ(z).
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Proof. From the definition of Ω it follows that Φ̂γ is well defined. Also, it is clear

Φ̂γ([z] + [r]) = Φγ(z • r) = Φγ(z) • Φγ(r) = Φ̂γ([z]) + Φ̂γ([r]),

z, r ∈ Λ1/N
1 . Let now z{a} = (y{a}|x{a}) be as in Theorem 1, that is,

x{a} =
∞

∑
n=0

an

∑
i=1

e
(n)
i , y{a} = 0 if a ≥ 0 and y{a} =

∞

∑
n=0

an

∑
i=1

e
−(n)
i , x{a} = 0 if a < 0,

where

|a| =
∞

∑
j=0

aj

N j
, aj ∈ N.

If a ≥ 0, then [z{a}][z] = a[z], a ∈ R, z = (y|x) ∈ Λ1/N
1 and

Φγ(z{a} ⋄ z) = Φγ

(
(z • . . . • z︸ ︷︷ ︸

a0

) ⋄ e
(0)
1 • . . . • (z • . . . • z︸ ︷︷ ︸

an

) ⋄ e
(n)
1 • . . .

)

=
(

Φγ(z) • . . . • Φγ(z)︸ ︷︷ ︸
a0

)
⋄ e

(0)
1 • . . . •

(
Φγ(z) • . . . • Φγ(z)︸ ︷︷ ︸

an

)
⋄ e

(n)
1 • . . . = z{a} ⋄ Φγ(z).

If a < 0, we have to replace e
(n)
1 by e

−(n)
1 , n ∈ Z+. So Φ̂γ

(
a[z]
)
= aΦ̂γ

(
[z]
)
. Therefore, Φ̂γ is a

linear operator.

Let us denote τm
(
[z]) = T1/N

m (z), [z] ∈ M1/N , m ∈ N. Clearly, τm are complex valued

real-linear and multiplicative functions, that is, τm are homomorphisms from M1/N to C. By

the definition of M1/N we have that functionals τm : m ∈ N separate points of M1/N . Let

us denote by z̄ = Φγ(z), where γ(t) = t̄ is the complex conjugate of t. It is easy to check

that τm

(
[z̄]
)
= τm

(
[z]
)

and so γ(t) = t̄ belongs to Ω. So [z] 7→ τm

(
[z̄]
)

is a complex valued

functional for every m ∈ N. Thus τm + τm and −i
(
τm − τm

)
are real valued linear functionals

on M1/N .

Corollary 3. If γ ∈ Ω is multiplicative, then Φ̂γ is an algebra homomorphism.

Proof. Let [z], [r] ∈ M1/N ,

z =
∞

∑
n=0

∞

∑
k=1

z
(n)
+k e

(n)
k +

∞

∑
n=0

∞

∑
k=1

z
(n)
−k e

−(n)
k

and

r =
∞

∑
n=0

∞

∑
k=1

r
(n)
+k e

(n)
k +

∞

∑
n=0

∞

∑
k=1

r
(n)
−k e

−(n)
k .

Since Φγ

(
z
(n)
+k e

(n)
k

)
= γ

(
z
(n)
+k

)
e
(n)
k , we have

Φγ

(
z
(n)
±k e

±(n)
k ⋄ r

(j)
±ie

±(j)
i

)
= γ

(
z
(n)
±k r

(j)
±i

)
e
±(n)
k ⋄ e

±(j)
i ,

k, i ∈ N, n, j ∈ Z+. From the linearity and multiplicativity of τm it follows

τm
(
Φ̂γ([z])

)
τm
(
Φ̂γ([r])

)
= τm

(
Φ̂γ([z])Φ̂γ([r])

)
= τm

(
Φ̂γ([z][r])

)
.

Since it is true for every m, we have

Φ̂γ([z])Φ̂γ([r]) = Φ̂γ([z][r]).
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Proposition 5. Let γ ∈ Ω and γ(0) = 0. Then the following formula defines a seminorm on

M1/N :

pγ

(
[z]
)
= inf

(y|x)∈[z]

∞

∑
n=0

1

Nn

∞

∑
k=1

(∣∣γ
(

x
(n)
k

)∣∣+
∣∣γ
(
y
(n)
k

)∣∣
)

.

Proof. Since the infimum is taken over all representations (y|x) ∈ [z], the norm is well defined.

It is easy to check that pγ is nonnegative and satisfies the triangle inequality and is homoge-

neous.

Definition 3. Let us define the following seminorms on M1/N :

pm

(
[z]
)
= pγm

(
[z]
)

for γn(t) = tm.

It is clear that
∣∣τm
(
[z]
)∣∣ ≤ pm

(
[z]
)
, [z] ∈ M1/N and so, if [z] 6= 0, then there is m ∈ N such

that pm

(
[z]
)
> 0.

Let us denote
(
M1/N , (pm)

)
the linear space M1/N endowed with the projective topology,

generated by seminorms (pm). So we have the following proposition.

Proposition 6. The space
(
M1/N , (pm)

)
is a locally convex metrisable topological vector space

and each functional τm is continuous on
(
M1/N , (pm)

)
.

Let us denote by D the following subset of M1/N :

D =
{

u ∈ M1/N : there is z ∈ u such that
∣∣z(n)k

∣∣ ≤ 1, n ∈ Z+, k ∈ N

}
.

Theorem 4. D is a subalgebra in M1/N and the restriction of the topology of
(
M1/N , (pn)

)
to

D is generated by a norm on D.

Proof. From the definition of addition and multiplication in M1/N it follows that u + v ∈ D

and uv ∈ D for all u, v ∈ D. Also, for every a ∈ R, [z{a}] ∈ D and so au = [z{a}]u ∈ D. Hence,

D is a subalgebra in M1/N . Note that for every u ∈ D and m ∈ N, pm(u) ≤ p1(u). Also, p1 is

a norm on D. Indeed, if u 6= 0, then there is m ∈ N such that τm(u) 6= 0. So

0 6= |τm(u)| ≤ pm(u) ≤ p1(u).

So (D, p1) is a normed space and all pm are continuous with respect to p1. So the restriction of

topology of
(
M1/N , (pn)

)
to D coincides with the norm topology of (D, p1).
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Нехай X — зважена пряма сума нескiнченної кiлькостi копiй комплексного простору

ℓ1
⊕

ℓ1. Ми розглядаємо алгебру, яка складається з полiномiв на X, котрi є суперсиметрични-

ми на кожному доданку ℓ1
⊕

ℓ1. Функцiонали значень в точках на цiй алгебрi задають вiдно-

шення еквiвалентностi ‘∼’ на X. У роботi дослiджено фактор-множину X/ ∼ i показано, що

за деяких умов на цiй множинi є структура дiйсної топологiчної алгебри.

Ключовi слова i фрази: симетричнi i суперсиметричнi полiноми на банахових просторах, ал-

гебри аналiтичних функцiй на банахових просторах, спектри алгебр аналiтичних функцiй.


