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In the classical Gaussian analysis the Clark-Ocone formula allows to reconstruct an inte-
grand if we know the It6 stochastic integral. This formula can be written in the form

F=EF + /E{atF|ft}th,

where a function (a random variable) F' is square integrable with respect to the Gaussian mea-
sure and differentiable by Hida; E — the expectation; E{ o }-t} — the conditional expectation
with respect to a full o-algebra F; that is generated by the Wiener process W up to the point
of time ¢; .F — the Hida derivative of F’; [ o(t)dW; — the Ito stochastic integral with respect
to the Wiener process.

In this paper we explain how to reconstruct an integrand in the case when instead of the
Gaussian measure one considers the so-called generalized Meixner measure 1 (depending on pa-
rameters, p can be the Gaussian, Poissonian, Gamma measure etc.) and obtain corresponding
Clark-Ocone type formulas.

INTRODUCTION

Denote by D the Schwartz space of infinite-differentiable real-valued functions on R, :=
[0, +00) with compact supports; by D’ the distribution space that is dual of D; by (-, -) the
pairing between elements of D" and D, this pairing is generated by the scalar product in the
space of square integrable with respect to the Lebesgue measure functions on R, ; by the
subindex C complexifications of spaces. The notation (-,-) will be preserved for pairing in
tensor powers and complexifications of spaces.

Let p be the standard Gaussian measure on (D', C(D’)) (here and below C(D’) is the
o-algebra on D’ that is generated by cylindrical sets), i.e., a probability measure with the
Laplace transform

l,(\) = / eV p(dr) = ePN/2 N € De.
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As it is well known (e.g., [6, 25, 21]), any square integrable with respect to u and differentiable
by Hida complex-valued function F' on D’ can be presented in the form

where E is the expectation and E{ o | ].-t} is the conditional expectation with respect to a
full o-algebra F; that is generated by the Wiener process W up to the point of time ¢, i.e.,
Fi = 0o(Ws:s <t); OF — the Hida derivative of F' and [ o(t)dW; — the Itd stochastic
integral with respect to W (usually for stochastic integrals on R, we do not write limits of
integration for simplification of notations). Formula (1) is called the Clark-Ocone formula.
As we can see, this formula allows us to reconstruct a version of the integrand (this integrand
is not unique, generally speaking) if we know the result of stochastic integration.

As it is known (e.g., [8, 30]), formula (1) holds true (up to clear modifications) if instead
of the Gaussian measure one considers the Poissonian one. Moreover, one can easily avoid
a restrictive assumption that F' must be differentiable by Hida: it is sufficient to generalize
the Clark-Ocone formula to spaces of generalized functions (see, e.g., [7, 9]).

Clark-Ocone formulas and their generalizations (in this paper they will be called Clark-
Ocone type formulas) have applications in the stochastic analysis and in the financial mathe-
matics, see, e.g., [18, 4, 9, 23, 10, 26, 22, 12, 8, 30| and references therein. In order to satisfy
demands of applications (for example, in some problems it is necessary to reconstruct an
integrand by the result of integration, in another problems it is necessary to recontsruct a
random variable by the family of conditional expectations of its stochastic derivative, etc.),
different variants of such formulas on various spaces, with different stochastic derivatives
and with stochastic integrals with respect to various random processes and measures were
obtained, see, in particular, [19, 21, 4, 7, 5, 20, 9, 22, 30, 8|. For example, in [21, 20| a
Clark-Ocone type formula that is connected with Lévy processes was obtained, this formula
contains stochastic integrals with respect to a Wiener process and with respect to a com-
pensated Poissonian random measure. In [9] an another way of construction of Clark-Ocone
type formulas that are connected with Lévy processes was offered, this way is based on the
Nualart-Schoutens representation for a square integrable random variable [24, 28|; now the
Clark-Ocone type formulas contain integrals with respect to special random processes. More-
over, these formulas were obtained in [9] not only for square integrable random variables,
but also for generalized ones.

In this paper we obtain Clark-Ocone type formulas in the so-called Meixner white noise
analysis. This analysis is connected with the generalized Meixner measure p [27] (see also
Subsection 1.1) which, depending on parameters, can be the Gaussian, Poissonian, Gamma
measure etc., and with the corresponding Meixner random process M (the derivative of which
is the Meixner white noise that is connected with 1). Note that under some assumptions (see
Subsection 1.3) M is a Lévy process. Nevertheless, our constructions essentially differ from
the constructions of [21, 20] and [9]: we try to preserve a “classical” form of Clark-Ocone
type formulas and therefore exploit a Hida stochastic derivative and stochastic integrals with
respect to M only. Of course, in the particular cases when p is the Gaussian or Poissonian
measure, our formulas reduce to the corresponding classical Clark-Ocone formulas.
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The paper is organized in the following manner. In the first section we recall necessary
definitions and results (the generalized Meixner measure, properties of the corresponding
space of square integrable functions, the extended (Skorohod) stochastic integral, the Hida
stochastic derivative, properties of these operators). In the second section we deal with
Clark-Ocone type formulas and related matters. Note that here we obtain these formulas
on the space of square integrable with respect to the generalized Meixner measure functions
only, the case of spaces of generalized functions will be considered in another paper.

1 PRELIMINARIES
1.1 The generalized Meixner measure
Let us define the generalized Meixner measure (see [27] for more details and explanations).

Let p,v : Ry — C be smooth functions such that

Qdéfp—u:RJr—ﬂR, nd;fpl/:R+%R+ (2)

and, moreover, § and 7 are bounded on R;. Further, for each ¢t € Ry let vy, (ds) be a
probability measure on (R, B(R)) (here B(R) is the Borel o-algebra on R) which is defined
by its Fourier transform

Aeicsvp(t)7y(t)(d5) = exp { — 1 (P(t) + V(t))+
23" (p(t)v(1)) > <—2!Q” (720 + v 0p() + -+ 2 (0)] D

m
m=1 n=2

Definition. A probability measure p on the measurable space (D', C(D')) with the Fourier
transform

. 1, . ,
/ @8 u(dx) = exp { / dt/ vp(t),,,(t)(ds)?(ezsg(t) -1- zsf(t))}
vl R, JR

is called the generalized Meizner measure.

Depending on parameters p and v, u we can get, in particular, the Gaussian, Poissonian,
Pascal, Meixner or Gamma measure.

It was proved in [27] that the generalized Meixner measure p is the measure of a gen-
eralized random process [11] with independent values; and the Laplace transform [,(-) =
S exp{(z, ) }pu(dx) of p is a holomorphic at 0 € Dg¢ function.

1.2 The space of square integrable functions

Let (L?) := L*(D', u) be the space of complex-valued square integrable with respect to
the generalized Meixner measure p functions on D’. We construct now a natural orthogonal
basis in (L?). For n € N denote by P,, the closure in (L?) of the set of all continuous
polynomials on D’ of degree < n, Py := C. Denote also (L2) := P, © P,_; (the orthogonal
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complemention in (L?)), (L2) := C. Since u has a holomorphic at zero Laplace transform,
the set of continuous polynomials on D’ is dense in (L?) [29], therefore (L?) = @ (L2)
Denote by & a symmetric tensor product. For each f™ e D ,nE Ly (D®0 =C), we
define : (z®", f(")): as the orthogonal projection of (x®", f() onto (Li), x € D'. It follows
from results of [27] that : (z®", f(M): = (P, (x), f™), where P,(z) € D'*" are the kernels of

(generalized Appell) polynomials with a generating function () exp{(z, a(\))}, A € D,
ie.,

) esp{{r,a(\)} = 3 (Pu(), A",

where a(A) = A+ 30 2 (p" 14 p" 2y 4+ "7 1) and
n=2

" et

exXp {— /R+ (/\22(t) > /\n;t) (pnf2(t) + pn73<t)y(t) NN Vn2(t)))dt} .

Let us define (real, i.e., bilinear) scalar products (-, )¢y on Dg", n € Z,, by setting for
£, g € pEr

<f(n)7g(n)>ext - E Dl<Pn<x)7 f(n)><P <$),g(n)>,u(d$>
It follows from results of [27] that
" (n n!
(F™, g™y ., = Z T e b
kdj,s;€N: =1, k, li>lp>>l, L 0k P 2k
l1s1++Hlgsp=n
/31+“.+Sk f('fl)<t1, RN AT 7§517 .. 7t814? C 7§51+"'+5k7 S 7t$1+"'+5k1)>< (3)
® Iy ;; l:
g (ty, ..t S STTERT TR T ,tsl+...+%)nl1_1(t1) T (P

l1 l1 Uy

N2 (o) oo (ggss) 1T s tn) - T (s by by,

So, for example, for n =1 (f(l) g(1)> = (fM,gM) = Je., fO) gD (t)dt, for n = 2
(FP gy = (fP, g?)) + fR )(t,t)g P (L, t)n(t )dt If (see (2)) n =0 (the case of Gaus-
sian or Poissonian u) then (f(” g(” Yot = (f™, (), in the general case (f™, ¢™),,, =

(f,9™) + ..
Let | - |ezt denotes the norm which is generated by the scalar product (-, +)cq, i.e., for

n € Zy | f e := A/ (f® f(_>ext Denote by Hem the Hilbert space which is the closure

of Dg" with respect to |+ |z (in particular, HY) = C).



60 KACHANOVSKY N.A.

Let H := L*(R,) be the space of complex—valued square integrable with respect to the
Lebesgue measure functions on R, It is clear that H'5, = H. For n € N\{l} the space H
can be understood as an extension of H®" in a generalized sense: let F(") ¢ 7-[®", fm ()

ext

be a representative (a function) from the equivalence class F'™ with a “zero diagonal”, i.e.7
fO(ty, ... t,) = 0 if there exist 4,5 € {1,...,n} such that i # j but t; = ;. It is easy
to show ([16]), that the function f™ generates an equivalence class in ") which can be
identified with F®.

Note that, of course, the space H" depends on the parametric function 7, see (2) (for

emt

example, if 7 = 0 then Hext = 7-[®") but we do not use 7 in the designation of this space for
simplification of notatlon.
For F™ € H") n € Z., we define a polynomial (P,, F™) € (L?) as

ext )

(P, F™) = (L*)=lim (P, "),

where Dg’" > fkn — F™ in ’Hext as k — oo (this difinition is well-posed, as is easy to verify).
The forthcoming statement easily follows from the construction of polynomials (P, , F™) (see
also [27]).

Theorem. A function F' € (L?) if and only if there exists a sequence of kernels

(F™ e HE)

such that F' can be presented in the form

F=N (P, F® (4)
=0

n

where the series converges in (L?), i.e., the (L*)-norm of F
1F ) = ZTLWF 2t < 00, (5)

Moreover, the system {(P,, F™), F(" € Hext, n € Z.} is an orthogonal basis in (L?) in the
sense that for F,G € (L*) of form (4) the (real) scalar product in (L?*)

(F,G)2y =Y _ nl(F™,G") .

1.3 The extended stochastic integral

By analogy with the Gaussian analysis, on the probability triplet (D', C(D'), u) we define
the Meixner random process M by setting for each t € Ry M, := (P, 1)) € (L?), here and
below 15(y) is the indicator of the event {y € B}.

Remark. If the parametric functions p and v (see Subsection 1.1) are constants then M is a
Lévy process; but, in general, it is not the case (M can be a not time-homogeneous process).
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Using results of [27] one can show that M is a locally square integrable normal martingale
(with respect to the generated by M flow of full o-algebras) with orthogonal independent
increments, therefore one can consider the It6 stochastic integral with respect to M.

Let us recall the construction of the extended (Skorohod) stochastic integral with respect
to M (see [16] for details). Let G € (L?*) ® H. It follows from above-posed results that G

can be presented in the form
o

G(-) =) (P, G™), (6)
n=0
G e HU @ H, with [|G22)5, = z nv|G<”>| < 0.

ezt ®H

If in addition G is such that the kernels G™ belong to H*" @ H C H) ® H (the
embedding in the generalized sense described above) then one can show [16] that F' can be

Zn'/ / / "ty .. ty)dM,, .. dM, (7)

i.e., as a series of repeated I[t6 stochastic integrals with respect to the Meixner process. In

presented in the form

this case one can define the extended stochastic integral of G with respect to M as

R 00 oo pt o ptn ta
/G(t)th = Z(n—!—l)!/ / / / G (ty,... to, t)dM,, ...dM, dM, =
=0 o Jo Jo 0

Z<Pn+17 @(n)> € (LQ)
n=0
(cf. [2, 3, 1]), where G € &+ c 1" are the projections of G™ onto HE" ! if this
series converges in (L?). Note that if in addition G is integrable by It6 then series (8) is the
result of term by term integration of series (7), the convergence of (8) in (L?) follows in this
case from the condition G € (L?) ® H.
For a general G € (L?) ® H the above mentioned deﬁnition cannot be accepted because

(8)

it is impossible to project elements of ”Hewt ® H onto H" , generally speaking. Never-

eact

theless, the following natural generalization is possible. Let G e Hézt ® H. We select a

representative (a function) ¢ € G"™ with the property g\ (tl, ..., ty) = 0 if there exists

Jj e {1,. n} such that t; = ¢t. Let us define the element G™ e 1™ as the equivalence

ext
class in 'Hemt that is generated by the symmetrization of g.(") with respect to n+ 1 variables

(note that for n = 0 we have ”Hi?t SH=H>GC" =G0 ey = Hé?t) It was proved in
[16] that G™ is well-defined and |G ., < |G.(n)]H(n>®H.
Definition. Let G € (L?*)®@H and be such that Z (n+1)|G™ |2, < oo, where the elements

G™ e HY were constructed above by the kerne]s ™ e ’Hext ® H from decomposition

ext

(6) for G. We define the extended stochastic integral with respect to M [ G(t)dM, € (L?)
by setting

o0

/ G(t)dM, ==Y (Poy1, G™).

n=0
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In particular cases, When the generalized Meixner measure p is the Gaussian or Poissonian
one, the operator [ of th is the classical extended Skorohod stochastic integral |2, 3, 1].
The forthcoming statement explains why we preserve this term in a general case.

Theorem. ([16]) Let G € (L?) ® H and be integrable by It6 with respect to M (i.e., be
adapted with respect to the generated by M flow of o-algebras). Then G is integrable in the
extended sense, and [ G(t th [ G(t)dM; (the last integral is the It6 one).

1.4 The Hida stochastic derivative

Finally, let us recall the notion of the Hida stochastic derivative in the Meixner white

noise analysis (see [14, 15] for more details). First we note that, as it was proved in [16], any

) € Hezt7 n € N, can be considered as an element F((-) of the space Hemt Y ‘H, and
w Ol < FO ot

Definition. Let F' € (L?) and be such that

o)

S Al OO 0y, < o0, Q)

n=1

where F')(-) are the kernels from decomposition (4) for F, in point as elements OfHeZt VoH.
We define the Hida stochastic derivative 0.F € (L*) @ H by setting

o0

OF = n(P,_y, F™ ().

n=1

Theorem. ([16]) The extended stochastic integral [ of (t)dM, : (L?) ® H — (L?) and the
Hida stochastic derivative 0. : (L*) — (L*)®®H are adjoint one to another, and, in particular,
are closed operators.

2 CLARK-OCONE TYPE FORMULAS AND RELATED MATTERS

2.1 A Clark-Ocone formula in the simplest particular case and problems of the
general case

Let p be the generalized Meixner measure on (D', C(D’)). In the case when p is not the
Gaussian or Poissonian measure (n # 0, see (2)), but F € (L?) is differentiable by Hida and
is such that all kernels F™ from decomposition (4) belong to HEn (now we consider HEn
as a subspace of Hemt in the generalized sense described in Subsection 1.2), the analog of
classical Clark-Ocone formula (1) has a form

F=EF+ /E{atF]ft}th, (10)

where the notation as in (1) up to obvious modifications (for example, F; = o (M, : s < 1)).
Using the definitions of the Hida stochastic derivative, of the extended stochastic integral
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and the fact that for an integrable by It6 integrand this integral coincides with the Itd one,
of the expectation (EF = [, F(x)u(dx)), and the fact that for F' € (L?) of form (4)

E{F|.7:t} = <P07F(O)> + Z(PnaF(n)l[O,t)"> (11>
n=1
[17], one can conclude that (10) is valid if for any n € N\{1} and for each F® ¢ H&n
nPr(F™ (1, oty ) oy (15 oen)) = FO

in H®”, here and below Pr denotes a symmetrization with respect to all variables. But this
equality is fulfilled in H&" = L2(R,, m)®" (m is the Lebesgue measure on R,) because if
ty,...,t, are mutually different then Prlj, yn-1(t1,... th—1) = %, and m®"({t1, coota )
Ji,j € {1,...,n} : i # j,t; = t;) = 0. Note that one can prove (1) and its Poissonian
counterpart by the same way.

In the general case not each F' € (L?) can be presented even in the form
F=EF+ / G(t)dM,, (12)
G € (L?) ® H (see Proposition 2.1 below for details). But even if F' € (L?) is representable

in form (12), formula (10) can be not valid. For example, let F = (P3, F®) F®) ¢ Hii)t
Then EF = 0 and it is not difficult to calculate that

/E{atF|}'t}th = (P53, F (1, 2,73) (10,402 (1 2) + 10,202 (3, 1) + Ljo,02(2,13))),
therefore using (5) and (3) we obtain

[ /E{ath'—t}thH?LQ) = 6| F® (1 = [1jg,)2(-1,-2) + 10,002 (3, 1) + Loy (25 8)]) 12 =

1s [
R

If F®) is such that Je, |[FG) (¢, 1y, 1)|?n?(t)dt; = 0 then (P3, F®) can be presented in form
(12) (see Poposition 2.1 below), but, as we can see from the calculation above, even under
this condition it is possible that F' # [ E{0,F|z, }dM,.

|F® (11,1, 1) Lty s00y0(t ) dtr dts + 12/ |F@ (ty, by, t1) P2 (t1)dty.

d Ry

Remark 2.1. It is easy to understand intuitively why Clark-Ocone formula (10) is not valid
(n)

in the general case: in order to calculate the norms in H,,;,

n > 2, one has to use nonsym-
metrical functions, e.g., Q(t1,t2) :== F®)(t1,t1,t,); but applying the conditional expectation

we “cut off” such functions and therefore lose an information.

In what follows, we clarify a condition of representability of F' € (L?) in form (12), and
explain how to reconstruct an integrand G.
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2.2 A belonging of square integrable functions to the range of values of the
extended stochastic integral

We begin from a simple example. Let F = (P, F®) F® ¢ Hgi)t It is clear that if F
is representable in form (12) then G(-) = (P;,G™), G e HY @ H, and F® = GO (see
Subsection 1.3). But since by construction GO contains a representative g\ such that for
each t € Ry g (t,t) = 0, we have a necessary condition of representability of (P, F®) in
form (12): F® must contain a representative f?) such that for each t € R f®(¢,¢) = 0.
Moreover, it is easy to see that this condition is sufficient: one can set G\ .= FA() (ie.,
we consider F®) as an element of 7{23 QR H).

In a general case the situation is quite similar. Namely, we have the following statement.

Proposition 2.1. Let F' € (L?). The following statements are equivalent:
(1) F can be presented in form (12) with an integrand G € (L?) ® H;

(2) for each n € N\{1} the kernel F™ € H\") from decomposition (4) for F has a rep-

resentative f™ such that f™(t,,...,t,) = 0 if for each i € {1,...,n} there exists
j €{1,....n} such that i # j, but t, = t;.

Remark 2.2. If, for example, n = 0 (see (2)) then for each F € (L?*) the condition of
statement (2) is automatically fulfilled. In fact, it follows from (3) that considering properties
of representatives of F™ € H") n € N \{1}, one can ignore families of arguments {t1, ..., t,}
for which there exist i,j € {1,...,n} such thati # j, t;, = t;, n(t;) = 0 (i.e., one can redefine

these representatives on described families of arguments in compliance with necessity ).

Proof. First we prove this proposition for ' = (P,, F™) F® ¢ HS;%, n € N\{1}.

1) (“(2)=(1)") Let f™ be a representative of F™ that is described in the condition of
statement (2). Without loss of generality one can assume that f (") is a symmetric function.
We set

hn(th cee 7tn) = PT]'{tl#tn7t27£tn7mvtn—17étn} =

1 (13)
E I:]‘{tl#tnyt27étn7--~7tn—17étn} + 1{tn7étn—l7t17étn—17~~~atn—27étn—1} + e + 1{t25£t1:t37ét17~--’tn7étl}j|

(1p is the indicator of the event B),

f(n)(t17...,t7L7]_7t) 1
_ T i hy(tn, a1, 8) £ 0
n 1)(t17 o) = { R (t1sertn—1,0) (1 1,t) # (14)

g
' 0, if Bo(ty, .. ta1,t) =0
(note that if hy,(t1,...,tn—1,t) = 0 then f™(¢y,... ,t,_1,t) = 0 by the condition of state-
ment (2)). Using (3), nonatomicity of the Lebesgue measure, the equality

Sk—l—l
n

hn(tla ‘e ,tl, ‘e 7t81+~--+sk7 e ,t31+...+8k/, t) - El{lk>l} + 1{lk=1}

g

l lk
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for different t1,... ts,4.ys,,t (here k,l,;s. € N, Iy > - >, lysy+ -+ lgsp =n — 1), and
the condition from statement (2) (in the last inequality of the forthcoming calculation), we
obtain

‘g(nfl) 2 _ Z (n—1)! %
. n—1 -
Hé;t >®H L lfl l,‘:,ksl'sk'
klj,s; €N g=1,. k, l1>l2>-->1y,
llsl+~u+lksk:n71
(n—1) 2
Asl+~»~+sk+1 |gt (t]_, RN 7t1, e 7ésl+"‘+5k7 V ,t31+‘..+313)‘ X
+ I lk
WLy oot Yty ... dt dt =
n 1)-.-7 s1+-+sp 10 Qlgj4gsp ==
n!
n E X
It GFsy syl

klj,s5€N: j=1,...k, l1>-->l>1,
lysy+etlps+1=n

2
/Riﬁ'““k“ 1™ty orttsys oo borotos 1)FX

~~

I lk

nllil(tl) Ce nlkil(tsl+...+sk)dt1 Cen dt51+...+5kdt+

n!
n g S X
oo U s (s D) (s + 11
ks €N G=1,..k, Iy > >l=1, | k=11 (s + 1)l s +1)
lysyte g _1sp_1+spti=n
£t ot e teydsy 1y - e e sy, T)]2X
Rs1+~~~+sk+1 N’ -

I
Nt g T (b gy )ty g s dE < | FMY)2 < 0.

Therefore the function g.("_l) generates an element (an equivalence class) G e HIVeH.

ext
It is easy to see that G- = pm (see Subsection 1.3): for the representative g.(n_l) €
GV which is defined by (14) g™V (1,.. . ) = ¢ V1) Ba(ay ) =
fO(1, ..., ) € F™ because f™ is a symmetric function described in the condition of
statement (2). Set G(-) := (P,_1,G" V). Now F = [ G(t)dM,, so, the condition of state-
ment (1) is fulfilled.

2) (“(1)=(2)") Let the condition of statement (1) be fulfilled, i.e.,

(P, ) = / (Pocy, G dM,, GO Y e HOT o H.

By definition of the extended stochastic integral it means that F™ = @("fl), but an element
G ¢ HS;% satisfies the condition from statement (2) by construction.

The carryover of the result to the general case is trivial; we note only that if F' € (L?) and
satisfies the condition of statement (2) then the formally constructed integrand G belongs

to (L) ® H because for each n € N we have |G 3#”‘”@% <p|F™2, (forn=1,GY =
FOeH =H

ext
ext

00 n—1 00 n
)’ therefore HGH%L2)®’H - Zn:l(n_l)‘ G( )’3-[("*1)@)7-{ S Zn:l n"F( ) zzt
ext

<
|12 < oo. s
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Remark 2.3. Let F € (L?) and be presentable in the form F = EF + fg(t)c/l\Mt, where
G() = 2 (Pt 6y, 6V e 1Y @ M, is a formal series (ic., this series can
diverge in (L?) ® H) and [G(t)dM, is a formal stochastic integral, ie., [G(t)dM, =
Zzozl(Pn,(j(”*l)) As is easy to see, now for each n € N F(W = Gn=1 jp 7-[8;1, there-
fore F satisfies the condition of statement (2) of Proposition 2.1 whence it follows that I’
can be presented in form (12) with an integrand G € (L?) @ H (note that G # G, generally
speaking). So, in what follows, in corresponding places we will write “F can be presented in
form (12)” without the reminder that G € (L*) ® H.

Remark 2.4. If F = (P,, F™) n € N\{1}, cannot be presented in form (12), one still can
define the function g.(n_l) by (14) and construct the corresponding element Gin-1 ¢ Hgﬁi
But now F™ # G0 in %™ and |G|y < |[F™|.y (the norm |F™—G®=Y| ., contains

integrals by families of arguments for which h,, is equal to zero).
(n—1)

Corollary. If F € (L?) and is presentable in form (12) then the kernels GV e Hews  OH
from decomposition (6) of an integrand can be constructed by representatives (14).

2.3 Clark-Ocone type formulas

It is described above how for a representable in form (12) random variable F' € (L?) to
reconstruct a corresponding integrand G € (L?)®H. But such a description is not convenient
for applications. In this subsection we prove statements, in which an integrand G for a given
F' is presented in a more convenient for applications form.

We begin from some preparation. For n € N\{1} and ¢,...,t, € Ry set A, (t1,...,t,) :=
nh,(ti,...,t,), where the functions h, are defined in (13); set also h; = 1. Further, for
G e HT @M, neZy, set

é.(n)<.1’ Cey n) = {hn-‘H('l 77777 ‘ny)’ '

It is easy to see that G e Hﬁ]ﬁ ® H and

|é~(n)|ﬂi’il®% <Gy (15)
For G € (L*) @ H we define
(AG)() =D (P, G™),
n=0

where the kernels G™ are constructed by the kernels G from decomposition (6) for G. It
follows from estimate (15) that A is a linear continuous operator in (L?) @ H.

Theorem 1. Let F € (L?), be presentable in form (12) (see Proposition 2.1) and belongs
to the domain of the Hida stochastic derivative (see (9)). Then the representation

F=EF + / AD,FdM, (16)

is valid, where [ AQ,FdM, := [(AO.F)(t)dM,.
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Remark 2.5. In the classical Gaussian (and Poissonian) analysis one can reconstruct F—EF
for differentiable by Hida F € (L?) by using of the Clark-Ocone formula if 0.F is known.
But in the Meixner white noise analysis it is not the case: now it is impossible to reconstruct
even (P,, F™) (n € N\{1}) if 0.(P,, F™) is known, generally speaking, because different
F ¢ Hgg% can coincide as elements of ’Hg; Y ® H. Nevertheless, for F satisfying the
conditions of Theorem 1 F' — EF can be reconstructed if 0.F is known. But for such a
reconstruction one has to use the extended stochastic integral in Clark-Ocone type formula

(16) because AO.F can be nonintegrable by Ito.

Proof. It is sufficient to prove the theorem for F = (P,, F™), F™ ¢ 1™ 1 e N\{1} (the
cases n = 0 and n = 1 are trivial). Let us accept by definition % := 0. Using the definitions
of the Hida stochastic derivative and of the operator A, we can write

=~ ™y, e, ) FO ()
A@F:n Pn— 7F(n) . =n Pn, ’f 1 s ‘'n—1, _ Pn, ’ 1, s ‘'m—1y ’
(Pao1 () < 1 % T B > < 1 Pn(o1y s net, ) >

where f" € FW ¢ Hgi is a symmetric function described in statement (2) of Proposi-
tion 2.1 (note that if for a family of arguments ¢y, ..., t,_1,t € Ry h,(t1,...,t,—1,t) = 0 then
fO)(ty, ... t,_1,t) = 0). But by construction of the kernels of the extended stochastic inte-

gral (see Subsection 1.3) we have now % = f™ € F® whence [(Ad.(P,, F“”})(t)c/l\Mt =

1

(P,, F™) which is what had to be proved. m

Corollary. If F € (L?), can be presented in form (12) and belongs to the domain of the
Hida stochastic derivative then an integrand G from (12) can be presented in the form

G(-) = AD.F.

Formula (16) can be interpreted as a Clark-Ocone type formula in the Meixner white noise
analysis, but this formula is not a direct analog of classical Clark-Ocone formula (1). In fact,
if 11 is the Gaussian or Poissonian measure then, as is easily seen, for G € (L?) ® H we have

(AG)(-) = 300 (P, %% where G™ € H®" @ 7 are the kernels from decomposition (6)
for G. On the other hand, one can understand G as the family of functions g, : Ry — (L?)
(19all(z2)em < 00, v € ©—some set of indexes) that is defined by an arbitrary representative
go € G and is such that for arbitrary aj,as € © [|ga; — gaollz2)en = 0. In this case
E{G()|z} € (L?) ® H is an equivalense class in (L?) ® H that contains the family of
functions Ry 3 ¢t = E{ga(t)|£ }, @ € ©, and even for G of form G(-) = 0.F, F € (L?), we
have E{G ()5 } = 300 o(P0, G™1pg 1) # (AG)(-), generally speaking.

Let us obtain a direct analog of formula (1) in the Meixner white noise analysis. For
n € Nand tq,...,t,,t € Ry set

LifVie{l,...,n}: (Vje{L,....n\{i} t: £ t;) t; <,

0, in other cases,

Xn,t(tb Ce 7tn) = {

i.e., Xne(ti,...,tn) = 11if all ¢; of the multiplicity one are smaller than ¢. For example,
X35(6,6,4) = 1 (4 < 5, 6 has the multiplicity two), but x35(6,4,4) = 0 (6 > 5, 6 has
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1. For F € (L?) and t € R, define an operator

the multiplicity one). Set also xo.
E{F|z} € (L?) by setting
E{F|r} = (P0, F" 00, (17)
n=0
where F(™ ¢ ’Hg% are the kernels from decomposition (4) for F. As is easily seen, we have
|F™ X tlewt < |F™|epe, therefore E{ o |ft} is a linear continuous operator in (L?).

Remark 2.6. We use for the operator E{ o| ]_-t} the notation that is similar to the designation
of a conditional expectation because these operators are similar in a sense: cf. (17) and
(11). Moreover, it is easy to see that in the Gaussian and Poissonian cases E{ o ;t} =
E{ o ‘E} because forn € N xp,; = Ljg)» in H®" (i.e., these two functions belong to the same
equivalence class in this space).

Theorem 2. Let F € (L?), be presentable in form (12) (see Proposition 2.1) and belong to
the domain of the Hida stochastic derivative (see (9)). Then the representation

F=EF+ /E{@tF];t}c/l\Mt (18)

is valid.

Remark 2.7. If the kernels F™ from decomposition (4) for F can be considered as elements
of H®" (see Subsection 1.2) then formula (18) reduces to (10).

Proof. It is sufficient to prove the theorem for F = (P,, F™), F™ € 1™ 5 e N\{1} (the
cases n = 0 and n = 1 are trivial). Let f™ € F( and be a symmetric function described in
statment (2) of Proposition 2.1. Then for almost all (with respect to the Lebesgue measure)
t € Ry Oy(Py, f(n)> =n(P,1, f(n) ), E{@t(Pn, f(n)>’]:t} =n(P, 1, f(”)(t)xn,LQ, and

[ B{0Pu P15}t = [ B{OPL 1) b = (o O,

—

Therefore we have to show that nf™(-)x, ;. € F™ in #") Using the construction of
f®™()Xn_1., (3), nonatomicity of the Lebesgue measure and the fact that f™ is a symmetric

function satisfying the condition from statement (2) of Proposition 2.1, we obtain

— 9 —

‘F(n) - nf(n)(')Xn—l,-‘ext = ‘f(n) - nf(n)(')Xn—l,-Ext =
n!
2 B sl s

klj,s;€N: j=1,...k, l1>l2>->1p=1,
l1s1+ -+l _18_1+sp=n

(n)
/51+<~+5k f (tl, e ,tl, e 7t51+"'+5k—17 e ,t51+...+5k_1,t51+.A.+Sk_1+1, e ,t51+...+8k)><
R B G ~ ~~
h lg—1

|:]~ - 1{t51+"'+5k—1+1<tsl+"'+sk’tsl+"'+Sk—1+2<tsl+'”+sk""’t51+"'+‘5k71<t31+"'+sk}_
1{t51+'“+5k<t51+“'+sk_17t51+‘“+5k71+1<t51+“‘+sk_1""’tsl+‘“+Sk_2<tsl+“'+5k_1} -t
2
X

1{t51+‘"+5k71+2<t51+'”+5k—1+1’tsl+“‘+5k—1+3<t51+'“+5k—1+1""’t51+"'+5k <t51+m+5k71+1}:|

T ) o T (b, )t dE ey, = 0
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(for different ts, ...t +1s- - - ts;+-ts, One and only one indicator in this calculation is equal
to one; other cases can be ignored because

meek ({t51+---+sk,1+1, RN ORI

Ji,je{si+ - Asp1+1,.. 514+ Fsptii A gt =1t;) =0,
where m is the Lebesgue measure on R, ). O]

Remark 2.8. One can introduce a linear continuous operator E{ o ()|F} in (L?) @ H by
setting (cf. (17))

[e.9]

E{GO)z} =D (P0,G™x0.), (19)

n=0

where G™ € 1) @H are the kernels from decomposition (6) for G. In this case formula (18)
holds true if we accept by definition [ E{@tF];t}cth =/ E{@.F];_ }(t)OTMt (cf. Theorem 1).
Note that if G € (L*) ® H and g € G is a representative of G then the function R, > t —
E{g(t”ﬂ} € (L?) (see (17)) generates the equivalence class in (L*) ® H that coincides with

B{G()|5} (sce (19))

Remark 2.9. Clark-Ocone type formulas (16) and (18) were proved under a very restrictive
assumption that a random variable F' € (L?) is differentiable by Hida. But one can easily
avoid this restriction considering 0. as a linear continuous operator acting from (L?) to
(L?)°, @ H, where (L*)°, is the so-called parametrized Kondratiev-type space of regular
generalized functions [13], and introducing A and E{ o |ft} as linear continuous operators in
(L?)°, ® H and (L*)°, correspondingly by analogy with definitions given above.

As we can see, the use of the extended stochastic integral and of special operators in
Clark-Ocone type formulas is stipulated by properties of the generalized Meixner measure.
Nevertheless, in some particular cases one can use the [t stochastic integral and the condi-
tional expectation. Let us consider the question about this possibility in more details.

Theorem 3. Let F' € (L?) and belong to the domain of the Hida stochastic derivative (see
(9)). Then the following statements are equivalent:

(1) F can be presented in form (10);

(2) for each n € N\{1} the kernel F™ € H") from decomposition (4) for F has a repre-
sentative f™ € F™ such that f(t,...,t,) = 0 if there exist i,j € {1,...,n}, i # j,
such that max{t,...,t,} =t; =t; (i.e., if the multiplicity of maximal t. € {t1,...,t,}

is greater than one).

Remark 2.10. It is easy to see, if for some F € (L?) the condition of statement (2) of this
theorem is fulfilled (for example, it is so in the case n = 0 (see (2))) then the condition of
statement (2) of Proposition 2.1 is fulfilled too.
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Proof. It is sufficient to prove the theorem for F = (P,, F™), FM ¢ %™ n e N\{1}.

1) ("(2)=(1)") Let f™ be a representative of F(™ that is described in the condition of
statement (2). Without loss of generality one can assume that f™ is a symmetric function.
Using (11), properties of the extended stochastic integral (see Subsection 1.3), and the
fact that if Prigg n-1(t1,...,ta—1) = 0 then f®(t1,...,t,) = 0 by the condition from
statement (2) (because Prljgs yn-1(t1,...,t,—1) = 0if and only if the multiplicity of maximal
t. € {t1,...,t,} is greater than one), we obtain

/ E{0,F|z, }dM, = / E{0(P,, f™)|5 }dM, = / (P, [ (#) 1o pyn1 )dM; =
(Poynf™Prig. i1y ynet)) = (P, f™) = F.

2) ("(1)=(2)") If F = (P,, F™) can be presented in form (10) then, as is easy to cal-
culate, nF™(-)1jg.ya-1 = F™. But by construction the equivalence class nF ™ (-)1jp yn-1 €
’ng contains a function f™ that satisfies the condition from statement (2): one can consider

a symmetric function f™ € F™ in H™) and set

FO(ty, . t), if Priggyn-i(ty, ... taoq) %0
f(n)(tla,tn) = f ( 1, ’ )7 1 r [O’tn) 1( 1y ) 1> ?é
0’ if P""].[O7tn)n*1<tla cee 7t7"0—1) = 0.

O

Proposition 2.2. Let F' € (L?), belong to the domain of the Hida stochastic derivative
(see (9)) and be presentable in form (10) (see Theorem 3). Then E{0.F|z} = E{0.F|r}
in (L*) ® H (see Remark 2.8).

Proof. Tt is sufficient to prove the statement for F' = (P,, F™), F™ ¢ HY n e N\{1}
(the cases n = 0 and n = 1 are trivial). Let f™ be a representative of F' that is described
in the condition of statement (2) of Theorem 3. It is sufficient to show that f™(-)y, 1. =
f(”)(-)1[07,)n_1 in Hi’;;l) ® H. Let ty,...,t,_1,t € R, and be such that f(™(ty,... t,_1,1)
is well-defined. As is easy to see, if X,_14(t1,. .. tn—1) — Liogn-1(t1, .- tn—1) # O tnen the
multiplicity of max{ty,...,t,_1,t} is greater then one, but in this case f™(ty,... t,_1,t) =
0. So, in any case f™(t1,... tn_1,t)[Xn_10(ts, . tn_1) — Logyn-1(t1, ..., tn—1)] = 0 and
therefore | £ () [xn_1. — 1[07')"’1”%22;1)@% = 0, which is what had to be proved. O
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Kaganoscokuit M.O. @opmyau muny Kaapra-Oxona y mMatrxcHepiscokomy ananisi 611020 wy-
my // Kapnarebki maremarnani ny6mikamii. — 2011, — T.3, Nel. — C. 56-72.

V kiacuanoMmy raycciBebkoMmy anasisi popmysia Kitapka-OkoHa j103BOJIsI€ BIITBOPUTH I1i/T-
inTerpapbHy (YHKII0, SKIO Biomuit croxactudnnii inrerpan Ito. Ilio dopmyny mMoxHa 3a-
MUCATH Y BULJIAL

F=EF + /E{@tF|;t}th,

ne dhyuknig (Bunagkosa Beauduna) F' € KBaJpaTUUHO IHTEIPOBHOIO 38 IayCCiBCHKOIO MIpOIO Ta
mudepentiiitosroio 3a Xinoo; E — maremMaTndme crioaiBamHs; E{ olx, } — YMOBHE MaTeMaTUIHe
CITO/iBaHHS BiTHOCHO TOBHOI o-aarebpu J;, MopoKeHol BiHepiBecbkuM mporiecom W 1o MoMeH-
Ty 4dacy t; 0.F — noximna Xigu F; f o(t)dW; — croxactuunuit inTerpasn ITo 3a BiHepiBCHKUM
IIPOIIECOM.

V miit crarTi MU TOSICHIOEMO sIK BiITBOPUTHU IIiIIHTErpajbHy (DYHKINO y BUIAIKY, KOJIA
3aMiCTb TayCcCiBCbKOI MipU PO3IVISAIAEThCS TaK 3BaHA y3arajbHeHa Mipa Maifikcuepa p (B 3a1ex-
HOCTI BiJ| IapaMeTpiB [ MOyKe OyTu IraycciBChbKOIO, IIyaCcCOHIBCHKOIO, TaMMa MipoIo Ta iH.), Ta
oTpuMyeMo Biamosinai popmyu tuny Kiapka-Oxona.

Kaganosckuit H.A. @opmyan, muna Kaapra-Oxona 6 malikcheposckom anasude 64020 wWyma
// Kapunarckue maremarudeckue mybsukamuu. — 2011. — T.3, Nel. — C. 56-72.

B kuraccuieckoMm rayccoBckoMm anasmse (opmysia Kirapka-Oxona 11o3BosisieT BOCCTAaHOBUTD
[TOJIBIHTErPAJIBbHY 0 (DYHKIIMIO, €CJIM U3BECTEH CTOXacTudyecKuit mHTerpa ro. Dty dopmysry
MOXKHO 3allicaTh B BUJE

F=EF+ /E{atF|ft}th,

riae dbynkius (caydaitnas BesmanHa) F' KBajpaTudHo UHTErpUpyeMa 110 rayCCOBCKOM Mepe u
nuddepennupyema mo Xuje; E — Maremarndeckoe 0:KUIaHUE; E{ olr, } — YCJIOBHOE MaTe-
MATHUIECKOE OXKHUIAHUE OTHOCUTETHHO TOJTHON o-aredpsl F;, MOPOXKIEHHOW BUHEPOBCKUM TIPO-
eccoM W 110 MmomenTa Bpemenu t; 0. F — npoussognas Xumiasl F; f o(t)dW; — croxacrudeckuit
uHTerpaJj MTo 1o BUHEPOBCKOMY IIPOIIECCY.

B s70i1 cTarhe MBI 00bsICHSIEM KaK BOCCTAHOBUTH IMOJBIHTETPAJIBHYIO (DYHKIMIO B CIIydae,
KOI'Ja BMECTO I'ayCCOBCKOI MEPhI PACCMATPUBAETCs TaK Ha3biBaeMasl 0000meHHas Mepa Maiikce-
Hepa 4 (B 3aBHCHMOCTU OT IIADAMETPOB (i MOXKET OBbITb I'ayCCOBCKO, IyacCOHOBCKOIi, raMma
Mepoit u Jp.), u moJydaeM coorBercTByiomue dhopmysisl Tuna Kinapka-Okona.



