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THE COMPLETENESS OF A NORMED SPACE IS EQUIVALENT TO THE
HOMOGENEITY OF ITS SPACE OF CLOSED BOUNDED CONVEX SETS

We prove that an infinite-dimensional normed space X is complete if and only if the space
BConvy (X) of all non-empty bounded closed convex subsets of X is topologically homogeneous.
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INTRODUCTION

In this paper we shall prove that the completeness of an infinite-dimensional normed space
X is equivalent to the topological homogeneity of its hyperspace BConvy (X) of all non-empty
bounded closed convex sets. The space BConvy(X) is endowed with the Hausdorff metric

dp (A, B) = max { sup inf ||a — b||, sup inf |[a — ||}, A, B € BConvy(X).
acA bEB beB €4

Due to results of [5], [6], [2], the topological structure of the hyperspace BConvy(X) is well-
understood for each Banach space X. To formulate a classification result for the hyperspace
BConvy(X) we need to recall some notations.

All linear spaces considered in this paper are over the field of real numbers IR. For a linear
topological space X its dimension dim(X) is defined as the smallest cardinality |B| of a subset
B C X having dense linear hull in X. For a cardinal x by I(x) = {x € R*: ¥, |x(a)|* < oo}
we denote the Hilbert space having an orthonormal base of cardinality x. By w we denote the
smallest infinite cardinal. By R+ and I we denote the closed half-line [0,0) and the closed
unit interval [0, 1], respectively.

The following classification theorem can be derived from [5], [6], [2].

Theorem 1. For each Banach space X the hyperspace BConvy(X) is homeomorphic to:
1) {0} iff dim(X) = 0;
2) Ry x Riffdim(X) = 1;
3) I¥ x Ry iff1 < dim(X) < w;

4) L, (29m X)) jff dim(X) > w.
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In this paper we shall study the hyperspace BConvy (X) for non-complete normed spaces
X. In this case we shall show that BConvy(X) has rather bad topological properties. In parti-
cular, it is neither topologically homogeneous nor even weakly homogeneous.

1 MAIN RESULT

A topological space X is defined to be

e topologically homogeneous if for any two points x,y € X there is a homeomorphism
h: X — X such that h(x) = y;

o weakly homogeneous if for each non-empty open dense subset U C X and each point x € X
there is a homeomorphism / : X — X such that h(x) € U.

It is clear that each topologically homogeneous space is weakly homogeneous.
The main result of this note is the following theorem.

Theorem 2. For an infinite-dimensional normed space X the following conditions are equiva-
lent:

(1) X is complete;

(2) BConvy(X) is topologically homogeneous;
(3) BConvy(X) is weakly homogeneous;

(4) BConvy(X) is homeomorphic to I,(24m (X)),

Proof. We shall prove the following implications. (1)=(4)=-(2)=(3)=>(1). The implication
(1)=-(4) follows from Theorem 1 while (4) = (2) = (3) are trivial. So, it remains to prove
(3) = (1).

In the space BConvy(X) consider the open dense subspace

BCby(X) = {A € BConvy(X) : Int(A) # @}

consisting of bounded convex bodies (i.e., bounded convex sets with non-empty interior). Let
X be the completion of the normed space X and BCby(X) be the space of bounded convex
bodies in the Banach space X. Observe that the map

B — B,

is an isometric bijection. The space BCby(X), being open in the complete metric space
BConvy(X), is Cech-complete and so is its isometric copy BCbg(X). Assuming that the space
BConvpy(X) is weakly homogeneous, and taking into account that BCby(X) is an open dense
Cech-complete subspace of BConv(X), we conclude that each point of the space BConv (X)
has an open Cech—complete neighborhood. By a result of Arhangelski [1] and Frolik [4] (see
also [3, 5.5.8(c)]), the space BConvy(X), being locally Cech-complete and paracompact, is
Cech-complete, and so is its closed subspace X. Being Cech-complete, the space X is a G;-
set in its completion X. Assuming that X # X, we can find a point x € X \ X and conclude
that X and X + x are two disjoint dense Gs-subsets of Banach space X, which is impossible
according to the Baire Theorem. Consequently, X = X is a Banach space. O
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T'erbman 1. ExsisareHmuicio n08HOMU HOPMOBAHOZ0 NPOCIOPY 20MOZEHHOCHIL 2inepnpocmopy 1iozo 3a-
MKHEHUX 00 MedceHx onykaux mHoxcut // Kapmarceki MaTeMaTnusi mybaikarii. — 2013. — T.5, Nel.
— C. 44-4e.

Mu A0BOAMMO, IO HeCKiHUeHHOBMMIipHIMII HOPMOBaHMI IPOCTip X € IOBHMM TOAI i AMIIIe TOAL,
koA rinepnpoctip BConvy (X) ycix HEOPOXHIX 3aMKHEHMX OIYKAMX IAMHOXMH IpocTopy X €
TOIOAOTiUHO TOMOT€HHVIM.

Kntouoei cnosa i ¢ppasu: TOBHOTa, HOPMOBaHI IPOCTOPY, TOMOAOTiYHA TOMOTEHHICTh, 3aMKHeHi
OMYKAL MHOXIHIL.

T'erbman M. Dxsusarenmuocmo noiHomst HOpMUPOBAHHO20 NPOCHIPAHCINGA 20 MO2EHHOCTIU 2UNEPRpoC-
paHcmea e20 3AMKHYMbIX 8binyKivix mHoxcecms // KapmaTckme mMaTeMaTwdeckue ITyOAMKaIm. —
2013. —T.5, Nel. — C. 44-4¢6.

Mar AOKa3bIBaeM, 4UTO 6eCKOHCIIHOMepH08 HOPpMMPOBAHHOE IIPOCTPaHCTBO X TOAHO TOTAa U
TOADBKO TOr'Ad, KOr'Aa IMII€prpoOCTpaHCTBO BCOHVH(X), cocCTosiIIee M3 BCEX HEITYCThIX 3aMKHYTBIX
BBIITy KABIX IIOAMHOXXECTB ITPOCTPaHCTBa X , TOMOAOI'MYECKV TOMOI'€HHO.

Kntouesote cnosa u ¢pﬂ3b1.’ TIOAHOTa, HOpMMPOBAHHbBIE IIPOCTPAHCTBA, TOIIOAOIMYeCKasi TOMOIre€H-
HOCTD, 3aMKHYTbI€ BbIITYKAbIE MHOXXECTBA.



