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ON BIDUAL BASES IN THE SPACE OF SYMMETRIC ANALYTIC FUNCTIONS ON /;

We consider a special Hilbert space of symmetric analytic functions on ¢; and construct a pair of
bidual bases of polynomials.
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1 INTRODUCTION AND PRELIMINARIES

A function f from complex ¢; to C is said to be symmetric if

flo(x) = fxoqy, - or Xomy---) = f(x), x €l

for every permutation ¢ of positive integers IN.

The algebra of all continuous symmetric polynomials on ¢; will be denoted by Ps(¢7). Sym-
metric polynomials and analytic functions were investigated in [1, 2, 3, 4]. In particular, it is
known that P;(¢1) admits algebraic bases. We need to use several standard bases which also
are well known in the combinatorics.

The basis of power sums consists of polynomials

Py(x) = fo, Xx=(x1,...,%n,...) €4
i=1
(see [3] for details). The elementary symmetric polynomials G,(x) = Y x; ...x;, form an

another basis in Ps(¢1) and due to the Newton equality
nGy, = Gy_1Py — Gu2Pr+ ...+ (=1)"P,.
Also, there is a basis of complex symmetric functions H,, which can be defined by
nH, = H,_1P1 + H,_2P, + ...+ H1P,_1 + P,.
Let A = (A1, Ay, ..., Ay) be a partition of a positive integer n, that is all A, € IN and

MAA+...+A, =n.
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We denote by M, the symmetric polynomial in Ps(¢;)

Z xAl )\n

ces

where S is the group of permutations of IN. It is known from the combinatorics (see [5]) that

For a given partition A let zy = [];>1 k" m;!, where m; is the number of entries of k into A. It
is known that

1
v Ly, Intn

-1
Hy,= ) z;'P\ =
[Al=n n+2n+..+nv,=n

Pt... P, 1)

where Py, = P, ... P,,. We will use also notations Gy = G, ...G,,, Hy = Gy, ...G,,. Itis easy
to see that each of system {P,}, {G,}, {H,}, and {M, } form a linear basis in P;(¢1), where A
goes over all partitions of all positive integers.

Next we introduce an inner product on P;(¢1) so that {P,} form an orthogonal basis. In
this paper we consider the case when (P, PH> = Oxuza, where 6, is the Kronecker delta. Let
H; = H:*(¢1) be the completion of Ps(¢;) with respect to the inner product. In the paper we
will show that {H, } and { M, } are bidual bases in H;.

2  MAIN RESULTS

Let xQy, x,y € {1 be an element in ¢; with coordinates (xiyj)?;:l ordered by a fixed way. It
is easy to see, that Py (xQy) = Py (x)P,(y) and

Y Ha(x0y) =[]0 —xyp) " = H 2 Hi(x)yf =} 1 Ha(x)Ma(y), 2)
n=0 i,j n=0|A|=n

where Hy =1, My = 1.

Theorem 1. (H), M) = dy, for all partitions y and A.

Proof. By (1) and (2)

Y Ha(x)Ma(y) = Ho(xQy) = ) z, 1Py (xQy) = Y zy 1Py (x)Py(y).

|Al=n |Al=n |Al=n

So
(L HiOMy),Mu())= ¥ = Pa(y)(Pa, M),

[Al=n Al=n

On the other hand, since \5— is an orthonormal basis,

A
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and if y is such that Ry is continuous, then Ry (M) = My (y) = ¥||=n 2 'Py(y)(Py, My). So

(¥ H\(MA), Mu())= 1 Ma(y){Ha, My) = My(v).
Al=n A=n

Since it is true for all y such that Ry is continuous, and since functionals Ry separate vectors in
H; we have that
<H)u My) = 5)\y-
]

Let us make some computations. Taking into account that ) |, zy ! = 1(see [6, p. 49]) we
have

1Hall® = (Hy Ha) = ( Y 2'Pa, ) 2z Py = )2 1Pl = )0 7' =1
[Al=n A= A= A=

Since My, = Py, || Mu|| = +/zn = /1 and sup, || M, ||||Hx|| = co. So {H,} does not form a
Riesz basis.
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T'oaybuak O.M., 3aropoartox A.B. Asoicmi 6asucu 8 npocmopi cumempuurux aHanimumHux QyHKyiil
Ha ¢ // KapmaTcbki MaTeMaTnyHi 1y 6aikamii. — 2013. — T.5, Nel. — C. 47-49.

Po3rasiHyTO CcHeltiaAbHIMIA riABOEPTIB ITPOCTip CMMETPUUHMX aHaAITHUIHMX PyHKIII Ha {1 i T06Y-
AOBaHO Iapy ABOICTMX 6a3MCiB ITLOTO MIPOCTOPY, SIKi CKAQAAIOTHCS 3 CUMETPUYHIX TIOATHOMIB.

Knwouoei cnosa i ¢ppasu: TiabbepTiB IpOCTip, cMeTpWUHI aHaAITHYHI pyHKIIIT, AyaAbHMIT Hasmc.

T'oaybuax O.M., 3aropoariox A.B. AyanvHvie 6a3ucet 8 npocmpancinge cummempuuecKux aHaiumuye-
ckux pyuxyuii na {1 // Kapnarckme MmateMarmdeckue my6bankamm. — 2013. — T.5, Nel. — C. 47-49.

PaccMoTpeHO cremmanbHOE TIMABOEPTOBO IMPOCTPAHCTBO CUMMETPUUECKMX aHAAMTHYECKIX
dpyuKIMT Ha {1 ¥ TIOCTPOEHO Mapy AyaAbHBIX 6a3MCOB STOTO IIPOCTPAHCTBA, COCTOSIIINX M3 CUM-
METPUIECKIMX TIOAVHOMOB.

Kntouesvie cno6a u ¢ppasvi: ITMABOEPTOBO MPOCTPAHCTBO, CUMMETPUYIECKIe aHAANTIIeCKIe (PYHK-
LIV, AyaABHBI Oasuc.



