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VASYLYSHYN T.V.

POINT-EVALUATION FUNCTIONALS ON ALGEBRAS OF SYMMETRIC FUNCTIONS

ON (L∞)2

It is known that every continuous symmetric (invariant under the composition of its argument

with each Lebesgue measurable bijection of [0, 1] that preserve the Lebesgue measure of measur-

able sets) polynomial on the Cartesian power of the complex Banach space L∞ of all Lebesgue mea-

surable essentially bounded complex-valued functions on [0, 1] can be uniquely represented as an

algebraic combination, i.e., a linear combination of products, of the so-called elementary symmet-

ric polynomials. Consequently, every continuous complex-valued linear multiplicative functional

(character) of an arbitrary topological algebra of the functions on the Cartesian power of L∞, which

contains the algebra of continuous symmetric polynomials on the Cartesian power of L∞ as a dense

subalgebra, is uniquely determined by its values on elementary symmetric polynomials. There-

fore, the problem of the description of the spectrum (the set of all characters) of such an algebra is

equivalent to the problem of the description of sets of the above-mentioned values of characters on

elementary symmetric polynomials.

In this work the problem of the description of sets of values of characters, which are point-

evaluation functionals, on elementary symmetric polynomials on the Cartesian square of L∞ is com-

pletely solved. We show that sets of values of point-evaluation functionals on elementary symmetric

polynomials satisfy some natural condition. Also we show that for any set c of complex numbers,

which satisfies the above-mentioned condition, there exists the element x of the Cartesian square of

L∞ such that values of the point-evaluation functional at x on elementary symmetric polynomials

coincide with the respective elements of the set c.
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INTRODUCTION

In general, the problem of the description of the spectrum (the set of continuous complex-

valued linear multiplicative functionals, or characters) of a topological algebra of analytic func-

tions on a Banach space is unsolved. But if a topological algebra or its dense subalgebra has

a countable algebraic basis (the subset B of the algebra A is called an algebraic basis of A, if

every element of A can be uniquely represented as an algebraic combination (a linear com-

bination of products) of elements of B), then the problem of the description of the spectrum

simplifies, because in this case every character is uniquely determined by the sequence of its

values on elements of the algebraic basis and, consequently, the problem of the description of

the spectrum is equivalent to the problem of the description of the set of such sequences. For
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example, in [2] it was constructed an algebraic basis of the algebra of all continuous symmet-

ric (see definition below) polynomials on the complex Banach space L∞ of all complex-valued

Lebesgue measurable essentially bounded functions on [0, 1]. Also, using this result, in [2] it

was described the spectrum of the Fréchet algebra Hbs(L∞) of all entire symmetric functions

of bounded type on L∞ and it was shown that every character of Hbs(L∞) is a point-evaluation

functional.

Firstly algebraic bases of algebras of symmetric continuous polynomials on real Banach

spaces of Lebesgue measurable integrable in a power p functions on [0, 1] and [0,+∞), where

1 ≤ p < +∞, were studied by Nemirovskii and Semenov in [7]. Some of their results were

generalized to real separable rearrangement invariant Banach spaces of Lebesgue measurable

functions on [0, 1] and [0,+∞) by González, Gonzalo and Jaramillo in [4]. Symmetric polyno-

mials and symmetric analytic functions on the complex Banach spaces of all complex-valued

Lebesgue measurable essentially bounded functions on [0, 1] and [0,+∞) were studied in [2]

and [3] respectively. Symmetric polynomials on Cartesian products of some Banach spaces

were studied in [6, 8–12]. In particular, in [10] it was constructed a countable algebraic basis of

the algebra of continuous symmetric polynomials on the Cartesian power of L∞.

In this work the problem of the description of sequences of values of point-evaluation func-

tionals on the elements of the algebraic basis of the algebra of continuous symmetric polyno-

mials on the Cartesian square of L∞ is completely solved. We show that the above-mentioned

sequences satisfy some natural condition. Also we show that for any sequence c of complex

numbers, which satisfies this condition, there exists an element x of the Cartesian square of L∞

such that the sequence of values of the point-evaluation functional at x coincides with c. We

generalize the results of [11].

1 PRELIMINARIES

We denote by N the set of all positive integers and by Z+ the set of all nonnegative integers.

A mapping P : X → C, where X is a Banach space with norm ‖ · ‖X , is called an N-

homogeneous polynomial, where N ∈ N, if there exists an N-linear mapping AP : XN → C such

that

P(x) = AP

(
x, . . . , x
︸ ︷︷ ︸

N

)

for every x ∈ X. It is known that an N-homogeneous polynomial P : X → C is continuous if

and only if

‖P‖ = sup
‖x‖X≤1

|P(x)| < +∞.

Consequently, if P is a continuous N-homogeneous polynomial, then

|P(x)| ≤ ‖P‖‖x‖N
X (1)

for every x ∈ X.

A mapping P = P0 + P1 + . . . + PN, where P0 ∈ C and Pj is a j-homogeneous polynomial

for every j ∈ {1, . . . , N}, is called a polynomial of degree at most N.

Let L∞ be the complex Banach space of all Lebesgue measurable essentially bounded com-

plex-valued functions x on [0, 1] with norm

‖x‖∞ = ess supt∈[0,1]|x(t)|.
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Let (L∞)2 be the Cartesian square of L∞ with norm

‖x‖∞,2 = max
{
‖x1‖∞, ‖x2‖∞

}

where x = (x1, x2) ∈ (L∞)2.

Let Ξ be the set of all bijections σ : [0, 1] → [0, 1] such that both σ and σ−1 are measurable

and preserve the Lebesgue measure. A function f : (L∞)2 → C is called symmetric if

f (x ◦ σ) = f (x)

for every x = (x1, x2) ∈ (L∞)2 and for every σ ∈ Ξ, where x ◦ σ = (x1 ◦ σ, x2 ◦ σ).

For every multi-index k = (k1, k2) ∈ Z2
+ \ {(0, 0)} let us define a mapping Rk : (L∞)2 → C

by

Rk(x) =
∫

[0,1]

2

∏
s=1
ks>0

(xs(t))
ks dt, (2)

where x = (x1, x2) ∈ (L∞)2. Note that Rk is a continuous symmetric |k|-homogeneous poly-

nomial, where |k| = k1 + k2, and ‖Rk‖ = 1. By [10, Theorem 2], the set of polynomials
{

Rk : k ∈ Z
2
+ \ {(0, 0)}

}
is an algebraic basis of the algebra Ps((L∞)2) of all continuous

symmetric polynomials on (L∞)2.

Let A be an algebra of functions f : D → C, where the set D is such that D ⊃ (L∞)2. For

x ∈ (L∞)2, let the mapping δx : A → C be defined by

δx( f ) = f (x),

where f ∈ A. The mapping δx is called a point-evaluation functional at the point x. Note that

a point-evaluation functional is linear and multiplicative.

We shall use the following result.

Theorem 1. (see [2, Section 3]) For every sequence ξ = {ξn}∞
n=1 ⊂ C such that

sup
n∈N

n

√

|ξn| < +∞,

there exists vξ ∈ L∞ such that
∫

[0,1]
(vξ(t))

n dt = ξn

for every n ∈ N and ‖xξ‖∞ ≤ 2
M supn∈N

n
√

|ξn|, where

M =
∞

∏
n=1

cos

(
π

2

1

n + 1

)

. (3)

2 THE MAIN RESULT

Theorem 2. For every mapping c : Z2
+ \ {(0, 0)} → C such that

sup
n∈Z2

+\{(0,0)}
|c(n)|1/|n|

< +∞

there exists a function xc ∈ (L∞)2 such that Rn(xc) = c(n) for every n ∈ Z
2
+ \ {(0, 0)} and

‖xc‖∞,2 ≤
24

M3
sup

n∈Z2
+\{(0,0)}

|c(n)|1/|n| ,

where M is defined by (3).
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Proof. Let εk be the kth Rademacher function, that is, εk(t) = sign(sin 2kπt). It is well known

(see, e.g., [1, p. 162] or [5, Chapter 3]) that the series ∑
∞
k=1 εk(t)uk is convergent almost every-

where on [0, 1] if and only if the series ∑
∞
k=1 |uk|2 converges. Consequently, the series ∑

∞
k=1

εk(t)
k+1

converges almost everywhere on [0, 1].

For every n = (n1, n2) ∈ N
2 let us define a function pn : [0, 1] → C

2 by

pn(t) =

(

exp
( iπ

2n1

∞

∑
k=1

ε2k−1(t)

k + 1

)

, exp
( iπ

2n2

∞

∑
k=1

ε2k(t)

k + 1

))

.

Note that the function pn belongs to the space (L∞[0, 1])2 and ||pn|| = 1.

The sequence of the functions
{

p
(l)
n

}∞

l=1
, where

p
(l)
n (t) =

(

exp
( iπ

2n1

l

∑
k=1

ε2k−1(t)

k + 1

)

, exp
( iπ

2n2

l

∑
k=1

ε2k(t)

k + 1

))

,

converges pointwise to pn. Therefore, for every m = (m1, m2) ∈ N2, according to the domi-

nated convergence theorem,

Rm(pn) = lim
l→∞

Rm
(

p
(l)
n

)
.

Note that

Rm
(

p
(l)
n

)
=

∫

[0,1]
exp

( iπ

2n1
m1

l

∑
k=1

ε2k−1(t)

k + 1

)

exp
( iπ

2n2
m2

l

∑
k=1

ε2k(t)

k + 1

)

dt

= exp
( iπ

2n1
m1

1

2

) ∫

[0, 1
2 ]

exp
( iπ

2n1
m1

l

∑
k=2

ε2k−1(t)

k + 1

)

exp
( iπ

2n2
m2

l

∑
k=1

ε2k(t)

k + 1

)

dt

+ exp
( iπ

2n1
m1

−1

2

) ∫

[ 1
2 ,1]

exp
( iπ

2n1
m1

l

∑
k=2

ε2k−1(t)

k + 1

)

exp
( iπ

2n2
m2

l

∑
k=1

ε2k(t)

k + 1

)

dt

= cos
(πm1

2n1

1

2

) ∫

[0, 1
2 ]

exp
( iπ

2n1
m1

l

∑
k=2

ε2k−1(t)

k + 1

)

exp
( iπ

2n2
m2

l

∑
k=1

ε2k(t)

k + 1

)

dt

= 4 cos
(πm1

2n1

1

2

)

cos
(πm2

2n2

1

2

)

×
∫

[0, 1
4 ]

exp
( iπ

2n1
m1

l

∑
k=2

ε2k−1(t)

k + 1

)

exp
( iπ

2n2
m2

l

∑
k=2

ε2k(t)

k + 1

)

dt

= 42 cos
(πm1

2n1

1

2

)

cos
(πm2

2n2

1

2

)

cos
(πm1

2n1

1

3

)

cos
(πm2

2n2

1

3

)

×
∫

[0, 1
42 ]

exp
( iπ

2n1
m1

l

∑
k=3

ε2k−1(t)

k + 1

)

exp
( iπ

2n2
m2

l

∑
k=3

ε2k(t)

k + 1

)

dt = . . .

= 4l
∫

[0, 1
4l ]

dt
l

∏
k=1

cos
(πm1

2n1

1

k + 1

)

cos
(πm2

2n2

1

k + 1

)

=
l

∏
k=1

cos
(πm1

2n1

1

k + 1

)

cos
(πm2

2n2

1

k + 1

)

.

Therefore,

Rm(pn) =
∞

∏
k=1

cos
(πm1

2n1

1

k + 1

)

cos
(πm2

2n2

1

k + 1

)

.
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For k ∈ N and j ∈ {1, . . . , k}, let

aj,k = exp
(2πij

k

)

.

For every k ∈ N let us define a function Sk : [0, 1] → C in the following way. For t ∈ [ j−1
k ,

j
k ],

where j ∈ {1, . . . , k}, let

Sk(t) = aj,k.

Let frac(t) be the fractional part of a real number t. For every n = (n1, n2) ∈ N2 let us define a

function yn : [0, 1] → C
2 by a formula

yn(t) =
(

Sn1(t)pn,1(frac(n1n2t)), Sn2(frac(n1t))pn,2(frac(n1n2t))
)

.

Note that ‖yn‖∞,2 = 1. For every m = (m1, m2) ∈ N2, we have

Rm(yn) =
∫

[0,1]
Sm1

n1
(t)pm1

n,1(frac(n1n2t))Sm2
n2
(frac(n1t))pm2

n,2(frac(n1n2t))dt =

=
n1

∑
j=1

am1
j,n1

∫

[
j−1
n1

,
j

n1
]
Sm2

n2
(frac(n1t))pm1

n,1(frac(n1n2t))pm2
n,2(frac(n1n2t))dt.

Let us make the substitution u = n1t − (j − 1) in the jth integral. Then n1t = u + j − 1 and,

consequently, frac(n1t) = frac(u + j − 1) = frac(u) and frac(n1n2t) = frac(n2u + n2(j − 1)) =

frac(n2u). Therefore,

Rm(yn) =
1

n1

n1

∑
j=1

am1
j,n1

∫

[0,1]
Sm2

n2
(frac(u))pm1

n,1(frac(n2u))pm2
n,2(frac(n2u))du.

Note that
∫

[0,1]
Sm2

n2
(frac(u))pm1

n,1(frac(n2u))pm2
n,2(frac(n2u))du

=
n2

∑
r=1

am2
r,n2

∫

[ r−1
n2

, r
n2
]
pm1

n,1(frac(n2u))pm2
n,2(frac(n2u))du.

Let us make the substitution v = n2u − (r − 1) in the rth integral. Then n2u = v + r − 1 and,

consequently, frac(n2u) = frac(v + r − 1) = frac(v) = v. Therefore,

Rm(yn) =
1

n1

n1

∑
j=1

am1
j,n1

1

n2
∑
r=1

n2am2
r,n2

∫

[0,1]
pm1

n1
(v)pm2

n2
(v)dv =

( 1

n1

n1

∑
j=1

am1
j,n1

)( 1

n2

n2

∑
r=1

am2
r,n2

)

× Rm(pn) =
( 1

n1

n1

∑
j=1

am1
j,n1

)( 1

n2

n2

∑
r=1

am2
r,n2

) ∞

∏
k=1

cos
(πm1

2n1

1

k + 1

)

cos
(πm2

2n2

1

k + 1

)

.

If m1 is not a multiple of n1, then
n1

∑
j=1

am1
j,n1

= 0.

Similarly, if m2 is not a multiple of n2, then

n2

∑
r=1

am2
r,n2

= 0.
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Let m1 = k1n1 and m2 = k2n2, where k1, k2 ∈ N. Then

1

n1

n1

∑
j=1

am1
j,n1

=
1

n2

n2

∑
r=1

am2
r,n2

= 1.

Therefore,

Rm(yn) =
∞

∏
k=1

cos
(πk1

2

1

k + 1

)

cos
(πk2

2

1

k + 1

)

.

If k1 > 1 or k2 > 1, then there is a multiplier cos π
2 = 0 in the given product. Thus Rm(yn) = 0,

if m 6= n. If m = n, then Rm(yn) = M2, where M is defined by (3).

For every n = (n1, n2) ∈ N
2, let us define a function zn : [0, 1] → C

2 by

zn =
1

|n|√
M2

yn.

Note that

‖zn‖∞,2 =
1

|n|√
M2

≤ 1

M2
, (4)

since 0 < M < 1. For every m ∈ N2,

Rm(zn) =

{
1, if m = n,

0, if m 6= n.
(5)

Let us define sequences ξ = {ξl}∞
l=1, η = {ηl}∞

l=1 ⊂ C by

ξl = 4c((l, 0))− 4
∞

∑
k=1

1

k2k+1

k

∑
j=1

(
c((j, k − j))k2k+1

)l/k
R(l,0)(z(j,k−j)) (6)

and

ηl = 4c((0, l))− 4
∞

∑
k=1

1

k2k+1

k

∑
j=1

(
c((j, k − j))k2k+1

)l/k
R(0,l)(z(j,k−j))

for l ∈ N. Let us show that supl∈N
|ξl |1/l < +∞ and supl∈N

|ηl |1/l < +∞. Let

a = sup
n∈Z2

+\{(0,0)}
|c(n)|1/|n| .

Then |c(n)| ≤ a|n| for every n ∈ Z2
+ \ {(0, 0)}. By (1), |R(l,0)(z(j,k−j))| ≤ ‖R(l,0)‖‖z(j,k−j)‖l

∞,2.

By (4), taking into account the equality ‖R(l,0)‖ = 1,

|R(l,0)(z(j,k−j))| ≤
1

M2l
.

Therefore,

|ξl | ≤ 4al +
4al

M2l

∞

∑
k=1

1

2k+1

(
k2k+1

)l/k
.

Note that supk∈N
(k2k+1)1/k = 4. Therefore, k2k+1 ≤ 4k for every k ∈ N. Consequently,

∞

∑
k=1

1

2k+1

(
k2k+1

)l/k ≤ 4l
∞

∑
k=1

1

2k+1
=

4l

2
.
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Therefore,

|ξl | ≤ 4al +
2(4a)l

M2l
.

Taking into account the estimate 0 < M < 1,

4al +
2(4a)l

M2l
≤ 4al + 2(4a)l

M2l
≤ 3(4a)l

M2l
≤ (12a)l

M2l
.

Thus,

|ξl | ≤
(12a)l

M2l
.

Analogically,

|ηl | ≤
(12a)l

M2l
.

Since supl∈N
|ξl |1/l ≤ 12a/M2 and supl∈N

|ηl |1/l ≤ 12a/M2, by Theorem 1, there exist vξ , vη ∈
L∞ such that ∫

[0,1]
(vξ(t))

l dt = ξl and
∫

[0,1]
(vη(t))

l dt = ηl (7)

for every l ∈ N and

‖vξ‖∞, ‖vη‖∞ ≤ 24a

M3
. (8)

For k ∈ N and j ∈ {1, . . . , k}, let

∆j,k =
(

1 − 1

2k
+

j − 1

k2k+1
, 1 − 1

2k
+

j

k2k+1

)

and hj,k : ∆j,k → (0, 1) let be defined by

hj,k(t) =
(

t −
(

1 − 1

2k
+

j − 1

k2k+1

))

k2k+1.

Note that hj,k is a bijection. Let us define a function xc : [0, 1] → C2 by

xc(t) =







(vξ(4t), 0), if t ∈ (0, 1/4),

(0, vη(4t − 1)), if t ∈ (1/4, 1/2),
(
c((j, k − j))k2k+1

)1/k
z(j,k−j)(hj,k(t)), if t ∈ ∆j,k, k ∈ N, j ∈ {1, . . . , k},

(0, 0), otherwise.

Note that xc ∈ (L∞)2 and, taking into account estimations (4), (8) and the inequality
(
c((j, k − j))k2k+1

)1/k ≤ 4a, we obtain

‖xc‖∞,2 ≤ max
{24a

M3
,

4a

M2

}

.

Since 0 < M < 1, it follows that 4a/M2 ≤ 4a/M3 ≤ 24a/M3. Therefore, ‖xc‖∞,2 ≤ 24a/M3.

Let us show that Rn(xc) = c(n) for every n ∈ Z
2
+ \ {(0, 0)}. Consider the case n = (n1, n2) ∈

N
2. In this case, taking into account (5),

Rn(xc) =
∫

(0,1/4)
(vξ(4t))n1 0n2 dt +

∫

(1/4,1/2)
0n1(vη(4t − 1))n2 dt +

∞

∑
k=1

k

∑
j=1

(
c((j, k − j))k2k+1

)|n|/k

×
∫

∆j,k

(
z(j,k−j),1(hj,k(t))

)n1
(
z(j,k−j),2(hj,k(t))

)n2 dt

=
∞

∑
k=1

k

∑
j=1

(
c((j, k − j))k2k+1

)|n|/k 1

k2k+1
Rn(z(j,k−j)) =

(
c((n1, n2))|n|2|n|+1

)|n|/|n| 1

|n|2|n|+1

= c((n1, n2)).
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Consider the case n = (l, 0), where l ∈ N. In this case, taking into account (6) and (7),

Rn(xc) =
∫

(0,1/4)
(vξ(4t))l dt +

∫

(1/4,1/2)
0l dt

+
∞

∑
k=1

k

∑
j=1

(
c((j, k − j))k2k+1

)l/k
∫

∆j,k

(
z(j,k−j),1(hj,k(t))

)l
dt

=
1

4

∫

(0,1)
(vξ(t))

l dt +
∞

∑
k=1

k

∑
j=1

(
c((j, k − j))k2k+1

)l/k 1

k2k+1
R(l,0)(z(j,k−j))

=
1

4
ξl +

∞

∑
k=1

k

∑
j=1

(
c((j, k − j))k2k+1

)l/k 1

k2k+1
R(l,0)(z(j,k−j)) = c((l, 0)).

Analogically, in the case n = (0, l), where l ∈ N, we have Rn(xc) = c((0, l)). This completes

the proof.

Corollary 1. Let A be a topological algebra of complex-valued functions on (L∞)2, which con-

tains the algebra Ps((L∞)2) as a dense subalgebra. Let A be such that for each x ∈ L∞ the

point-evaluation functional δx is continuous on A. Let ϕ : A → C be a continuous linear

multiplicative functional. Then ϕ is a point-evaluation functional if and only if

sup
n∈Z2

+\{(0,0)}
|ϕ(Rn)|1/|n|

< +∞.

Proof. Let ϕ : A → C be a continuous linear multiplicative functional such that

sup
n∈Z2

+\{(0,0)}
|ϕ(Rn)|1/|n|

< +∞.

By Theorem 2, there exists x ∈ (L∞)2 such that Rn(x) = ϕ(Rn) for every n ∈ Z2
+ \ {(0, 0)},

that is, δx(Rn) = ϕ(Rn) for every n ∈ Z2
+ \ {(0, 0)}. Since both δx and ϕ are linear and mul-

tiplicative, it follows that δx(P) = ϕ(P) for every P ∈ Ps((L∞)2). Since both δx and ϕ are

continuous and Ps((L∞)2) is dense in A, it follows that δx = ϕ.

Let ϕ = δx for some x = (x1, x2) ∈ (L∞)2. By (1), for every n = (n1, n2) ∈ Z
2
+ \ {(0, 0)},

|ϕ(Rn)| = |Rn(x)| ≤ ‖x‖|n|. Consequently,

sup
n∈Z2

+\{(0,0)}
|ϕ(Rn)|1/|n| ≤ ‖x‖.
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Василишин Т.В. Функцiонали обчислення значень в точках на алгебрах симетричних функцiй на

просторi (L∞)2 // Карпатськi матем. публ. — 2019. — Т.11, №2. — C. 493–501.

Вiдомо, що кожен неперервний симетричний (iнварiантний вiдносно дiї композицiї агру-

мента з будь-якою вимiрною за Лебегом бiєкцiєю вiдрiзка [0, 1], яка зберiгає мiру Лебега ви-

мiрних множин) полiном на декартовому степенi комплексного банахового простору L∞ всiх

вимiрних за Лебегом суттєво обмежених комплекснозначних функцiй на вiдрiзку [0, 1] може

бути єдиним чином подано як алгебраїчну комбiнацiю, тобто лiнiйну комбiнацiю добуткiв, так

званих елементарних симетричних полiномiв. Як наслiдок, кожен неперервний комплексно-

значний лiнiйний мультиплiкативний функцiонал (характер) довiльної топологiчної алгебри

функцiй на декартовому степенi простору L∞, яка мiстить алгебру неперервних симетричних

полiномiв на декартовому степенi простору L∞ як щiльну пiдалгебру, однозначно визначає-

ться своїми значенннями на елементарних симетричних полiномах. Тому задача опису спе-

ктра (множини всiх характерiв) такої алгебри еквiвалентна до задачi опису множин вищезга-

даних значень характерiв на елементарних симетричних полiномах.

В данiй роботi розв’язано задачу опису множин значень характерiв, якi є функцiонала-

ми обчислення значення в точках, на елементарних симетричних полiномах на декартовому

квадратi простору L∞. Показано, що множини значень функцiоналiв обчислення значення в

точках на елементарних симетричних полiномах задовольняють деяку природну умову. Та-

кож показано, що для кожної множини c комплексних чисел, яка задовольняє вищезгадану

умову, iснує елемент x декартового квадрата простору L∞ такий, що значення функцiонала

обчислення значення в точцi x на елементарних симетричних полiномах збiгаються з вiдпо-

вiдними елементами множини c.

Ключовi слова i фрази: симетричний полiном, функцiонал обчислення значення в точцi.


