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SYMMETRIC FUNCTIONS ON SPACES ℓp(Rn) AND ℓp(Cn)

This work is devoted to the study of algebras of continuous symmetric polynomials, that is,

invariant with respect to permutations of coordinates of its argument, and of ∗-polynomials on

Banach spaces ℓp(Rn) and ℓp(Cn) of p-power summable sequences of n-dimensional vectors of real

and complex numbers respectively, where 1 ≤ p < +∞.

We construct the subset of the algebra of all continuous symmetric polynomials on the space

ℓp(Rn) such that every continuous symmetric polynomial on the space ℓp(Rn) can be uniquely

represented as a linear combination of products of elements of this set. In other words, we construct

an algebraic basis of the algebra of all continuous symmetric polynomials on the space ℓp(Rn).

Using this result, we construct an algebraic basis of the algebra of all continuous symmetric ∗-poly-

nomials on the space ℓp(Cn).

Results of the paper can be used for investigations of algebras, generated by continuous sym-

metric polynomials on the space ℓp(Rn), and algebras, generated by continuous symmetric ∗-poly-

nomials on the space ℓp(Cn).
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INTRODUCTION

Symmetric (invariant with respect to some group of operators) functions on Banach spaces

were studied by a number of authors [1–8, 10, 11, 15–21, 23]. In particular, in [15] it was con-

structed an algebraic basis (see definition below) of the algebra of all continuous symmetric,

i.e., invariant with respect to permutations of coordinates of its argument, polynomials on the

real Banach space ℓp of p-power summable sequences of real numbers, where 1 ≤ p < +∞.

In [8] it was generalized this result to continuous symmetric polynomials on real separa-

ble rearrangement-invariant sequence Banach spaces. In [11] it was constructed an algebraic

basis of the algebra of all continuous symmetric polynomials on the complex Banach space

ℓp(Cn) of p-power summable sequences of n-dimensional vectors of complex numbers, where

1 ≤ p < +∞. Note that the knowledge of an algebraic basis of an algebra of polynomials is

important for the description of spectra (sets of maximal ideals) of completions of this algebra

(see, e.g., [1, 4, 5, 7, 9, 17]).

∗-Polynomials (see definition below) are generalizations of polynomials, acting between

complex vector spaces, which were firstly studied in [14]. In [13] it was shown that, in some

sense, ∗-polynomials have better approximation properties than polynomials. Symmetric ∗-

polynomials on the finite-dimensional complex vector space were studied in [16]. In particular,
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in [16] it was constructed the set of generating elements of the algebra of all symmetric ∗-

polynomials on the complex space of finite sequences of n-dimensional complex vectors.

In this work we construct an algebraic basis of the algebra of all continuous symmetric poly-

nomials on the real Banach space ℓp(Rn) of p-power summable sequences of n-dimensional

vectors of real numbers, where 1 ≤ p < +∞. Also we construct an algebraic basis of the

algebra of all continuous symmetric ∗-polynomials on the complex Banach space ℓp(Cn).

1 PRELIMINARIES

Let N be the set of all positive integers and Z+ be the set of all nonnegative integers.

Let S be the set of all bijections σ : N → N. For n ∈ N, let Sn be the set of all bijections

σ : {1, . . . , n} → {1, . . . , n}.

1.1 Polynomials

Let X and Y be vector spaces over the fields K1 and K2 resp., such that K1 ⊂ K2 and

K1, K2 ∈ {R, C}. A mapping A : Xm → Y, where m ∈ N, is called an m-linear mapping, if A

is linear with respect to every of its m arguments. An m-linear mapping, which is invariant

with respect to permutations of its arguments is called symmetric. For an m-linear mapping

A : Xm → Y, let A(s) : Xm → Y be defined by

A(s)(x1, . . . , xm) =
1

m! ∑
τ∈Sm

A
(

xτ(1), . . . , xτ(m)

)
.

The mapping A(s) is symmetric and m-linear. It is called the symmetrization of the mapping A.

A mapping P : X → Y is called an m-homogeneous polynomial if there exists an m-linear map-

ping AP : Xm → Y such that P is the restriction to the diagonal of AP, i.e., P(x) = AP(x, . . . , x︸ ︷︷ ︸
m

)

for every x ∈ X. Note that P is also the restriction to the diagonal of the mapping A
(s)
P , which

is the symmetrization of the mapping AP. The mapping A
(s)
P is called the symmetric m-linear

mapping, associated with P. By [14, Theorem 1.10, p. 6], the mapping A
(s)
P can be recovered by

the values of P by means of the formula

A
(s)
P (x1, . . . , xm) =

1

2mm! ∑
ε1,...,εm=±1

ε1 . . . εmP(ε1x1 + . . . + εmxm). (1)

For convenience, we define 0-homogeneous polynomials from X to Y as constant mappings.

A mapping P : X → Y is called a polynomial if it can be represented in the form

P =
K

∑
j=0

Pj, (2)

where K ∈ Z+ and Pj is a j-homogeneous polynomial for every j ∈ {0, . . . , K}. Let deg P be

the maximal number j ∈ Z+, such that Pj 6≡ 0.

For, in general, complex numbers t1, . . . , tm, let Vt1,...,tm be the Vandermonde matrix

Vt1,...,tm :=




1 t1 t2
1 . . . tm−1

1

1 t2 t2
2 . . . tm−1

2
...

...
...

. . .
...

1 tm t2
m . . . tm−1

m


 .
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The following proposition gives us the method of recovering of homogeneous components of

any polynomial P by its values.

Proposition 1 ([12]). Let P be a polynomial of the form (2). Let λ0, . . . , λK be distinct nonzero

real numbers. Then

Pj(x) =
K

∑
s=0

wjsP(λsx),

for every j ∈ {0, . . . , K}, where wjs are elements of the matrix W = (wjs)j,s=0,K, which is the

inverse matrix of the Vandermonde matrix Vλ0,...,λK
.

Suppose X and Y are normed spaces with norms ‖ · ‖X and ‖ · ‖Y respectively. Note that

an m-linear mapping A : Xm → Y is continuous if and only if the value

‖A‖ = sup
‖x1‖X≤1,...,‖xm‖X≤1

‖A(x1, . . . , xm)‖Y

is finite. Similarly, an m-homogeneous polynomial P : X → Y is continuous if and only if the

value

‖P‖ = sup
‖x‖X≤1

‖P(x)‖Y

is finite. By definitions of ‖P‖ and ‖AP‖, and by formula (1),

‖P‖ ≤ ‖A
(s)
P ‖ ≤

mm

m!
‖P‖. (3)

1.2 ∗-Polynomials

Let X and Y be complex vector spaces. A mapping A : Xm+n → Y, where (m, n) ∈

Z2
+ \ {(0, 0)}, is called an (m, n)-linear mapping, if A is linear with respect to every of first

m arguments and it is antilinear with respect to every of last n arguments. An (m, n)-linear

mapping, which is invariant with respect to permutations of its first m arguments and last n

arguments separately, is called (m, n)-symmetric. For (m, n)-linear mapping A : Xm+n → Y, let

A(s) : Xm+n → Y be defined by

A(s)(x1, . . . , xm, xm+1, . . . , xm+n) =
1

m!n! ∑
τ∈Sm

∑
θ∈Sn

A
(

xτ(1), . . . , xτ(m), xm+θ(1), . . . , xm+θ(n)

)
.

The mapping A(s) is (m, n)-symmetric and (m, n)-linear. It is called the (m, n)-symmetrization

of the mapping A. A mapping P : X → Y is called an (m, n)-polynomial if there exists an

(m, n)-linear mapping AP : Xm+n → Y such that P is the restriction to the diagonal of AP, i.e.,

P(x) = AP(x, . . . , x︸ ︷︷ ︸
m+n

)

for every x ∈ X. Note that P is also the restriction to the diagonal of the mapping A
(s)
P ,

which is the (m, n)-symmetrization of the mapping AP. The mapping A
(s)
P is called the (m, n)-

symmetric (m, n)-linear mapping, associated with P. By [22, Theorem 3.1], the mapping A
(s)
P

can be recovered by the values of P by means of the formula

A
(s)
P (x1, . . . , xm+n) =

1

2m+nm!n! ∑
ε1,...,εm+n=±1

ε1 . . . εm+n

2n+1

∑
j=1

1

2n + 1
α2n+1−m

j

× P
(
αj(ε1x1 + . . . + εmxm) + εm+1xm+1 + . . . + εm+nxm+n

)
,

(4)
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where αj = e2πij/(2n+1) for j ∈ {1, . . . , 2n + 1}.

For convenience, we define (0, 0)-polynomials from X to Y as constant mappings.

A mapping P : X → Y is called a ∗-polynomial if it can be represented in the form

P =
K

∑
t=0

t

∑
j=0

Pj,t−j, (5)

where K ∈ Z+ and Pj,t−j is a (j, t − j)-polynomial for every t ∈ {0, . . . , K} and j ∈ {0, . . . , t}.

Let deg P be the maximal number t ∈ Z+, for which there exists j ∈ {0, . . . , t} such that

Pj,t−j 6≡ 0.

Results from [16, Proposition 1] and [16, Proposition 2] imply the following proposition,

which gives us the method of recovering of components of any ∗-polynomial P by its values.

Proposition 2. Let P : X → Y be a ∗-polynomial of the form (5), where X and Y are com-

plex vector spaces. Let λ0, . . . , λK be distinct nonzero real numbers. Let ε0, . . . , εK be complex

numbers such that ε2
0, . . . , ε2

K are distinct and |ε0| = . . . = |εK| = 1. Then

Pj,t−j(x) =
t

∑
l=0

ujlε
t
l

K

∑
s=0

wtsP(λsε lx)

for every t ∈ {0, . . . , K}, j ∈ {0, . . . , t} and x ∈ X, where wts are elements of the matrix

W = (wts)t,s=0,K, which is the inverse matrix of the Vandermonde matrix Vλ0 ,...,λK
, and ujl are

elements of the matrix U = (ujl)j,l=0,K, which is the inverse matrix of the Vandermonde matrix

Vε2
0,...,ε2

K
.

Suppose X and Y are complex normed spaces with norms ‖ · ‖X and ‖ · ‖Y resp. Note that

an (m, n)-linear mapping A : Xm+n → Y is continuous if and only if the value

‖A‖ = sup
‖x1‖X≤1,...,‖xm+n‖X≤1

‖A(x1, . . . , xm+n)‖Y

is finite. Similarly, an (m, n)-polynomial P : X → Y is continuous if and only if the value

‖P‖ = sup
‖x‖X≤1

‖P(x)‖Y

is finite. Formula (4) implies the following inequality

‖A
(s)
P ‖ ≤

(m + n)m+n

m!n!
‖P‖. (6)

1.3 Algebraic combinations

A mapping f : T → K, where T is an arbitrary set and K = R or C, is called an algebraic

combination of mappings f1, . . . , fm : T → K over K if there exists a polynomial Q : Km → K

such that

f (x) = Q( f1(x), . . . , fm(x))

for every x ∈ T.

A set { f1, . . . , fm} of mappings f1, . . . , fm : T → K is called algebraically independent if

Q( f1(x), . . . , fm(x)) = 0
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for every x ∈ T if and only if the polynomial Q is identically equal to zero. If a set of mappings

{ f1, . . . , fm} is algebraically independent and polynomials Q1, Q2 : Km → K are such that

Q1( f1(x), . . . , fm(x)) = Q2( f1(x), . . . , fm(x))

for every x ∈ T, then the polynomial Q1 is identically equal to the polynomial Q2. Thus,

every algebraic combination of elements of an algebraically independent set of mappings is

unique. An infinite set of mappings is called algebraically independent if every its finite subset

is algebraically independent. A subset B of some algebra of mappings A is called an algebraic

basis of A if every element of A can be uniquely represented as an algebraic combination of

some elements of B. Evidently, every algebraic basis is algebraically independent.

1.4 The space ℓp(Kn)

Let n ∈ N, p ∈ [1,+∞) and K = R or C. Let us denote ℓp(Kn) the vector space of all

sequences x = (x1, x2, . . .), where xj =
(

x
(1)
j , . . . , x

(n)
j

)
∈ Kn for j ∈ N, such that the series

∞

∑
j=1

n

∑
s=1

|x
(s)
j |p is convergent. The space ℓp(Kn) with norm

‖x‖ℓp(Kn) =

( ∞

∑
j=1

n

∑
s=1

|x
(s)
j |p

)1/p

is a Banach space.

Definition 1. A function f , defined on ℓp(Kn), is called S-symmetric (or just symmetric when

the context is clear) if f (x ◦ σ) = f (x) for every x ∈ ℓp(Kn) and for every bijection σ ∈ S ,

where x ◦ σ =
(
xσ(1), xσ(2), . . .

)
.

For a multi-index k = (k1, . . . , kn) ∈ Zn
+, let |k| = k1 + . . . + kn. For every k ∈ Zn

+ such that

|k| ≥ ⌈p⌉, where ⌈p⌉ is a ceiling of p, let us define a mapping H
(Kn)
k : ℓp(Kn) → K by

H
(Kn)
k (x) =

∞

∑
j=1

n

∏
s=1
ks>0

(
x
(s)
j

)ks .

Note that H
(Kn)
k is an S-symmetric |k|-homogeneous polynomial. We will use following result,

proven in [11].

Proposition 3 ([11], Proposition 2). For p ∈ [1,+∞) and for every k ∈ Z
n
+ such that |k| ≥ ⌈p⌉,

the polynomial H
(Cn)
k on ℓp(Cn) is continuous and ‖H

(Cn)
k ‖ ≤ 1.

Theorem 1. Polynomials H
(Cn)
k , where k ∈ Zn

+ are such that |k| ≥ ⌈p⌉, form an algebraic basis

of the algebra of all S-symmetric continuous complex-valued polynomials on ℓp(Cn).

Note that Proposition 3 implies that for p ∈ [1,+∞) and for every k ∈ Zn
+ such that |k| ≥

⌈p⌉, the polynomial H
(Rn)
k on ℓp(Rn) is continuous and ‖H

(Rn)
k ‖ ≤ 1.
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2 THE ALGEBRAIC BASIS OF THE ALGEBRA OF ALL SYMMETRIC

CONTINUOUS POLYNOMIALS ON ℓp(Rn)

Let n ∈ N and p ∈ [1,+∞). For every continuous m-homogeneous polynomial P on

ℓp(Rn), which is, in general, complex-valued (we need this assumption for the sake of the

applicability of results of the current section in section 3), let us define an m-homogeneous

polynomial P̂ : ℓp(Cn) → C in the following way. Let A
(s)
P be the m-linear symmetric mapping

associated with P. Let A
(s)

P̂
: ℓp(C

n)× . . . × ℓp(C
n)︸ ︷︷ ︸

m

→ C be defined by

A
(s)

P̂
(z1, . . . , zm) =

1

∑
j1=0

. . .
1

∑
jm=0

ij1+...+jm A
(s)
P

(
wj1(z1), . . . , wjm(zm)

)
, (7)

where operators w0, w1 : ℓp(Cn) → ℓp(Rn) are defined by

w0(z) =
((

Re x
(1)
1 , . . . , Re x

(n)
1

)
,
(
Re x

(1)
2 , . . . , Re x

(n)
2

)
, . . .

)
,

w1(z) =
((

Im x
(1)
1 , . . . , Im x

(n)
1

)
,
(
Im x

(1)
2 , . . . , Im x

(n)
2

)
, . . .

)

for every z =
((

x
(1)
1 , . . . , x

(n)
1

)
,
(
x
(1)
2 , . . . , x

(n)
2

)
, . . .

)
∈ ℓp(Cn). Note that operators w1 and w2 are

linear, continuous and ‖w0‖ = ‖w1‖ = 1. It can be checked that A
(s)

P̂
is an m-linear symmetric

mapping. By the continuity of mappings A
(s)
p , w0 and w1, the mapping A

(s)

P̂
is continuous. By

(7), taking into account ‖w0‖ = ‖w1‖ = 1,

‖A
(s)

P̂
‖ ≤ 2m‖A

(s)
P ‖. (8)

Let P̂ be the restriction of A
(s)

P̂
to the diagonal. Since the mapping A

(s)
P is continuous and m-

linear, it follows that the mapping P̂ is a continuous m-homogeneous polynomial. By (3), (7)

and (8),

‖P̂‖ ≤ ‖A
(s)

P̂
‖ ≤ 2m‖A

(s)
P ‖ ≤

(2m)m

m!
‖P‖. (9)

It can be checked that for every m1-homogeneous polynomial P1 and for every m2-homoge-

neous polynomial P2, which acts from ℓp(Rn) to C, where m1, m2 ∈ N, we have P̂1P2 = P̂1P̂2.

For every continuous polynomial P : ℓp(Rn) → C of the form (2), let

P̂ = P0 + P̂1 + . . . + P̂K.

Proposition 4. Let Γ be an arbitrary index set. For every γ ∈ Γ, let Pγ : ℓp(Rn) → C be a

continuous mγ-homogeneous polynomial, where mγ ∈ N. Suppose the set of polynomials{
P̂γ : γ ∈ Γ

}
is algebraically independent. Then the set of polynomials

{
Pγ : γ ∈ Γ

}
is

algebraically independent.

Proof. Let Γ0 be an arbitrary finite nonempty subset of Γ. Let us show that the set of polynomi-

als
{

Pγ : γ ∈ Γ0

}
is algebraically independent. Suppose

α0 +
µ′

∑
µ=1

∑
l:Γ0→Z+
κ(l)=µ

αl ∏
γ∈Γ0

l(γ)>0

(
Pγ(x)

)l(γ)
= 0 (10)
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for every x ∈ ℓp(Rn), where α0, αl ∈ C, µ′ ∈ N, κ(l) = ∑γ∈Γ0
l(γ)mγ. For µ ∈ {1, . . . , µ′}, let

Qµ(x) = ∑
l:Γ0→Z+
κ(l)=µ

αl ∏
γ∈Γ0

l(γ)>0

(
Pγ(x)

)l(γ)

for every x ∈ ℓp(Rn). By Proposition 1, taking into account (10), α0 = 0 and, for every µ ∈

{1, . . . , µ′}, the polynomial Qµ is identically equal to zero, i.e., ‖Qµ‖ = 0. By (9), ‖Q̂µ‖ ≤
(2µ)µ

µ! ‖Qµ‖. Therefore ‖Q̂µ‖ = 0. Consequently, Q̂µ is identically equal to zero, i.e.,

∑
l:Γ0→Z+
κ(l)=µ

αl ∏
γ∈Γ0

l(γ)>0

(
P̂γ(z)

)l(γ)
= 0

for every z ∈ ℓp(Cn). Since the set of polynomials
{

P̂γ : γ ∈ Γ0

}
is algebraically independent,

it follows that every coefficient αl is equal to zero. Thus, the set of polynomials
{

Pγ : γ ∈ Γ0

}

is algebraically independent.

Since every finite nonempty subset of the set of polynomials
{

Pγ : γ ∈ Γ
}

is algebraically

independent, it follows that the set
{

Pγ : γ ∈ Γ
}

is algebraically independent.

Theorem 2. Let P : ℓp(Rn) → C be a continuous m-homogeneous S-symmetric polynomial.

Then, in the case 1 ≤ m < ⌈p⌉, the polynomial P is identically equal to zero. In the case

m ≥ ⌈p⌉, the polynomial P can be uniquely represented in the form

P(x) = ∑
l:Γm→Z+
κ(l)=m

αl ∏
k∈Γm

l(k)>0

(
H

(Rn)
k (x)

)l(k)
,

where x ∈ ℓp(Rn), αl ∈ C, Γm =
{

k ∈ Zn
+ : ⌈p⌉ ≤ |k| ≤ m

}
and κ(l) = ∑k∈Γm

|k|l(k).

Proof. Let P be a continuous m-homogeneous S-symmetric complex-valued polynomial on

ℓp(Rn), where m ∈ N. Then P̂ is a continuous m-homogeneous complex-valued polynomial

on ℓp(Cn). Let us show that the polynomial P̂ is S-symmetric. Let z ∈ ℓp(Cn) and σ ∈ S . Let

us show that P̂(z ◦ σ) = P̂(z). By (1), taking into account that P is S-symmetric,

A
(s)
P (x1 ◦ σ, . . . , xm ◦ σ) =

1

2mm! ∑
ε1,...,εm=±1

ε1 . . . εmP(ε1x1 ◦ σ + . . . + εmxm ◦ σ)

=
1

2mm! ∑
ε1,...,εm=±1

ε1 . . . εmP((ε1x1 + . . . + εmxm) ◦ σ)

=
1

2mm! ∑
ε1,...,εm=±1

ε1 . . . εmP(ε1x1 + . . . + εmxm)= A
(s)
P (x1, . . . , xm)

(11)

for every x1, . . . , xm ∈ ℓp(Rn). By (7) and (11), taking into account the equalities w0(z ◦ σ) =

w0(z) and w1(z ◦ σ) = w1(z),

P̂(z ◦ σ) = AP̂(z ◦ σ, . . . , z ◦ σ︸ ︷︷ ︸
m

) =
1

∑
j1=0

. . .
1

∑
jm=0

ij1+...+jm AP

(
wj1(z ◦ σ), . . . , wjm(z ◦ σ)

)

=
1

∑
j1=0

. . .
1

∑
jm=0

ij1+...+jm AP

(
wj1(z) ◦ σ, . . . , wjm(z) ◦ σ

)

=
1

∑
j1=0

. . .
1

∑
jm=0

ij1+...+jm AP

(
wj1(z), . . . , wjm(z)

)
= P̂(z).
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Thus, P̂ is S-symmetric. So, P̂ is an S-symmetric continuous m-homogeneous complex-valued

polynomial on ℓp(Cn).

Therefore, by Theorem 1, the polynomial P̂ can be uniquely represented as an algebraic

combination of polynomials H
(Cn)
k , where k ∈ Zn

+ are such that |k| ≥ ⌈p⌉. Since every H
(Cn)
k

is a |k|-homogeneous polynomial and |k| ≥ ⌈p⌉, it follows that, in the case m < ⌈p⌉, the

polynomial P̂ is identically equal to zero. In the case m ≥ ⌈p⌉, the polynomial P̂ is an algebraic

combination of polynomials H
(Cn)
k , where k ∈ Zn

+ are such that m ≥ |k| ≥ ⌈p⌉, i.e.,

P̂(z) = ∑
l:Γm→Z+
κ(l)=m

αl ∏
k∈Γm

l(k)>0

(
H

(Cn)
k (z)

)l(k)
, (12)

for every z ∈ ℓp(Cn), where αl ∈ C, Γm =
{

k ∈ Zn
+ : ⌈p⌉ ≤ |k| ≤ m

}
and κ(l) = ∑k∈Γm

|k|l(k).

Since polynomials P and H
(Rn)
k are restrictions to the space ℓp(Rn) of polynomials P̂ and H

(Cn)
k

respectively, by (12),

P(x) = ∑
l:Γm→Z+
κ(l)=m

αl ∏
k∈Γm

l(k)>0

(
H

(Rn)
k (x)

)l(k)
(13)

for every x ∈ ℓp(Rn). By Theorem 1, the set of polynomials
{

H
(Cn)
k : k ∈ Γm

}
is algebraically

independent. Consequently, by Proposition 4, taking into account the equality Ĥ
(Rn)
k = H

(Cn)
k ,

the set of polynomials
{

H
(Rn)
k : k ∈ Γm

}
is algebraically independent over C. Therefore, the

representation (13) is unique.

Theorem 3. Polynomials H
(Rn)
k , where k ∈ Z

n
+ are such that |k| ≥ ⌈p⌉, form an algebraic basis

of the algebra of all S-symmetric continuous real-valued polynomials on ℓp(Rn).

Proof. Let P be a continuous S-symmetric real-valued polynomial on ℓp(Rn) of the form (2).

Let us show that P can be uniquely represented as an algebraic combination of some elements

of the set
{

H
(Rn)
k : k ∈ Zn

+, |k| ≥ ⌈p⌉
}

. By Proposition 1, for every j ∈ {1, . . . , deg P}, the

j-homogeneous polynomial Pj is continuous, S-symmetric and real-valued. Therefore, by The-

orem 2, if 1 ≤ j < ⌈p⌉, then the polynomial Pj is identically equal to zero, otherwise

Pj(x) = ∑
l:Γj→Z+

κj(l)=j

αl ∏
k∈Γj

l(k)>0

(
H

(Rn)
k (x)

)l(k)

for every x ∈ ℓp(Rn), where αl ∈ C, Γj =
{

k ∈ Zn
+ : ⌈p⌉ ≤ |k| ≤ j

}
and κj(l) = ∑k∈Γj

|k|l(k).

Let us show that all the coefficients αl are real. Since the polynomial Pj is real-valued, it follows

that Pj(x)− Pj(x) = 0 for every x ∈ ℓp(Rn), i.e.,

2i ∑
l:Γj→Z+

κj(l)=j

Im αl ∏
k∈Γj

l(k)>0

(
H

(Rn)
k (x)

)l(k)
= 0 (14)

for every x ∈ ℓp(Rn). By Proposition 4, the set of polynomials

{
H

(Rn)
k : k ∈ Z

n
+, |k| ≥ ⌈p⌉

}
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is algebraically independent over C, therefore it is algebraically independent over R. Conse-

quently, by (14), Im αl = 0 for every coefficient αl , i.e., every αl is real. Thus, we have that for

every x ∈ ℓp(Rn), P(x) = P0 in the case deg P < ⌈p⌉, and

P(x) = P0 +
deg P

∑
j=⌈p⌉

∑
l:Γj→Z+

κj(l)=j

αl ∏
k∈Γj

l(k)>0

(
H

(Rn)
k (x)

)l(k)
(15)

otherwise. Since the set of polynomials {H
(Rn)
k : k ∈ Zn

+, |k| ≥ ⌈p⌉
}

is algebraically indepen-

dent over R, it follows that the representation (15) is unique.

3 SYMMETRIC ∗-POLYNOMIALS ON ℓp(Cn)

Let n ∈ N and p ∈ [1,+∞). Let the mapping J : ℓp(Cn) → ℓp(R2n) be defined by

J(z) =
((

Re z
(1)
1 , Im z

(1)
1 , . . . , Re z

(n)
1 , Im z

(n)
1

)
,
(
Re z

(1)
2 , Im z

(1)
2 , . . . , Re z

(n)
2 , Im z

(n)
2

)
, . . .

)
,

where z =
((

z
(1)
1 , . . . , z

(n)
1

)
,
(
z
(1)
2 , . . . , z

(n)
2

)
, . . .

)
∈ ℓp(Cn). Let us show that the mapping J is

well-defined and bijective. Since all norms on R2 are equivalent, it follows that there exist

constants C > 0 and c > 0 such that

c
√
|t1|2 + |t2|2 ≤

(
|t1|

p + |t2|
p
)1/p

≤ C
√
|t1|2 + |t2|2 (16)

for every (t1, t2) ∈ R2. Therefore

∞

∑
j=1

n

∑
s=1

(∣∣Re z
(s)
j

∣∣p
+

∣∣Im z
(s)
j

∣∣p
)
≤ Cp

∞

∑
j=1

n

∑
s=1

(√∣∣Re z
(s)
j

∣∣2 +
∣∣Im z

(s)
j

∣∣2
)p

= Cp
∞

∑
j=1

n

∑
s=1

∣∣z(s)j

∣∣p
= Cp‖z‖

p

ℓp(Cn)
.

Thus, for every z ∈ ℓp(Cn) the sequence J(z) belongs to the space ℓp(R2n) and ‖J(z)‖
p

ℓp(R2n)
≤

Cp‖z‖
p

ℓp(Cn)
, i.e.,

‖J(z)‖ℓp(R2n) ≤ C‖z‖ℓp(Cn). (17)

Thus, the mapping J is well-defined. Evidently, J is injective. Let us show that J is surjec-

tive. Let x =
((

x
(1)
1 , x

(2)
1 , . . . , x

(2n−1)
1 , x

(2n)
1

)
,
(
x
(1)
2 , x

(2)
2 , . . . , x

(2n−1)
2 , x

(2n)
2

)
, . . .

)
∈ ℓp(R2n). Let

us construct zx ∈ ℓp(Cn) such that J(zx) = x. Let zx =
((

x
(1)
1 + ix

(2)
1 , . . . , x

(2n−1)
1 + ix

(2n)
1

)
,(

x
(1)
2 + ix

(2)
2 , . . . , x

(2n−1)
2 + ix

(2n)
2

)
, . . .

)
. Let us show that zx belongs to ℓp(Cn). By (16),

∞

∑
j=1

n

∑
s=1

∣∣x(2s−1)
j + ix

(2s)
j

∣∣p
=

∞

∑
j=1

n

∑
s=1

(√∣∣x(2s−1)
j

∣∣2 +
∣∣x(2s)

j

∣∣2
)p

≤
∞

∑
j=1

n

∑
s=1

(
1

c

(∣∣x(2s−1)
j

∣∣p
+

∣∣x(2s)
j

∣∣p
)1/p

)p

=
1

cp

∞

∑
j=1

n

∑
s=1

(∣∣x(2s−1)
j

∣∣p
+

∣∣x(2s)
j

∣∣p
)
=

1

cp ‖x‖
p

ℓp(R2n)
.
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Thus, zx belongs to the space ℓp(Cn) and ‖zx‖
p

ℓp(Cn)
≤ 1

cp‖x‖
p

ℓp(R2n)
, i.e., taking into account the

equality J(zx) = x,

‖J−1(x)‖ℓp(Cn) ≤
1

c
‖x‖ℓp(R2n) (18)

for every x ∈ ℓp(R2n). Hence, the mapping J is bijective. Note that the mapping J is real-linear,

i.e., it is additive and J(λz) = λJ(z) for every λ ∈ R and z ∈ ℓp(Cn). By (17) and (18), both

mappings J and J−1 are continuous.

Proposition 5. For every continuous S-symmetric (m1, m2)-polynomial P : ℓp(Cn) → C the

mapping P ◦ J−1 is a continuous S-symmetric (m1 + m2)-homogeneous polynomial, acting

from ℓp(R2n) to C.

Proof. Let P : ℓp(Cn) → C be a continuous S-symmetric (m1, m2)-polynomial. Let A
(s)
P

be the (m1, m2)-symmetric (m1, m2)-linear mapping, associated with P. Let the mapping

BP̃ :
(
ℓp(R2n)

)m1+m2 → C be defined by

BP̃(x1, . . . , xm1+m2) = AP(J−1(x1), . . . , J−1(xm1+m2)),

where x1, . . . , xm1+m2 ∈ ℓp(R2n). Since J−1 is real-linear and AP is (m1, m2)-linear, it follows

that BP̃ is an (m1 + m2)-linear mapping. By (6) and (18),

‖BP̃‖ = sup
‖x1‖ℓp(R2n)

≤1,...,‖xm1+m2
‖
ℓp(R2n)

≤1

|BP̃(x1, . . . , xm1+m2)|

= sup
‖x1‖ℓp(R2n)

≤1,...,‖xm1+m2
‖
ℓp(R2n)

≤1

|AP(J−1(x1), . . . , J−1(xm1+m2))|

≤ sup
‖x1‖ℓp(R2n)

≤1,...,‖xm1+m2
‖
ℓp(R2n)

≤1

‖AP‖‖J−1(x1)‖ℓp(Cn) . . . ‖J−1(xm1+m2)‖ℓp(Cn)

≤
‖AP‖

cm1+m2
sup

‖x1‖ℓp(R2n)
≤1,...,‖xm1+m2

‖
ℓp(R2n)

≤1

‖x1‖ℓp(R2n) . . . ‖xm1+m2‖ℓp(R2n)

=
‖AP‖

cm1+m2
≤

(m1 + m2)
m1+m2‖P‖

m1!m2!cm1+m2
.

Thus, ‖BP̃‖ is finite and, consequently, BP̃ is continuous. Let P̃ be the restriction to the diagonal

of BP̃. Then P̃ is the (m1 + m2)-homogeneous polynomial. Since ‖P̃‖ ≤ ‖BP̃‖, it follows that P̃

is continuous. Note that P̃ = P ◦ J−1. Let us show that P̃ is S-symmetric. Let x ∈ ℓp(R2n) and

σ ∈ S . Note that J−1(x ◦ σ) = J−1(x) ◦ σ. Therefore, since P is S-symmetric,

P̃(x ◦ σ) = P(J−1(x ◦ σ)) = P(J−1(x) ◦ σ) = P(J−1(x)) = P̃(x).

Thus, P̃ is S-symmetric.

Theorem 4. The set of mappings
{

H
(R2n)
k ◦ J : k ∈ Z2n

+ , |k| ≥ ⌈p⌉
}

is an algebraic basis of the

algebra of all continuous S-symmetric ∗-polynomials, acting from ℓp(Cn) to C.

Proof. Let P : ℓp(Cn) → C be a continuous S-symmetric ∗-polynomial of the form (5). By

Proposition 2, taking into account the continuity and the S-symmetry of P, for every t ∈

{0, . . . , K} and j ∈ {0, . . . , t}, the (j, t − j)-polynomial Pj,t−j is continuous and S-symmetric.
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Therefore, by Proposition 5, the mapping Pj,t−j ◦ J−1 is a continuous S-symmetric t-homo-

geneous polynomial, acting from ℓp(R2n) to C. Consequently, by Theorem 2, the polynomial

Pj,t−j ◦ J−1 is identically equal to zero in the case 1 ≤ t < ⌈p⌉, and, otherwise, the polynomial

Pj,t−j ◦ J−1 can be uniquely represented in the form

(Pj,t−j ◦ J−1)(x) = ∑
l:Γt→Z+
κt(l)=t

α
(j,t−j)
l ∏

k∈Γt
l(k)>0

(
H

(R2n)
k (x)

)l(k)
,

where x ∈ ℓp(R2n), α
(j,t−j)
l ∈ C, Γt =

{
k ∈ Z2n

+ : ⌈p⌉ ≤ |k| ≤ t
}

and κt(l) = ∑k∈Γt
|k|l(k).

Therefore, taking into account that J is a bijection, the mapping Pj,t−j is identically equal to

zero in the case 1 ≤ t < ⌈p⌉, and

Pj,t−j(z) = ∑
l:Γt→Z+
κt(l)=t

α
(j,t−j)
l ∏

k∈Γt
l(k)>0

(
(H

(R2n)
k ◦ J)(z)

)l(k)
,

for every z ∈ ℓp(Cn), otherwise. Consequently, P = P0 in the case deg P < ⌈p⌉, and

P(z) = P0 +
deg P

∑
t=⌈p⌉

t

∑
j=0

∑
l:Γt→Z+
κt(l)=t

α
(j,t−j)
l ∏

k∈Γt
l(k)>0

(
(H

(R2n)
k ◦ J)(z)

)l(k)
(19)

for every z ∈ ℓp(Cn), otherwise. By Proposition 4, the set of polynomials
{

H
(R2n)
k : k ∈

Z2n
+ , |k| ≥ ⌈p⌉

}
is algebraically independent. Since J is a bijection, it follows that the set of

∗-polynomials
{

H
(R2n)
k ◦ J : k ∈ Z2n

+ , |k| ≥ ⌈p⌉
}

is algebraically independent. Therefore, the

representation (19) is unique.
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Василишин Т.В. Симетричнi функцiї на просторах ℓp(Rn) i ℓp(Cn) // Карпатськi матем. публ.

— 2020. — Т.12, №1. — C. 5–16.

Дана робота присвячена вивченню алгебр неперервних симетричних, тобто, iнварiантних

вiдносно перестановок координат їхнiх аргументiв, полiномiв i ∗-полiномiв на банахових про-

сторах ℓp(Rn) i ℓp(Cn) всiх сумовних у степенi p послiдовностей n-вимiрних векторiв дiйсних i

комплексних чисел вiдповiдно, де 1 ≤ p < +∞.

Сконструйовано пiдмножину алгебри всiх неперервних симетричних полiномiв на просто-

рi ℓp(Rn) таку, що кожен неперервний симетричний полiном на просторi ℓp(Rn) може бути

єдиним чином поданий у виглядi лiнiйної комбiнацiї добуткiв елементiв цiєї множини. Iншими

словами, сконструйовано алгебраїчний базис алгебри всiх неперервних симетричних полiно-

мiв на просторi ℓp(Rn). Використовуючи даний результат, сконструйовано алгебраїчний базис

алгебри всiх неперервних симетричних ∗-полiномiв на просторi ℓp(Cn).

Результати даної роботи можуть бути використанi для дослiджень алгебр, згенерованих

неперервними симетричними полiномами на просторi ℓp(Rn), i алгебр, згенерованих непе-

рервними симетричними ∗-полiномами на просторi ℓp(Cn).

Ключовi слова i фрази: полiном, ∗-полiном, симетричний полiном, симетричний ∗-полiном,

алгебраїчний базис.


