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(L)

VASYLYSHYN T.V.

POINT-EVALUATION FUNCTIONALS ON ALGEBRAS OF SYMMETRIC FUNCTIONS
ON (Lo)?

It is known that every continuous symmetric (invariant under the composition of its argument
with each Lebesgue measurable bijection of [0,1] that preserve the Lebesgue measure of measur-
able sets) polynomial on the Cartesian power of the complex Banach space Lo, of all Lebesgue mea-
surable essentially bounded complex-valued functions on [0, 1] can be uniquely represented as an
algebraic combination, i.e., a linear combination of products, of the so-called elementary symmet-
ric polynomials. Consequently, every continuous complex-valued linear multiplicative functional
(character) of an arbitrary topological algebra of the functions on the Cartesian power of L, which
contains the algebra of continuous symmetric polynomials on the Cartesian power of L as a dense
subalgebra, is uniquely determined by its values on elementary symmetric polynomials. There-
fore, the problem of the description of the spectrum (the set of all characters) of such an algebra is
equivalent to the problem of the description of sets of the above-mentioned values of characters on
elementary symmetric polynomials.

In this work the problem of the description of sets of values of characters, which are point-
evaluation functionals, on elementary symmetric polynomials on the Cartesian square of Lo is com-
pletely solved. We show that sets of values of point-evaluation functionals on elementary symmetric
polynomials satisfy some natural condition. Also we show that for any set ¢ of complex numbers,
which satisfies the above-mentioned condition, there exists the element x of the Cartesian square of
L such that values of the point-evaluation functional at x on elementary symmetric polynomials
coincide with the respective elements of the set c.
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INTRODUCTION

In general, the problem of the description of the spectrum (the set of continuous complex-
valued linear multiplicative functionals, or characters) of a topological algebra of analytic func-
tions on a Banach space is unsolved. But if a topological algebra or its dense subalgebra has
a countable algebraic basis (the subset B of the algebra A is called an algebraic basis of A, if
every element of A can be uniquely represented as an algebraic combination (a linear com-
bination of products) of elements of B), then the problem of the description of the spectrum
simplifies, because in this case every character is uniquely determined by the sequence of its
values on elements of the algebraic basis and, consequently, the problem of the description of
the spectrum is equivalent to the problem of the description of the set of such sequences. For

YAK 517.98

2010 Mathematics Subject Classification: 46G25, 46G20.

The publication contains the results of studies conducted by President’s of Ukraine grant for competitive projects
0119U103204.

(©) Vasylyshyn T.V., 2019



494 VASYLYSHYN T.V.

example, in [2] it was constructed an algebraic basis of the algebra of all continuous symmet-
ric (see definition below) polynomials on the complex Banach space L, of all complex-valued
Lebesgue measurable essentially bounded functions on [0, 1]. Also, using this result, in [2] it
was described the spectrum of the Fréchet algebra Hys(Lo) of all entire symmetric functions
of bounded type on L and it was shown that every character of Hys(L«) is a point-evaluation
functional.

Firstly algebraic bases of algebras of symmetric continuous polynomials on real Banach
spaces of Lebesgue measurable integrable in a power p functions on [0,1] and [0, +0c0), where
1 < p < +o00, were studied by Nemirovskii and Semenov in [7]. Some of their results were
generalized to real separable rearrangement invariant Banach spaces of Lebesgue measurable
functions on [0, 1] and [0, +o0) by Gonzélez, Gonzalo and Jaramillo in [4]. Symmetric polyno-
mials and symmetric analytic functions on the complex Banach spaces of all complex-valued
Lebesgue measurable essentially bounded functions on [0, 1] and [0, +o0) were studied in [2]
and [3] respectively. Symmetric polynomials on Cartesian products of some Banach spaces
were studied in [6,8-12]. In particular, in [10] it was constructed a countable algebraic basis of
the algebra of continuous symmetric polynomials on the Cartesian power of L.

In this work the problem of the description of sequences of values of point-evaluation func-
tionals on the elements of the algebraic basis of the algebra of continuous symmetric polyno-
mials on the Cartesian square of Lo, is completely solved. We show that the above-mentioned
sequences satisfy some natural condition. Also we show that for any sequence c of complex
numbers, which satisfies this condition, there exists an element x of the Cartesian square of L,
such that the sequence of values of the point-evaluation functional at x coincides with c. We
generalize the results of [11].

1 PRELIMINARIES

We denote by IN the set of all positive integers and by Z, the set of all nonnegative integers.
A mapping P : X — C, where X is a Banach space with norm || - ||x, is called an N-
homogeneous polynomial, where N € IN, if there exists an N-linear mapping Ap : XN — C such
that
P(x) = Ap(x,...,
(x) p(x,...,x)
N
for every x € X. It is known that an N-homogeneous polynomial P : X — C is continuous if
and only if
IP| = sup |P(x)| < +oo.
[ x<1
Consequently, if P is a continuous N-homogeneous polynomial, then
[P < IIPlIxl% e
for every x € X.
A mapping P = Py + Py + ...+ Py, where Py € C and P; is a j-homogeneous polynomial
forevery j € {1,...,N}, is called a polynomial of degree at most N.

Let Lo, be the complex Banach space of all Lebesgue measurable essentially bounded com-
plex-valued functions x on [0, 1] with norm

¥[loo = ess supye o[ x(H)]-



POINT-EVALUATION FUNCTIONALS ON ALGEBRAS OF SYMMETRIC FUNCTIONS ON (Lo )? 495

Let (Leo)? be the Cartesian square of L with norm

|xlleo2 = max{|[x1[leo, [[x2]leo }
where x = (x1,%2) € (Leo)?.
Let & be the set of all bijections ¢ : [0,1] — [0, 1] such that both ¢ and ¢! are measurable

and preserve the Lebesgue measure. A function f : (L )? — C is called symmetric if

flxoo) = f(x)
for every x = (x1,x3) € (L )? and for every ¢ € E, where x o 0 = (x1 00, x00).
For every multi-index k = (k1,kp) € Z3 \ {(0,0)} let us define a mapping Ry : (Le)? — C
by

2
R0 = [ TT (e, @
[01] ;7
ks>0
where x = (x1,x7) € (Leo)?. Note that Ry is a continuous symmetric |k|-homogeneous poly-
nomial, where |k| = k; + kp, and ||R¢|| = 1. By [10, Theorem 2], the set of polynomials
{Ry : k € 22\ {(0,0)}} is an algebraic basis of the algebra Ps((L)?) of all continuous
symmetric polynomials on (L )?.
Let A be an algebra of functions f : D — C, where the set D is such that D O (L« )?. For
x € (Lo)?, let the mapping 6 : A — C be defined by

5:(f) = f(x),

where f € A. The mapping Jy is called a point-evaluation functional at the point x. Note that
a point-evaluation functional is linear and multiplicative.
We shall use the following result.

Theorem 1. (see [2, Section 3]) For every sequence ¢ = {, }>_,; C C such that

n=1

sup {/|&n| < 400,
nelN

there exists (S Lo such that
)" dt =
/[0,1](06( )) gn

for every n € N and ||xz||e0 < 2 sUp,cpy V/]En], where
= T 1
M= T~ ). 3
[ ] cos (2 n+1> @)
2 THE MAIN RESULT

Theorem 2. For every mapping c : Z2 \ {(0,0)} — C such that

sup  Je(n)[V/" < 4o
neZ3\{(00)})

there exists a function x, € (Le)? such that R, (x.) = c(n) for every n € Zi \ {(0,0)} and
24
¢ |loo2 < 3 sup \c(n)]l/‘”\,

nez3\{(00)}
where M is defined by (3).
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Proof. Let ¢; be the kth Rademacher function, that is, e, (t) = sign(sin 2¥7rt). It is well known
(see, e.g., [1, p. 162] or [5, Chapter 3]) that the series ) ;° ; ek (f)uy is convergent almost every-
where on [0, 1] if and only if the series Y5> ; |ux|? converges. Consequently, the series Y - k+(t1)
converges almost everywhere on [0, 1].

For every n = (ny,n3) € IN? let us define a function p,, : [0,1] — C? by

o) = (o (g, 5 520 o0 oy £ 259))

k=

Note that the function p, belongs to the space (L[0,1])? and ||p,|| = 1.
The sequence of the functions {pg,l) }1-,, where

e = (e (37, L 520 o (3 S 29))

converges pointwise to p,. Therefore, for every m = (my,m;) € IN?, according to the domi-
nated convergence theorem,

Run(pu) = lim R (p).

Note that
Ruo) = [ e (gm 1 20 ) exp (e - 20
=00 (gm3) [y o0 Gm B34 ew (m L 2
cop (gmz) fy,op Gm L5 e (g 1 2
<—><>
[y o (om 2 20 exp (37 37 20 )
e (1) o (1) (1) (221
<oy oe Grm B 5 e (g 1 P40 =
1
[ e (o ()
1
Therefore,

Ry (pn) = Iojcos <7;Tmllk41——1> cos <§ijﬁ>
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Fork e Nandje {1,...,k}, let

For every k € IN let us define a function Si : [0,1] — C in the following way. For t € []_Tl, %],
wherej € {1,...,k}, let

Sk(t) = ajk.
Let frac(t) be the fractional part of a real number t. For every n = (11, 1,) € IN? let us define a
function v, : [0,1] — C2 by a formula

yn(t) = <Sn1(t)pnll(frac(nlnzt)),Snz(frac(nlt))png(frac(nlnzt))).

Note that ||y, || 2 = 1. For every m = (mq,my) € IN?, we have
Ri(yn) = /[0 . Sy (t )pn1(frac(nlnzt))SZ’zz(frac(nlt))pnmlzz(frac(nlnzt))dt =

— Z ai /] e S (frac(nlt))pzll(frac(nlnzt))p’n'fzz(frac(nlnzt))dt.

”1 m

Let us make the substitution u = nyt — (j — 1) in the jth integral. Then n1t = u+j — 1 and,
consequently, frac(nyt) = frac(u + j — 1) = frac(u) and frac(ninyt) = frac(npu +ny(j — 1)) =
frac(npu). Therefore,

1

1 m m
Ry (yn) = n—1]; a;%l /[0,” Sy (frac(u))p,,} (frac(nou)) py (frac(npu) )du.
Note that
/[O | SH(frac(u)) i (Frac(nyu) i (frac )

_ Z a2 / p™ (frac(nyu))p™™3 (frac(nyu) )du.

112 ?12

Let us make the substitution v = nyu — (r — 1) in the rth integral. Then nou = v +r —1 and,
consequently, frac(nyu) = frac(v +r — 1) = frac(v) = v. Therefore,

1 M 1 1 &2
Rim(yn) = 7 ;ﬂ,il 1 - Z naay nz/ pm () pny (v)do = <n_1 Z ]n1)< Zﬂr nz)
j= j=
B 1 I 1 & my 1 my 1
XRm(pn)_<n_1]¥ ]n1>< Zarm)l—lc S(an k+1> OS<2—nzk+1)'

If my is not a multiple of 7y, then

Similarly, if m; is not a multiple of 1, then

712

my
Z arn, = 0.
r=1



498 VASYLYSHYN T.V.

Let mq = kyny and my = konp, where k1, k, € IN. Then
1 . — my
n_l ]nl - Z a?’ My T 1
j=1

Therefore,

n) - IECOS (%klk—t{l——1> COS <7T7k2ﬁ)

If k1 > 1 ork, > 1, then there is a multiplier cos 7 = 0 in the given product. Thus Ry, (yn) =0,

if m # n.If m = n, then Ry, (y,) = M2, where M is defined by (3).
For every n = (n1,n2) € IN?, let us define a function z,, : [0,1] — C2 by

Zn:

1
V"

Note that ,

1
1z ||co2 = W < VX

since 0 < M < 1. For every m € N2,

1, ifm=mn,

Rin(zn) = { 0, ifm # n.
Let us define sequences ¢ = {¢;}521,17 = {m}jo; C Cby

1/k
& =4c((1,0)) — 4 2 kzk = Z N2 TR 40 (2 )

and
1/k
m = 4c((0,1)) —4 Z 2k+1 Z DR R0 (2 - )
for | € N. Let us show that sup,p |&]*! < 400 and sup;p |11|1/! < +o0. Let

a= sup |c(n)V/I"
neZ2\{(00)}

Then |c(n)| < all for every n € Z3 \ {(0,0)}. By (1), [R10) ()| < [IRuo)llllz(ix-

By (4), taking into account the equahty IR0l =1,

1

Ra0)(Z(ix—i)| < 37-

Therefore,

& k1)K
&1 <4’ + Mzz 2 2k+1 (k277%)

Note that supp (k271)1/% = 4. Therefore, ka+1 < 4 for every k € IN. Consequently,

ad 1 1/k 1 4!
2k+1 < 41 — .
L Lo

(4)

(5)

(6)
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Therefore,
!
&) < 4a' + 2](3[21) .
Taking into account the estimate 0 < M < 1,
2(4a)" _ 4d' +2(4a)! _ 3(4a)t _ (12a)
!
4a’ + MZZ < MZZ < MZZ < MZZ :
Thus,
. (12a)
Analogically,
(12a)!
Im| < A

Since sup; . | 1/ < 12a/M? and sup;ep |11 |V < 12a/M?, by Theorem 1, there exist vg, v; €
Lo such that

1) dt = d ) dt = 7
Jo @O dt =8 and [ oy(6)'dt = )
for every I € IN and
24a
[0¢ |eos 107 [0 < ek (8)

Forke Nandje {1,...,k},let
1 =11
Ajk = <1 "ok T k2k+1’1 Tk T k2k+1)
and hjy : Ajx — (0,1) let be defined by
Lo T=1\\ okt
miat) = (= (1= 5 + ) J K2

Note that h]-,k is a bijection. Let us define a function x. : [0, 1] — C? by

(vz(41),0), if £ € (0,1/4),
o (0, 0,7(415 —1)), ift € (1/4,1/2),
Xc = .
(c((Gk — RN 2 (hia(B), i EE€ Ay kEN, je{L,... k),
(0, ) otherwise.

Note that x, € (L«)? and, taking into account estimations (4), (8) and the inequality
(c((G, k- j))kaH)l/k < 4a, we obtain
24a 4a
AV )
Since 0 < M < 1, it follows that 4a/M? < 4a/M?> < 24a/M>3. Therefore, ||xc||co2 < 24a/M>.
Let us show that Ry, (x;) = c(n) for every n € Z2 \ {(0,0)}. Consider the case n = (n1,1,) €
IN2. In this case, taking into account (5),

Ry (xe :/ 44))M 0" d / 0" (v, (4F — 1))"2 dt Ykl /k
(xc) (0/1/4)(05( ) + a1 (o ( +ZZ )"

[ o2 < max{

x / (g hie(£))" <z<]-,kf]->,2<hj,k<t>>)”2 it
A]/k

_1
’n’2|n|+1

—22 IR R (zg) = (e((m,ma) 211

Jok+1
= ((”1/”2))-
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Consider the case n = (1,0), where I € IN. In this case, taking into account (6) and (7),

R :/ a) dt / o' dt
n(xc) (0,1/4)(05( ) dt + o

o k
£ 1 1 (ellik =R [ (2 aliy(6))
k=1j=1

Ajk

_1
4oy

co k
. . 1/k 1
(Ug(t))l dt + kzl ;(C((],k — ]>>k2k+1) k2k+1 R(I,O) (Z(]-,k,]-)>
=1j=

1 S : : 1/k 1
=46t kzl Z;(c((],k — j))k2k+L) R0 (Za-p) = c((1,0)).
= ]:

Analogically, in the case n = (0,1), where I € IN, we have R, (x.) = ¢((0,1)). This completes
the proof. O

Corollary 1. Let A be a topological algebra of complex-valued functions on (L« )2, which con-
tains the algebra Ps((L«)?) as a dense subalgebra. Let A be such that for each x € Lo the
point-evaluation functional , is continuous on A. Let ¢ : A — C be a continuous linear
multiplicative functional. Then ¢ is a point-evaluation functional if and only if

sup  [@(Ry)[V" < +oo.
neZ3\{(00)}

Proof. Let ¢ : A — C be a continuous linear multiplicative functional such that

sup  |@(Ry)|Y!" < +oo.
nez2\{(0,0)}

By Theorem 2, there exists x € (Lo)? such that R, (x) = ¢(Ry,) for every n € Z3 \ {(0,0)},
that is, 6x(R,) = @(Ry,) for every n € Z2% \ {(0,0)}. Since both 6, and ¢ are linear and mul-
tiplicative, it follows that dy(P) = ¢(P) for every P € Ps((Lw)?). Since both dy and ¢ are
continuous and Ps((L«)?) is dense in A, it follows that 5 = ¢.

Let ¢ = &y for some x = (x1,%2) € (Lwo)? By (1), for every n = (n1,n2) € 7%\ {(0,0)},
9(Ru)] = [Ru(x)] < [|¥]I". Consequently,

sup  |@(Ra)[V " < 1]
neZ2\{(0,0)}
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Bacuanmmms T.B. Qywkyionanru obuucieHHS 3HAUEHb 6 MOUKAX HA A12e0paX CUMeMPUMHUX QYHKYIIL Ha
npocmopi (Le)? // KapriaTchki MaTem. my6a. — 2019. — T.11, Ne2. — C. 493-501.

Biaomo, 1110 KOKeH HellepepBHMI CMeTpUYHMI (IHBapiaHTHII BIAHOCHO Ail KoMmo3uiiii arpy-
MeHTa 3 6yAb-SIKOI0 BUMIpHOIO 3a AeferoM 6iexuiero Biapiska [0, 1], sixa 36epirae mipy Aebera Bu-
MipHMX MHOXWH) ITOAIHOM Ha AeKapTOBOMY CTeIleHi KOMIIAEKCHOTO 6aHaxoBOTro MPOCTOpy Lo BCix
BUMIpHIIX 3a AeferoMm CcyTTeBO O6MeKeHNX KOMIIAKCHO3HAYHMX (pyHKiA Ha Biapisky [0, 1] Moxe
Oy Ty e AVIHVM UMHOM IIOAQHO SIK aATebpaluHy KOMbiHalIiio, TO6TO AiHIHY KOM6IHAII0 AOGYTKIB, TaK
3BaHMX €AeMEeHTapHMX CUMeTPUYHMX IOAIHOMIB. fIK HacAiAOK, KOKeH HellepepBHMUI KOMIIA@KCHO-
3HAUHVI AIHIVHWI MYABTUIIAIKATUBHVIT (PYHKITIOHAA (XapaKTep) AOBIABHOI TOITIOAOTIUHOI aATe6py
dyHKIII Ha AeKapTOBOMY CTelleHi POCTOPY Lo, SIKa MiCTUTD aATebpY HellepepBHMX CHMETPUIHIX
IIOAIHOMIB Ha AeKapTOBOMY CTelleHi IPOCTOPY Leo 5K ITiABHY MiAaATebpy, OAHO3HAYHO BU3HAYAE-
ThCsl CBOIMM 3HaYeHHHSIMM Ha eAeMeHTapHMX CMMeTPUYHMX IoAiHOMax. ToMy 3aaava ommcy crie-
KTpa (MHOXMHM BCiX XapaKTepiB) Takoi aATe6py eKBiBaAeHTHa AO 3aAadi OIMICY MHOXIH BUIIe3ra-
AAHMX 3HaUYeHb XapaKTepiB Ha eAeMeHTapHMX CMMeTPUYHMX MOAIHOMAX.

B aaHiit poboTi po3p’sI3aHO 3apady OIMMCY MHOXMH 3Ha4UeHb XapakTepis, sIki € dpyHKIIiOHaAa-
MM O6UMCAEHHS 3HAUeHHs B TOUKaX, Ha eAeMEeHTapHMX CMETPUYHIMX IIOAIHOMAaX Ha A€KapTOBOMY
KBaApaTi MpocTopy Leo. [TokaszaHo, 110 MHOXMHY 3HaYeHb (PYHKITIOHAAIB OOUMCACHHS 3HAUEHHS B
TOUKax Ha eAeMeHTapHMX CMMEeTPUYHMX MOAIHOMaX 3aA0BOABHSIOTH AeSIKY TPUMPOAHY yMOBYy. Ta-
KOXX IOKa3aHo, IO AASI KOXKHOI MHOXVHM ¢ KOMIIA@KCHMX YMCe), KA 3aA0BOABHsIE BUIIE3TaAaHy
YMOBY, iCHy€ eAeMeHT X AeKapTOBOTO KBaApaTa IPOCTOPY Lo, Takmii, II0 3HaUeHHsI (PYHKIIOHAAA
ObUNICAEHHSI 3HaUeHHS B TOUIll X Ha eAeMeHTapHMX CMMETPUYHMX ITOATHOMaX 36iraroThest 3 BiAmlo-
BiAHMMM eAeMeHTaMI MHOXVHMA C.

Kntouosi cnosa i ppasu: cMMeTpUIHMIL TOAIHOM, PYHKITIOHAA O6UMCAHHS 3HAUEHHS B TOUII].



