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VASYLYSHYN T.V.

SYMMETRIC FUNCTIONS ON SPACES /,(IR") AND /,(C")

This work is devoted to the study of algebras of continuous symmetric polynomials, that is,
invariant with respect to permutations of coordinates of its argument, and of *-polynomials on
Banach spaces £, (IR") and £, (C") of p-power summable sequences of n-dimensional vectors of real
and complex numbers respectively, where 1 < p < +co.

We construct the subset of the algebra of all continuous symmetric polynomials on the space
£,(R") such that every continuous symmetric polynomial on the space £,(IR") can be uniquely
represented as a linear combination of products of elements of this set. In other words, we construct
an algebraic basis of the algebra of all continuous symmetric polynomials on the space £,(R").
Using this result, we construct an algebraic basis of the algebra of all continuous symmetric *-poly-
nomials on the space £,(C").

Results of the paper can be used for investigations of algebras, generated by continuous sym-
metric polynomials on the space £, (IR"), and algebras, generated by continuous symmetric *-poly-
nomials on the space £, (C").

Key words and phrases: polynomial, *-polynomial, symmetric polynomial, symmetric *-polyno-
mial, algebraic basis.
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INTRODUCTION

Symmetric (invariant with respect to some group of operators) functions on Banach spaces
were studied by a number of authors [1-8, 10, 11, 15-21, 23]. In particular, in [15] it was con-
structed an algebraic basis (see definition below) of the algebra of all continuous symmetric,
i.e., invariant with respect to permutations of coordinates of its argument, polynomials on the
real Banach space £, of p-power summable sequences of real numbers, where 1 < p < +oo0.
In [8] it was generalized this result to continuous symmetric polynomials on real separa-
ble rearrangement-invariant sequence Banach spaces. In [11] it was constructed an algebraic
basis of the algebra of all continuous symmetric polynomials on the complex Banach space
£,(C") of p-power summable sequences of n-dimensional vectors of complex numbers, where
1 < p < +oo. Note that the knowledge of an algebraic basis of an algebra of polynomials is
important for the description of spectra (sets of maximal ideals) of completions of this algebra
(see, e.g., [1,4,5,7,9,17]).

x-Polynomials (see definition below) are generalizations of polynomials, acting between
complex vector spaces, which were firstly studied in [14]. In [13] it was shown that, in some
sense, *-polynomials have better approximation properties than polynomials. Symmetric *-
polynomials on the finite-dimensional complex vector space were studied in [16]. In particular,
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6 VASYLYSHYN T.V.

in [16] it was constructed the set of generating elements of the algebra of all symmetric *-
polynomials on the complex space of finite sequences of n-dimensional complex vectors.

In this work we construct an algebraic basis of the algebra of all continuous symmetric poly-
nomials on the real Banach space £,(IR") of p-power summable sequences of n-dimensional
vectors of real numbers, where 1 < p < +co. Also we construct an algebraic basis of the
algebra of all continuous symmetric *-polynomials on the complex Banach space £, (C").

1 PRELIMINARIES

Let IN be the set of all positive integers and Z be the set of all nonnegative integers.
Let S be the set of all bijections ¢ : N — IN. For n € N, let S, be the set of all bijections
c:{1,...,n} = {1,...,n}

1.1 Polynomials

Let X and Y be vector spaces over the fields K; and K, resp., such that K; C K; and
K;, K; € {R,C}. A mapping A : X" — Y, where m € I, is called an m-linear mapping, if A
is linear with respect to every of its m arguments. An m-linear mapping, which is invariant
with respect to permutations of its arguments is called symmetric. For an m-linear mapping
A:X" =Y, let A®) . X™ — Y be defined by

1
A(s)(xl, .. .,xm) = % Z A(xl’(l)/ .. .,xT(m)).
eSSy
The mapping AG) is symmetric and m-linear. It is called the symmetrization of the mapping A.
A mapping P : X — Y is called an m-homogeneous polynomial if there exists an m-linear map-
ping Ap : X™ — Y such that P is the restriction to the diagonal of Ap, i.e., P(x) = Ap(x,...,x)
——
m
for every x € X. Note that P is also the restriction to the diagonal of the mapping Agf), which
(s)

is the symmetrization of the mapping Ap. The mapping A} is called the symmetric m-linear

mapping, associated with P. By [14, Theorem 1.10, p. 6], the mapping Al(f) can be recovered by

the values of P by means of the formula

1
Al(f)(xl,...,xm) = S Z €1...emP(e1x1 + ...+ €mXm). (1)

€1,em==x1

For convenience, we define 0-homogeneous polynomials from X to Y as constant mappings.
A mapping P : X — Y is called a polynomial if it can be represented in the form

K
P=)_P, ()
j=0

where K € Z and P; is a j-homogeneous polynomial for every j € {0,...,K}. Let deg P be
the maximal number j € Z, such that P; # 0.
For, in general, complex numbers t1, ..., t;, let V;, +, be the Vandermonde matrix
1 # ti . tT—i
1t 5 ...t

1ty 3, ... tml
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The following proposition gives us the method of recovering of homogeneous components of
any polynomial P by its values.

Proposition 1 ([12]). Let P be a polynomial of the form (2). Let Ay, ..., Ak be distinct nonzero
real numbers. Then

K
Pi(x) = ;) wjs P(Asx),

forevery j € {0,...,K}, where wjs are elements of the matrix W = (w]-s)]- s—ox Which is the
inverse matrix of the Vandermonde matrix V),  A,-

Suppose X and Y are normed spaces with norms || - ||x and || - ||y respectively. Note that
an m-linear mapping A : X" — Y is continuous if and only if the value

1Al = sup [AGeL - xm) [l
llxlx<1,.... )l xmllx <1
is finite. Similarly, an m-homogeneous polynomial P : X — Y is continuous if and only if the
value
[Pl = sup [[P(x)]ly
[[xlx<1

is finite. By definitions of ||P|| and ||Ap||, and by formula (1),
mm
1Pl < A5 < 1Pl ®)

1.2 *-Polynomials

Let X and Y be complex vector spaces. A mapping A : X"t" — Y, where (m,n) €
7% \ {(0,0)}, is called an (m,n)-linear mapping, if A is linear with respect to every of first
m arguments and it is antilinear with respect to every of last n arguments. An (m, n)-linear
mapping, which is invariant with respect to permutations of its first m arguments and last n
arguments separately, is called (m, n)-symmetric. For (m, n)-linear mapping A : X" — Y, let
AG) : X"+ 5 Y be defined by

A(S)(xl,...,xm,xm+1,...,xm+n) = — Z Z A(xr(l),...,xT(m),xm+9(1),...,xm+9(n)).

The mapping A®) is (m, n)-symmetric and (1, n)-linear. It is called the (11, n)-symmetrization
of the mapping A. A mapping P : X — Y is called an (m, n)-polynomial if there exists an
(m, n)-linear mapping Ap : X"™*" — Y such that P is the restriction to the diagonal of Ap, i.e.,

p =A .
(x) = Ap(x,..., %)
m-+n

for every x € X. Note that P is also the restriction to the diagonal of the mapping Al(js),

which is the (m, n)-symmetrization of the mapping Ap. The mapping Ag,s) is called the (m, n)-

symmetric (m, n)-linear mapping, associated with P. By [22, Theorem 3.1], the mapping Agf)

can be recovered by the values of P by means of the formula

¢) 1 S P
Ap (X1, Xmtn) = Smtngig Z €1---Emtn Z 2n+1“1’

€1, mn==1 j=1

(4)

X P(aj(erxr + ...+ &m¥m) + €1 Xme1 + - o -+ EminXmin),
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where «; = 2/ (2n41) forj € {1,...,2n +1}.
For convenience, we define (0, 0)-polynomials from X to Y as constant mappings.
A mapping P : X — Y is called a x-polynomial if it can be represented in the form

K t
P=Y Y Py (5)
t=0j=0

where K € Z and P;;_;is a (j,t — j)-polynomial for every t € {0,...,K} and j € {0,...,t}.
Let deg P be the maximal number ¢t € Z, for which there exists j € {0,...,t} such that
Py #0.

Results from [16, Proposition 1] and [16, Proposition 2] imply the following proposition,
which gives us the method of recovering of components of any *-polynomial P by its values.

Proposition 2. Let P : X — Y be a *-polynomial of the form (5), where X and Y are com-
plex vector spaces. Let Ay, ..., Ax be distinct nonzero real numbers. Let ¢, ...,ex be complex

numbers such that €3, ..., ¢ are distinctand |eg| = ... = |ex| = 1. Then

t K
Piij(x) = ZX;J jie] ZowtsP(Aser>
= s=

for every t € {0,...,K},j € {0,...,t} and x € X, where wys are elements of the matrix
W = (wts)t,s:W/ which is the inverse matrix of the Vandermonde matrix V., and uj are
elements of the matrix U = (uj) j1=0K" which is the inverse matrix of the Vandermonde matrix
Va.

2.
%

Suppose X and Y are complex normed spaces with norms || - ||x and || - ||y resp. Note that
an (m, n)-linear mapping A : X" — Y is continuous if and only if the value

1Al = sup [ACxw - o) Xmn) [y

22l x <1 [ mn [ x <1

is finite. Similarly, an (m, n)-polynomial P : X — Y is continuous if and only if the value

[Pl = sup |[P(x)[ly

[[x[lx<1

is finite. Formula (4) implies the following inequality

(m + n)m—i—n

(s)
lAp”Il < min!

P[] (6)

1.3 Algebraic combinations

A mapping f : T — K, where T is an arbitrary set and K = R or C, is called an algebraic
combination of mappings f1,..., fm : T — K over K if there exists a polynomial Q : K" — K
such that

f(x) = Q(fi(x), -, fn(x))

for every x € T.
Aset{fi1,..., fm} of mappings fi,..., fu : T — Kis called algebraically independent if

Q(fl(x)r'~~rfm(x)) =0
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for every x € T if and only if the polynomial Q is identically equal to zero. If a set of mappings
{f1,--., fm} is algebraically independent and polynomials Q;, Q; : K" — K are such that

Qu(f1(x), -+, fn(x)) = Qa(f1(x), - -, fin(x))

for every x € T, then the polynomial Q; is identically equal to the polynomial Q,. Thus,
every algebraic combination of elements of an algebraically independent set of mappings is
unique. An infinite set of mappings is called algebraically independent if every its finite subset
is algebraically independent. A subset B of some algebra of mappings A is called an algebraic
basis of A if every element of A can be uniquely represented as an algebraic combination of
some elements of . Evidently, every algebraic basis is algebraically independent.

1.4 The space /,(K")

Letn € N, p € [1,4+00) and K = R or C. Let us denote £,(IK") the vector space of all

sequences x = (x1,Xy,...), where xj = (x](l), .. .,x](n)) € K" for j € IN, such that the series

oo n
Y |x](s) |P is convergent. The space /,(K") with norm
j=1s=1

o n (s) 1/p
Il = (1 171

j=1s=1
is a Banach space.

Definition 1. A function f, defined on {,(K"), is called S-symmetric (or just symmetric when
the context is clear) if f(x o o) = f(x) for every x € {,(K") and for every bijection o € S,
where x 00 = (Xy(1), X¢(2), - - -)-

For a multi-indexk = (ky,...,k,) € Z", let |k| = k1 + ...+ ky. For every k € Z" such that

|k| > [p], where [p] is a ceiling of p, let us define a mapping H,E]Kn) Ap(K") — Kby

HE @ = 5 TT )"

j=1 s=1
ks>0

Note that H ,E]Kn) is an S-symmetric |k|-homogeneous polynomial. We will use following result,
proven in [11].

Proposition 3 ([11], Proposition 2). For p € [1,+o0) and for every k € Z'} such that |k| > [p],

the polynomial H]ECH) on {,(C") is continuous and HH,ECH) | <1

Theorem 1. Polynomials H,ECn), where k € 7" are such that |k| > [p], form an algebraic basis
of the algebra of all S-symmetric continuous complex-valued polynomials on £,(C").

Note that Proposition 3 implies that for p € [1,+0) and for every k € Z" such that |k| >

[p], the polynomial H,E]R”) on /,(IR") is continuous and HH,E]RH) | <1
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2 THE ALGEBRAIC BASIS OF THE ALGEBRA OF ALL SYMMETRIC
CONTINUOUS POLYNOMIALS ON £, (IR")

Let n € IN and p € [1,4). For every continuous m-homogeneous polynomial P on
{p(R™), which is, in general, complex-valued (we need this assumption for the sake of the
applicability of results of the current section in section 3), let us define an m-homogeneous

polynomial P : £ p(C") — Cin the following way. Let Ag,s) be the m-linear symmetric mapping

associated with P. Let AI(;) 4p(C") x ... x £y(C") — C be defined by

1

AP G zm) = 1 e 1AL () (o), )
n= Jm=

where operators wy, wy : £,(C") — £,(IR") are defined by

wo(z) = (Rex&l), ) ,Rexgn)),(Rexgl),...,Rexén)),...),

(

w1(z) = ((Imxgl),...,lmxgn)), (Imxél),...,lmxén)),...)

forevery z = ((xgl),...,xg )) (xél),...,xén)),...) € £,(C"). Note that operators w; and w, are
(s)

linear, continuous and |[wo| = [|w; || = 1. It can be checked that A" is an m-linear symmetric
mapping. By the continuity of mappings Al(f), wp and wq, the mapping AI%S) is continuous. By
(7), taking into account ||wp|| = ||w1]| =1,

145" < 245 ®

(s)

Let P be the restriction of Al(;) to the diagonal. Since the mapping A}’ is continuous and m-
linear, it follows that the mapping P is a continuous m-homogeneous polynomial. By (3), (7)
and (8),
~ 2m)™
121 < 1481 < 2"AR) < 2 . ©)

It can be checked that for every m;-homogeneous polynomial P and for every m>-homoge-
neous polynomial P,, which acts from £, (R") to C, where my,m, € IN, we have PP, = D, P;.
For every continuous polynomial P : £,(IR") — C of the form (2), let

P=Py+D +...+ P

Proposition 4. Let I' be an arbitrary index set. For every v € T, let P, : {,(R") — C be a
continuous m.-homogeneous polynomial, where m,, € IN. Suppose the set of polynomials
{P, : « € T} is algebraically independent. Then the set of polynomials {P, : « € T} is
algebraically independent.

Proof. LetI'g be an arbitrary finite nonempty subset of I'. Let us show that the set of polynomi-
als {P, : v € Iy} is algebraically independent. Suppose

oqﬁ—i Z ; H <P7(x))lm:O (10)

u=101Tg—=2Z+ v€T)
©(l)=p  U(7)>0
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for every x € £,(R"), where ag,a; € C, ' € N, 5(I) = LCoer, I(y)my. Forp € {1,..., '}, let

Q= ¥ T (px)"”

I:To—2Z+ Y€l

w()=p  1(7)>0
for every x € /,(IR"). By Proposition 1, taking into account (10), agp = 0 and, for every u €
{1,...,4'}, the polynomial Q, is identically equal to zero, i.e., [|Qu|| = 0. By (9), |Qu| <

2u)*

i |Qul|- Therefore ”QH || = 0. Consequently, Qy is identically equal to zero, i.e.,

Y w1 <ﬁv(z)>lm:0

I:'To—Z 4+ €l
#(D=p  U7)>0
for every z € £,(C"). Since the set of polynomials {137 : v € T} is algebraically independent,
it follows that every coefficient «; is equal to zero. Thus, the set of polynomials {P, : 7y € T}
is algebraically independent.

Since every finite nonempty subset of the set of polynomials {P, : € I'} is algebraically
independent, it follows that the set { P, : 7 € T'} is algebraically independent. O

Theorem 2. Let P : £,(IR") — C be a continuous m-homogeneous S-symmetric polynomial.
Then, in the case 1 < m < [p], the polynomial P is identically equal to zero. In the case
m > [p], the polynomial P can be uniquely represented in the form

P(x) = Z N H (H;SRn)(x))l(k),

ITy—Z. kel
w(=m  1(k)>0

wherex € £,(R"),0; € C, Ty = {k € 2. : [p] < |k| <m} and 5(I) = Lyer,, [k|I(K).
Proof. Let P be a continuous m-homogeneous S-symmetric complex-valued polynomial on
¢y(R"), where m € IN. Then P is a continuous m-homogeneous complex-valued polynomial

on £,(C"). Let us show that the polynomial P is S-symmetric. Let z € £,(C") and ¢ € S. Let
us show that P(z o 0) = P(z). By (1), taking into account that P is S-symmetric,

1
Al(as)(moa,...,xmotf):zm ' Z €1...emP(e1x100+ ...+ epmxpyo00)

m: €1, Em==x1
1

= il Z 81...€mP((81X1+...+€mxm)oa') (11)
m: €1, fm==1
1

= il Z €1...emP(e1x1+ ... + €mXm) :Al(f)(xl,...,xm)

€1, fm==1
for every xi,...,xm € £,(IR"). By (7) and (11), taking into account the equalities wy(z o o) =
wo(z) and w1 (z 0 0) = w1 (2),

1

e ‘ZO it Ap <w]-1 (zoo),...,wj,(zo U))
Jm=

1 . .
LY it A <w]-1 (z)00,...,wj,(z) o (7)
jm=0

le i Ap (wy, (2), . w; (z)) = P(2).

jm:o

-

~
=
Il
S

P(zo0) = Ap(zoo,...,z00) =
N———
m

I
M-

-
=
Il

)

I
-
S
3

-
=
Il

=
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Thus, Pis S -symmetric. So, Pisan S -symmetric continuous m-homogeneous complex-valued
polynomial on £, (C").

Therefore, by Theorem 1, the polynomial P can be uniquely represented as an algebraic
combination of polynomials H]ECH), where k € Z' are such that |k| > [p]. Since every H,ECH)
is a |k|-homogeneous polynomial and |k| > [p], it follows that, in the case m < [p], the

polynomial P is identically equal to zero. In the case n > [p], the polynomial P is an algebraic
combination of polynomials H,ECn), where k € Z"_are such that m > |k| > [p], ie.,

Py = ¥ ow T (1 @), 1)

ITw—Zy  kely
w(=m  1(k)>0

forevery z € £,(C"),wherew; € C,T, = {k € Z" : [p]| < |k| < m}and »(I) = Lyer,, |k[I(K).
Since polynomials P and H ,E]Rn)
respectively, by (12),

are restrictions to the space £, (IR") of polynomials P and H,ECH)

P = ¥ a1 (HN )" (13

ITy—Z.  kely
w(l)=m  1(k)>0

for every x € £,(R"). By Theorem 1, the set of polynomials {HISCH) : k € T'y,} is algebraically
independent. Consequently, by Proposition 4, taking into account the equality H ,E]Rn) =H ,Ecn),

the set of polynomials {H,E]Rn) : k € Ty} is algebraically independent over C. Therefore, the
representation (13) is unique. 0

Theorem 3. Polynomials HIERW), wherek € Z', are such that |k| > [p], form an algebraic basis
of the algebra of all S-symmetric continuous real-valued polynomials on £,(IR").

Proof. Let P be a continuous S-symmetric real-valued polynomial on /,(R") of the form (2).
Let us show that P can be uniquely represented as an algebraic combination of some elements
of the set {H,E]Rn) : k € Z",|k| > [p]}. By Proposition 1, for every j € {1,...,degP}, the
j-homogeneous polynomial P; is continuous, S-symmetric and real-valued. Therefore, by The-
orem 2, if 1 < j < [p], then the polynomial P; is identically equal to zero, otherwise

R" 1(k)
W=y w1 (B W)
lr]*>2+ kel"]
w(l)=j  1(k)>0
for every x € £,(R"), wherea; € C,I; = {k € Z_ : [p] < |k| < j} and 54(I) = Lyer, [K|! (k).
Let us show that all the coefficients «; are real. Since the polynomial P is real-valued, it follows
that P;(x) — Pj(x) = 0 for every x € £,(R"), i.e.,

n 1(k)
2 Y Ima ] (H,ER )(x)) —0 (14)
l:r]‘—>Z+ kEr]‘
()= 1(k)>0
for every x € £,(IR"). By Proposition 4, the set of polynomials

(") kez, K = [p]}
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is algebraically independent over C, therefore it is algebraically independent over R. Conse-
quently, by (14), Im«a; = 0 for every coefficient «;, i.e., every a; is real. Thus, we have that for
every x € {,(R"), P(x) = Py in the case deg P < [p], and

deg P

®") () "
P =R+ Yy, ¥ w [ (HX®) (15)
w()=j  1(k)>0

otherwise. Since the set of polynomials {H,E]Rn) : ke, |k| > [p]} is algebraically indepen-

dent over IR, it follows that the representation (15) is unique. O

3 SYMMETRIC #-POLYNOMIALS ON £, (C")
Letn € N and p € [1, +0). Let the mapping ] : £,(C") — £,(IR*") be defined by

J(z) = ((Rezgl),lngl),...,Rez&"),lngn)), (Rezgl),lmzél),...,Rezé"),lngn)),...),

where z = ((zgl), . .,zi")), (zgl), .. .,zé")), ...) € £,(C"). Let us show that the mapping J is
well-defined and bijective. Since all norms on IR? are equivalent, it follows that there exist

constants C > 0 and ¢ > 0 such that

1
e/ I+ B < (107 + [L]P) 7 < /|6 + |6 (16)

for every (t1,t2) € R2. Therefore
p
<\/\Rez 2+ [imz®)| )

i i(‘Rez}s)}p—i— ‘Imz](s)‘p> <C

oy )
j=1s=1 j=1s=1
o n ( )
=L LI = Clelly
j=1s=1
Thus, for every z € £,(C") the sequence ] (z) belongs to the space £,(IR*") and ||](z )H;7 (R2m) <
CPHZHZ(Q)I ie.,
17(2) I, (reny < Clizlle, em)- (17)

Thus, the mapping | is well-defined. Evidently, | is injective. Let us show that | is surjec-
tive. Let x = ((xgl),xgz), .. .’x:Eanl)’ngn)), (xél),xéz), . .,xézn*l),xgzn)), ...) € £,(R?"). Let
(2n—1)

us construct zy € £,(C") such that [(zy) = x. Let z, = ((xgl) + ixgz),...,x1 + ixgzn)),

(xél) + ixéz), ., xézn*l) + ixézn)), ...). Let us show that z, belongs to £,(C"). By (16),

(i )’
(%(}XJ(ZS—U}M ‘xjgzs)ml/;?)”

- 1
<}x](25 1)‘P+ ‘x](zs)‘;?> _ C_p”x”Zp(IRZ”)'

(e 9]

ZZ}xZS b +1x

j=1s=1

||
e
M= (D=

IN
e

\.
[ = T
—_
wn
I
LN

-
Il
=

|
(o)
S
1
™
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Thus, z, belongs to the space £,(C") and ||zx ||£ ) < 5 ||x|]p

< (Ren) , i.e., taking into account the
equality J(zx) = x,

177Gl () —HXHe (R2n) (18)

for every x € £, (R?"). Hence, the mapping ] is bijective. Note that the mapping ] is real-linear,
i.e., it is additive and J(Az) = AJ(z) for every A € R and z € ¢,(C"). By (17) and (18), both
mappings ] and ]! are continuous.

Proposition 5. For every continuous S-symmetric (my, my)-polynomial P : £,(C") — C the
mapping P o ]! is a continuous S-symmetric (m; + my)-homogeneous polynomial, acting
from (,(R*") to C.

Proof. Let P : £,(C") — C be a continuous S-symmetric (17, m;)-polynomial. Let Al(f)
be the (mq, my)-symmetric (mq,my)-linear mapping, associated with P. Let the mapping
Bj: (£,(R¥"))"™ "™ — C be defined by

Bﬁ(xlr SR xm1+m2) AP(] (xl) . 1(xm1+m2));

where x1,..., X 4m, € Ep(]RZ”). Since ]! is real-linear and Ap is (my, m;)-linear, it follows
that By is an (m + my)-linear mapping. By (6) and (18),

HBﬁ” = Sup ‘Bﬁ(xlr---/xml—‘rmz)’

<1,...

Hxlugp(]Rbg /errllerzH[p(]R2n)<1

= sup |Ap(J 7 x1), oo T g my)) |

[[x1 H(p(]R2n>Sll---/melﬂﬂzH[F(]RZn)

< sup IARIT o)l ey - 1T Ryl )
HxlH/gp(]RZn>Sll---/melﬂnzHZM]RZn)Sl

< 4rl su ™ (—

= cmi+my p 1 Ep(]Rzn)"' my+my Ep(]Rzn)

Hleé/pGRzﬂ)S]‘/"'/H‘xml+n72Hé/paRzﬂ)Sl

[Apll _ (m1 4 mg)™T"2||P]|
cmtm = g lmp et

Thus, ||Bs|| is finite and, consequently, B is continuous. Let P be the restriction to the diagonal
of By. Then P is the (mq + my)- homogeneous polynomial. Since |P|| < ||B 5|, it follows that P
is contmuous Note that P = P o ] 1. Let us show that P is S-symmetric. Let x € (p(R*") and
o € S. Note that [ ~1(x oc) = J~1(x) o ¢. Therefore, since P is S-symmetric,

P(xoo)=P(J Y(xo0)) =P(J '(x)o0) = P(J'(x)) = P(x).
Thus, P is S-symmetric. 0

Theorem 4. The set of mappings {H]E]Rzn) o]: ke Z¥, k| > [p]} is an algebraic basis of the
algebra of all continuous S-symmetric *-polynomials, acting from £,(C") to C.

Proof. Let P : £,(C") — C be a continuous S-symmetric *-polynomial of the form (5). By
Proposition 2, taking into account the continuity and the S-symmetry of P, for every t ¢
{0,...,K} and j € {0,...,t}, the (j,t — j)-polynomial P;;_; is continuous and S-symmetric.
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Therefore, by Proposition 5, the mapping P;;jo | ~1 is a continuous S-symmetric t-homo-
geneous polynomial, acting from ¢,(IR*") to C. Consequently, by Theorem 2, the polynomial
Pitjo J~!is identically equal to zero in the case 1 < t < [p], and, otherwise, the polynomial
Piyjo] ~1 can be uniquely represented in the form

_ pi 2 1(k)
(Bp-jel @ = ¥ o I (B )
T —Z kel

%f(l):t l(k)>0

where x € (,(R*"), rxl(j’t_j) €eCTIy={kez¥: [p] <kl <t}ands(l) = Lyer, K]I(k).
Therefore, taking into account that ] is a bijection, the mapping P;;; is identically equal to
zero in the case 1 < t < [p], and

L o l(k)

i@ = % o T (" en@)
l:rt%Z+ kel
()=t 1(k)>0

for every z € £,(C"), otherwise. Consequently, P = Py in the case deg P < [p], and

B¢ G4-5) (R21) 1K)
PR =R+ Yy Y, ¥ o T (S one) (19)
t= ’—p-‘ ]:0 l:rt%Z+ kel

%t(l):f l(k)>0

for every z € £,(C"), otherwise. By Proposition 4, the set of polynomials {H,E]Rzn) : k€
Z%", k| > [p]} is algebraically independent. Since ] is a bijection, it follows that the set of
*-polynomials { H]EIRZH) o]: keZ¥, k| > [p]} is algebraically independent. Therefore, the
representation (19) is unique. O
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AaHa poboTa NpucBsTIeHa BUBUEHHIO aATebp HellepepBHIUX CMMETPUYHIX, TOOTO, iHBapiaHTHMX
BiAHOCHO ITepeCTaHOBOK KOOPAMHAT iXHiX apI'yMeHTiB, IOAIHOMIB i *-TTOAIHOMIB Ha 6aHaXOBMX IIPO-
cropax £, (R") i £,(C") BCix cyMOBHMX y CTeTleHi p IOCAIAOBHOCTEIA 11-BUMIPHIX BEKTOPIB AiiicHMX i
KOMIIAEKCHIX UMCeA BiATIOBiAHO, Ae 1 < p < 0.

CxoHCTpyi10BaHO MAMHOXMHY aAre6py BCix HellepepBHIMX CUMeTPUYHMX OAIHOMIB Ha ITPOCTO-
pi £p(R") TaKy, 0 KOXeH HellepepBHMII CUMeTPWIHMIT TIOAIHOM Ha TpocTopi £, (IR") moxe 6yTn
€AVHVM UMHOM IIOAAQHWI Y BUTASIAL AiHIVHOT KOMbiHalIil AOGYTKiB eAeMeHTiB ITiel MHOXMHN. [HITmMN
CAOBaMM, CKOHCTPYJOBAHO aATebpaidnmii 6asuc aarebpy Beix HellepepBHMX CHMMETPIYHIX IOAIHO-
MiB Ha ipocTopi £, (R"). BukopucToBytoun AaHmit pe3yAbTaT, CKOHCTPYOBaHO aArebpaiunmii 6asmc
aATebpu BCiX HeTlepepBHIX CHMETPUYHMX *-TIOAIHOMIB Ha mpoctopi £, (C").

PesyabTaTyi paHOI PO6OTM MOXYTDH 6TV BUKOPMCTaHI AASI AOCAIAXEHD aArebp, sreHepOBaHMX
HelepepBHMMI CYMETPUYHMMY TTOAiHOMaMy Ha mpocTopi £, (R"), i aarebp, sreHepoBaHMX Here-
PepBHMMY CUMETPUYHMMI *-TIOAIHOMaMM Ha poctopi £, (C").

Kontouosi cno6a i ppasu: TIOAIHOM, *-TIOAIHOM, CMMETPUIHIIL IOAIHOM, CUMETPUYHMIA *-TIOAIHOM,
aArebpaiunmit 6asnc.



