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THE DERIVATIVE CONNECTING PROBLEMS FOR SOME CLASSICAL

POLYNOMIALS

Given two polynomial sets {Pn(x)}n≥0, and {Qn(x)}n≥0 such that

deg(Pn(x)) = n, deg(Qn(x)) = n.

The so-called the connecting problem between them asks to find the coefficients αn,k in the expres-

sion Qn(x) =
n

∑
k=0

αn,kPk(x). Let {Sn(x)}n≥0 be another polynomial set with deg(Sn(x)) = n. The

general connection problem between them consists in finding the coefficients α
(n)
i,j in the expansion

Qn(x) =
n

∑
i,j=0

α
(n)
i,j Pi(x)Sj(x).

The connection problem for different types of polynomials has a long history, and it is still of interest.

The connection coefficients play an important role in many problems in pure and applied mathe-

matics, especially in combinatorics, mathematical physics and quantum chemical applications. For

the particular case Qn(x) = P′
n+1(x) the connection problem is called the derivative connecting

problem and the general derivative connecting problem associated to {Pn(x)}n≥0.

In this paper, we give a closed-form expression of the derivative connecting problems for well-

known systems of polynomials.
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INTRODUCTION

Given the two polynomial sets {Pn(x)}n≥0, {Qn(x)}n≥0 such that

deg(Pn(x)) = deg(Qn(x)) = n,

for all n. The connection problem between them consists in finding the coefficients αn,k in the

expansion

Qn(x) =
n

∑
k=0

αn,kPk(x).
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Let {Sn(x)}n≥0 be another polynomial sets with deg(Sn(x)) = n. The general connection

problem between them consists in finding the coefficients α
(n)
i,j in the expansion

Qn(x) =
n

∑
i,j=0

α
(n)
i,j Pi(x)Sj(x).

For the particular case Qn(x) = P′
n+1(x) the connection problem is called the derivative

connecting problem and the general derivative connecting problem for the polynomial family

{Pn(x)}n≥0.

The study of such a problem has attracted a lot of interest in the last few years. For in-

stance, the representations of parametric derivatives have been obtained by Froehlich [6] for

Jacobi polynomials, by Koepf [7] for generalized Laguerre polynomials and Gegenbauer poly-

nomials, by Koepf and Schmersau [8] for all the continuous and discrete classical orthogonal

polynomials, in [5, 9, 11, 13] for classic orthogonal polynomials.

The derivative connecting problem is considered for Chebyshev polynomials of the first

and the second types [10], for some Koornwinder polynomials in [1]. In [2, 3] the derivation

connection problem was solved for the Fibonacci, Lucas and Kravchuk polynomials and the

authors use the solutions to produce new combinatorial identities for these polynomials. Also,

the derivative connecting problem is solved in [4] for some hypergeometrical polynomials.

As an example let us consider the sequence of Appel polynomials {An(x)}n≥0 with expo-

nential generating function

G(An(x), z) = A(z)exz =
∞

∑
n=0

An(x)
zn

n!
,

where A(z) is an arbitrary formal power series, A(0) 6= 0.

Then
d

dx
G(An(x), z) = A(z)exz z = G(An(x), z)z =

∞

∑
n=0

An(x)
zn+1

n!
.

On the other side
d

dx
G(An(x), z) =

d

dx

∞

∑
n=0

An(x)
zn

n!
=

∞

∑
n=0

A′
n(x)

zn

n!
.

Equating the coefficients near zn we will find

1

n!
An(x)′ =

1

(n − 1)!
An−1(x),

and will obtain the solution of derivative connecting problem for Appel polynomials:

An(x)′ = n An−1(x).

In the paper we solve these derivative connecting problems for many well-known classes

of polynomials Pn(x).

In Section 2, a general appearance of the decomposition of the derivative of the polyno-

mial P′
n(x) is established, depending on the appearance of the logarithmic derivative of the

generating function. In Section 3, the derivative connecting problem is solved for Lagguerre,

Kravchuk, Charlier, Stirling, Bell, Bernoulii, Euler and Hermite polynomials. In Section 4, the

general derivative connecting problem is solved for Chebyshev, Gegenbauer and Legendre

polynomials.
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1 THE MAIN THEOREM

We propose a method for solving the derivative connecting problem based on the use of

the generating functions of polynomial families. The generation function of the family of poly-

nomials {Pn(x)}n≥0 is the formal functional series

G(Pn(x), z) =
∞

∑
n=0

cnPn(x)zn,

where cn is a certain numerical sequence. For case of cn = 1 the generating function is called as

ordinary generating function, and when cn =
1

n!
we obtain an exponential generating function.

Theorem 1. Let the logarithmic derivative of the ordinary generating function G(Pn(x), z) of

the polynomials family {Pn(x)} can be represented by the following series with rational coef-

ficients

d

dx
lnG(Pn(x), z) =

∞

∑
i=1

aiz
i.

Then

Pn(x)′ =
n

∑
i=1

aiPn−i(x).

Let the logarithmic derivative of the exponential generating function G(x, z) of the polynomi-

als family {Pn(x)} is written as formal series with rational coefficients

dG(x)

dx
=

∞

∑
i=1

ai
zi

n!
.

Then

Pn(x)′ =
n

∑
i=1

ai
n!

(n − i)!
Pn−i(x).

Proof. Assume that the generating function G(Pn(x), z) and its particular derivative

G(Pn(x), z)′x are connected

G(Pn(x), z)′x = G(Pn(x), z)R(z),

where R(z) = a1z + a2z2 + · · · is a formal power series. Then

G(Pn(x), z)′x =
∞

∑
n=0

cnP′
n(x)zn =

(

∞

∑
n=0

cnPn(x)zn

)

(

a1z + a2z2 + · · ·
)

=
∞

∑
n=0

(

n

∑
i=1

aicn−iPn−i(x)

)

zn.

Equating the coefficients at the same powers of z, we obtain that

cnP′
n(x) =

n

∑
i=1

aicn−iPn−i(x) = a1cn−1Pn−1 + a2cn−2Pn−2 + · · ·+ anc0P0(x),
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which will be a solution of the derivative connection problem for the polynomial family Pn(x).

For the case of the ordinary generating function, we have cn = 1 and so

P′
n(x) =

n

∑
i=1

aiPn−i(x).

Similarly, for the exponential generating function for cn = 1
n! we obtain that

Pn(x)′ =
n

∑
i=1

ai
n!

(n − i)!
Pn−i(x).

Proved theorem sets strict requirements for the generating function G(Pn(x), z)-its loga-

rithmic derivative must be a function of the one variable, although the generating function

depends upon of two variables.

Suppose that the logarithmic derivative of the generating function is not a function of the

variable and it has the following expansion

d

dx
lnG(Pn(x), z) =

∞

∑
i=1

ai(x)zi ,

where ai(x) – some polynomial. In this case for polynomials Sn(x) their degree is equal n so

they form the basis of the vector space of all polynomials from the variable x. Therefore the

polynomials ai(x) can be expanded on this basis:

ai(x) =
i

∑
j=0

αi,jSj(x).

The following Theorem 1 may be proved similarly

Theorem 2. Let the logarithmic derivative of the generating function G(Pn(x), z) of the poly-

nomials family {Pn(x)} can be written as formal series

d

dx
lnG(Pn(x), z) =

∞

∑
i=1

ai(x)zi ,

and

ai(x) =
i

∑
j=0

αi,jSj(x),

for some coefficients αi,j. Then

Pn(x)′ =
n

∑
i=1

i

∑
j=0

αi,jQj(x)Pn−i(x).

2 THE DERIVATIVE CONNECTING PROBLEM

Let apply the proved theorems for solving of the derivative connecting problems for some

types of the classical polynomials.
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2.1 The Laguerre polynomials Lλ
n(x)

The Laguerre polynomials are defined by the following formula

L
(λ)
n (x) =

n

∑
i=0

(−1)i

(

n + λ

n − i

)

xi

i!

with ordinary generating function

G(Lλ
n(x), z) = (1 − z)−λ−1 e

− xz

1 − z

We find the derivatives by parameters

d

dx
G(Lλ

n(x), z) = − (1 − z)−2−λ ze
−

xz

1 − z =
z G(Lλ

n(x), z)

z − 1
,

and

d

dλ
G(Lλ

n(x), z) = − (1 − z)−λ−1 e
−

xz

1 − z ln (1 − z) .

Therefore, the logarithmic derivative has following form

d

dx
lnG(Lλ

n(x), z) =
z

z − 1
= −

∞

∑
i=1

zi,

d

dλ
lnG(Lλ

n(x), z) = − ln(1 − z) =
∞

∑
i=1

1

i
zi.

so we proved the theorem:

Theorem 3.

d

dx
Lλ

n(x) = −
n−1

∑
i=0

Lλ
i (x),

d

dλ
Lλ

n(x) =
n

∑
i=1

1

i
Lλ

n−i(x).

This coincides with results [8] and [13] obtained by other methods.

2.2 The Kravchuk polynomials

The Kravchuk polynomials are defined such formula

K
(p)
n (x, N) =

n

∑
j=0

(−1)j(p − 1)k−j

(

x

j

)(

N − x

n − j

)

,

and have following generating function

G(K(p)
n (x, N), z) = (1 + (p − 1) z)N−x (1 − z)x .
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Theorem 4.

d

dx
K
(p)
n (x, N) =

n

∑
i=1

(−1)i(p − 1)i − 1

i
K
(p)
n−i(x, N),

d

dN
K
(p)
n (x, N) =

n

∑
i=1

(−1)i+1 (p − 1)i

i
K
(p)
n−i(x, N),

d

dp
K
(p)
n (x, N) = (N − x)

n

∑
i=1

(−1)i−1 (p − 1)i−1 K
(p)
n−i(x, N).

Proof. We find derivatives of the generating function for Kravchuk polynomials with respect

to parameters x, N, p :

d

dx
G(K(p)

n (x, N), z) = (1 + (p − 1) z)N−x (1 − z)x (ln (1 − z)− ln (1 + (p − 1) z))

= G(K(p)
n (x, N), z) ln

(

1 − z

1 + (p − 1) z

)

,

d

dN
G(K(p)

n (x, N), z) = (1 + (p − 1) z)N−x ln (1 + (p − 1) z) (1 − z)x ,

d

dp
G(K(p)

n (x, N), z) =
(1 + (p − 1) z)N−x (N − x) z (1 − z)x

1 + (p − 1) z
.

So

d

dx
G(K(p)

n (x, N), z) = G(K(p)
n (x, N), z) ln

(

1 − z

1 + (p − 1) z

)

,

d

dN
G(K(p)

n (x, N), z) = G(K(p)
n (x, N), z) ln (1 + (p − 1) z) ,

d

dp
G(K(p)

n (x, N), z) = G(K(p)
n (x, N), z)

(N − x) z

1 + (p − 1) z
.

From here we find expansion of a logarithmic derivative in a formal series

d

dx
lnG(K(p)

n (x, N), z) = ln

(

1 − z

1 + (p − 1) z

)

=
∞

∑
i=1

(−1)i(p − 1)i − 1

i
zi,

d

dN
lnG(K(p)

n (x, N), z) = ln (1 + (p − 1) z) =
∞

∑
i=1

(−1)i+1 (p − 1)i

i
zi,

d

dp
lnG(K(p)

n (x, N), z) =
(N − x) z

1 + (p − 1) z
= (N − x)

∞

∑
i=1

(−1)i−1 (p − 1)i−1 zi.

Applying the Theorem 1 we get the required result.

For a particular case p = 2 the problem is solved in [3].

2.3 The Charlier polynomials c
(a)
n (x)

The Charlier polynomials c
(a)
n (x)have such an exponential generating function

G(c(a)
n (x), z) = ez

(

1 − z

a

)x
.
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From here it’s easy to get that

d

dx
lnG(c(a)

n (x), z) = ln
(

1 − z

a

)

= −
∞

∑
i=1

zi

i ai
,

d

da
lnG(c(a)

n (x), z) =
xz

a2

(

1 − z

a

)−1
=

∞

∑
i=1

x

ai+1
zi.

Therefore, the following theorem holds.

Theorem 5.

d

dx
c
(a)
n (x) = −

n

∑
i=1

n!

(n − i)! i ai
c
(a)
n−i(x),

d

da
c
(a)
n (x) = a(c

(a)
1 (x)− 1)

n

∑
i=1

n!

(n − i)! ai+1
c
(a)
n−i(x).

2.4 The Stirling and Bell polynomials.

The Stirling and Bell polynomials Sn(x) ( see [12]) are defined by the exponential generating

function
(

z

1 − e−z

)x+1

=
∞

∑
i=0

Si(x)
zi

i!
.

We have that the logarithmic derivatives is equal to

d

dx
ln

(

z

1 − e−z

)x+1

= ln

(

z

1 − e−z

)

.

Let’s expand to series the function

h(z) = ln

(

z

1 − e−z

)

,

preliminary differentiating it.

We have

d

dz
(ln(h(z))) =

h′(z)
h(z)

=
1

z
− e−z

1 − e−z
=

ez − 1 − z

z2
· z

ez − 1
=

∞

∑
n=0

zn

(n + 2)!
·

∞

∑
n=0

Bnzn

n!

=
∞

∑
n=0

(

n

∑
k=0

Bk

(n − i + 2)!i!

)

zn =
∞

∑
n=0

zn

(n + 2)!

n

∑
k=0

(

n + 2

k

)

Bk =
1

2
−

∞

∑
n=1

Bn+1

(n + 1)!
zn.

Here we used the known identity
n−1

∑
i=0

(

n

i

)

Bi = 0,

and the fact that the generating function for the Bernoulli numbers Bi is equal to

z

ez − 1
=

n

∑
i=1

Bi
zi

i!
.

Note that the function h(z) has a removable gap point at z = 0 and

h(0) = lim
z→0

h(z) = lim
z→0

1

(1 − e−z)′
= 1.
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Therefore, by integrating, taking into account that h(0) = 1, we get

h(z) =
∫

(

1

2
−

∞

∑
n=1

Bn+1

(n + 1)!
zn

)

dz =
z

2
−

∞

∑
n=1

Bn+1

n(n + 1)!
zn+1.

Consequently, we have proved the theorem.

Theorem 6.
d

dx
Sn(x) =

n

∑
i=1

(

n

i

)

Bi

i
Sn−i(x).

The Bell polynomials ϕn(x) are determined through the Stirling numbers of second type

ϕn(x) =
n

∑
i=0

S(n, i)xn

and have the generating function

ex(ez−1).

In the same way as in the case of Stirling polynomials the following statement is proved.

Theorem 7.

d

dx
ϕn(x) =

n

∑
i=1

(

n

i

)

ϕn−i(x).

2.5 Generalized Bernoulli, Euler and Hermite polynomials

Generalized Bernoulli B
(a)
n (x), Euler E

(a)
n (x) and Hermite H

(a)
n (x) polynomials are defined

by the following exponential generating function

exz

(

z

ez − 1

)a

=
∞

∑
i=0

B
(a)
n (x)

zn

n!
,

exz

(

2

ez + 1

)a

=
∞

∑
i=0

E
(a)
n (x)

zn

n!
,

exze−at2
=

∞

∑
i=0

H
(a)
n (x)

zn

n!
.

With respect to the variable x these polynomials are the Appel polynomials, see [12], there-

fore for all three types of polynomials the following is performed

d

dx
B
(a)
n (x) = nB

(a)
n−1(x),

d

dx
E
(a)
n (x) = nE

(a)
n−1(x),

d

dx
H

(a)
n (x) = nH

(a)
n−1(x).

Let’s find the logarithmic derivatives by parameter a:

d

da
ln B

(a)
n (x) = ln

(

z

ez − 1

)

= − z

2
+ (−1)n+1

∞

∑
i=2

Bi

i · i!
zi,

d

da
ln E

(a)
n (x) = ln

(

2

ez + 1

)

=
1

2

n

∑
i=1

Ei−1(1)

i!
zi,

d

da
ln H

(a)
n (x) = −z2,
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here Bi, Ei(1) – are the Bernoulli numbers and Euler numbers respectively. Expansion

ln

(

z

ez − 1

)

= − z

2
+

∞

∑
i=2

(−1)n+1Bi

i · i!
zi

is obtained in the same way as expansion in subsection 2.4.

So, the following statement takes place.

Theorem 8.

d

da
B
(a)
n (x) = −n

2
B
(a)
n−1(x) +

n

∑
i=2

(−1)n+1Bi

i

(

n

i

)

B
(a)
n−i(x),

d

da
E
(a)
n (x) =

1

2

n

∑
i=1

(

n

i

)

Ei−1(1)E
(a)
n−i(x),

d

da
H

(a)
n (x) = −n(n − 1)H

(a)
n−2(x).

3 A GENERALIZED DERIVATIVE CONNECTING PROBLEM

3.1 The Chebyshev polynomials

The Chebyshev polynomials Tn(x) of the first kind and the Chebyshev polynomials Un(x)

of the second kind are determined by such ordinary generating function

G(Tn(x), z) =
1 − xz

1 − 2xz + z2
, G(Un(x), z) =

1

1 − 2xz + z2
.

The following theorem take place.

Theorem 9.

d

dx
Tn(x) = T0(x)Tn−1(x)+3T1(x)Tn−2(x)

+
∞

∑
i=3

(

T0(x)T1(x)i−1+2
i−1

∑
k=1

Tk(x)T1(x)i−1−k

)

Tn−i(x),

d

dx
Un(x) = 2

n

∑
i=1

Ui−1(x)Un−1−i(x).

Proof. We have

d

dx
lnG(Tn(x), z) =

z
(

z2 − 1
)

(1 − xz) (1 − 2 xz + z2)

= T0(x)z + 3T1(x)z2 +
∞

∑
i=3

(

T0(x)T1(x)i−1 + 2
i−1

∑
k=1

Tk(x)T1(x)i−1−k

)

zi.

For the Chebyshev polynomials Un(x) of the second kind we have

d

dx
lnG(Un(x), z) =

2z

1 − 2xz + z2
= 2

∞

∑
i=1

Ui−1(x)zi.

Therefore

Un(x)′ = 2
n

∑
i=1

Ui−1(x)Un−1−i(x).
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3.2 The Gegenbauer and Legendre polynomials

The Gegenbauer polynomials Cλ
n (x) are determined by ordinary generating function

G(Cλ
n (x), z) =

1

(1 − 2xz + z2)λ
.

It is logarithmic derivative is expressed through Chebyshev polynomials

d

dx
lnG(Cλ

n (x), z) =
2λz

1 − 2xz + z2
= 2λ

∞

∑
i=1

Ui−1(x)zi,

d

dλ
lnG(Cλ

n (x), z) = − ln
(

1 − 2 xz + z2
)

= 2
∞

∑
i=1

1

i
Ti(x)zi.

Theorem 10.

d

dx
Cλ

n (x) = 2λ
∞

∑
i=1

Ui−1(x)Cλ
n−i(x),

d

dλ
Cλ

n (x) = 2
n

∑
i=1

1

i
Ti(x)C

(λ)
n−i(x).

In [13] another expressions for the Gegenbauer polynomials were obtained. The Legendre

polynomials Pn(x) are determined by generating function

G(Pn(x), z) =
1√

1 − 2xz + z2
.

We have
d

dx
lnG(Pn(x), z) =

z

1 − 2 xz + z2
=

∞

∑
i=1

Ui−1(x)zi .

Therefore there is the following assertion.

Theorem 11.
d

dx
Pn(x) =

∞

∑
i=1

Ui−1(x)Pn−i(x).
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Рамський А.О., Самарук Н.М., Поплавська О.А. Задачi диференцiальної зв’язностi для деяких

класичних многочленiв // Карпатськi матем. публ. — 2019. — Т.11, №2. — C. 431–441.

Нехай дано двi множини многочленiв {Pn(x)}n≥0 та {Qn(x)}n≥0 таких, що

deg(Pn(x)) = n, deg(Qn(x)) = n.

Так звана задача диференцiальної зв’язностi мiж ними полягає у знаходженнi коефiцiєнтiв

αn,k у виразi Qn(x) =
n

∑
k=0

αn,kPk(x).

Нехай {Sn(x)}n≥0 − це iнша множина порядку deg(Sn(x)) = n. Узагальнена задача зв’яз-

ностi мiж ними полягає у знаходженнi коефiцiєнтiв α
(n)
i,j у виразi

Qn(x) =
n

∑
i,j=0

α
(n)
i,j Pi(x)Sj(x).

Задача зв’язностi для рiзних типiв многочленiв має довгу iсторiю, проте залишається

цiкавою i тепер. Коефiцiєнти зв’язностi грають важливу роль у багатьох задачах класичної та

прикладної математики, особливо в комбiнаторицi, а також у математичнiй фiзицi та

прикладних застосуваннях квантової хiмiї. Для часткового випадку, коли Qn(x) = P′
n+1(x),

задачу зв’язностi називають диференцiальною задачею зв’язностi i вiдносять її до множини

{Pn(x)}n≥0.

У статтi наведено вирази у замкнутiй формi задач диференцiальної зв’язностi для вiдомих

систем многочленiв.

Ключовi слова i фрази: задача зв’язностi, обернена задача, задача диференцiальної зв’язнос-

тi, коефiцiєнти звя’зностi, гiпергеометричнi функцiї, гiпергеометричнi многочлени.


