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CONSTRUCTION OF THE FUNDAMENTAL SOLUTION OF A CLASS OF
DEGENERATE PARABOLIC EQUATIONS OF HIGH ORDER

In the article, using the modified Levy method, a Green’s function for a class of ultraparabolic
equations of high order with an arbitrary number of parabolic degeneration groups is constructed.
The modified Levy method is developed for high-order Kolmogorov equations with coefficients
depending on all variables, while the frozen point, which is a parametrix, is chosen so that an
exponential estimate of the fundamental solution and its derivatives is conveniently used.
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INTRODUCTION

A fundamental solution of the inverse Cauchy problem for degenerate parabolic equations
of second-order variables with smooth coefficients was constructed first by M. Weber [10]. Un-
der the same conditions on the coefficients, a fundamental solution of the Cauchy problem
was constructed in [5], in the case of Holder coefficients for second-order equations with two
degenerate groups. The Levy method was modified in [7], and in Banach spaces in [8], for the
second order Kolmogorov systems with one degeneracy group [4]. The Kolmogorov equation
of high order has features that make it easy to use the Levy method for constructing a fun-
damental solution. The parametric method was applied to a degenerate parabolic equation
of high order with one group of parabolic degeneracy variables in [2,3,9] and with two de-
generate groups in [1] and with four degenerate groups for Kolmogorov type systems of the
second order in [6]. We modified the Levy method with respect to the properties of a fun-
damental solution of high-order Kolmogorov-type equations with coefficients dependent only
on t, in particular a selected point which is a parameter so that an exponential estimate of the
fundamental solution and its derivatives is conveniently used.

1 DESIGNATION, TASK STATEMENT AND MAIN RESULTS

_ p
Let us denoteby nj € N,j = 1,p,ny > ny > --- > np, ng = j;lnj, x = (x1,...,xp),

Xj = (x]-l,...,x]-n],), Xj € R",x € R™, & = (él/---lép)lgj = (gjl,...,é]'nj), §] € R", & € R™,
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j j
. )y . Y
x(0) = (x1,...,%) € Rk=1nk, &) = (81,...,8) € Rk=1nk,]’ = 2,p. T'(a) is Euler’s gamma
function and B(a, b) is Euler’s beta function.
0 u—wfv
' 4

U oy ,
§]+2xk( T;{) ( §]1+Zxk1(] k)"' §]n~|—2xkn G—h)!

_1\14 2b
fn@mxgnz(me@ﬂa—ﬂzﬂ,q:%tqbeN

(i) - #0) (t—1)" —(j-1+%) -
pj<t,x ,T,C )z (t—1) ,J=2,p,

-1
_E+ -~
Xj =G k;xk (j —k)!
_ )Pk
&t 1) = (gl,éz G1(t—1),. §P+Z nr kgk(t(P%)k)!>.

We investigate the Cauchy problem for the equation

p—1nj41
oru (£, x) Z Z xmaxjﬂyu (t,x) Z a (t,x)Dy,u (t,x), (1)
j=1 p=1 |k|<2b
with the initial condition
u(t,x) P =up(x), 0<t<t<T, (2)

where T is a fixed number, and operator

—1)kgfat

k k (
— E ax (t,x)Dy,, Dj, = ,
1 1 kq L
|k|<2b dxy'...0xy,

k| = ki +--+ky,, (3)

is uniformly parabolic in the sense of Petrovsky in the strip Ijg ) = (f,x), x € R",0 <t <T.
Let us suppose that

1) ax (t,x), dxax (t,x), j = 2, p, are continuous and bounded in Iy 7,

2) there are constants « € (0,1], v € (0,1], such that for any x € R™,¢ € R™ and t € [0, T]

p
lag (t,x) —ar (t,0)] < 1 (\xl =G+ ) |y _éf‘> /
=

(b%) = (£8)| <crlx—gl’,  j=2p.

Theorem 1. If conditions 1)-2) are satistied, then equation (1) has a fundamental solution of
the Cauchy problem (1)~(2) Z(t,x; T,&) att > T and the following estimations hold:

Poop(s—1)+1

- X Ng+|Mg
txro|<ae-o =5 * "Toxg,

ms—OatS#], —1]—217/

p
|| 2b(s—1)+1
—— % L 2 s

041 Z(t, 7, 8)| < Ay (t—T) =2 D (t,x;1,8),
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|mi| <2b, x € R™, € R™, 0 <71 <t<T, where

CI)thg ZAS (14_%)]"(%)]—'1(1%—%)
X exp {—Com(t, x1,7,61) — 27 2P¢, ZP] <t xV ‘: )}

=

and positive constants A, Ay, ¢o depend on ng, 2b, c1,«,r, and the constant of parabolicity of

the operator (3) is  sup |ax(t,x)| and a* = min(a,r).
(t,x)el—I[o,T]

Proof. To prove the theorem, we write equation (1) in the form

p—11j41
oru (t, x) Z wa mﬂ” (t,x) Z ay (t,¢ ( tT))Dk u(t,x)
j=1pu= |k|=2b (4)
+ Y [a(tx) —ag (K€ (HT)DEu (b x)+ Y ap (b x)DE u(t,x).
|k|=2b |k|<2b

Let us denote by Zy(t, x; T, ; ¢ (¢, 7)) the fundamental solution of equation

p—1mj+1
oru (t, x) Z Z XjuOx;, it (£, X) = Y a(tE(, 7)) Dk u(tx). (5)
j=1p=1 |k|=2b

Fundamental solution Zy(t, x,; 7, ;¢ (¢, T)) of equation (5) is constructed in [5], where ¢ is
fixed. For derivatives of Zy(t, x; T, ;¢ (t, 7)) the following inequalities are performed

- z 200D (11,4 m )
0% Zo(t, x;7,8;¢ (7)) < Cu(t—1) ==

4 . .
X exp —Co ZP] <tr x(])/T/ g(])) +P1 (tr X1,7T, 51) ’

j=2

(6)

0
]

=Y Mmjy, t > 7,Cy > 0.
k=1

where |m| =

Fundamental solution Z(t, x; T, {) of equation (1) will be sought in the form

t
Z(t,x;7,8) = Zo (£, %,7,5;¢ (7)) +/T dﬁ/RnO Zo(t, x; B, v;v (8 B) @ (BT, 8)dy,  (7)

where ¢ (t,x; T, ¢) is an unknown absolutely integrable on R™ function at f > 7.
We substitute (6) into equation (1) with respect to the function ¢ (t, x; 7, ¢), then

t
P (txT,8) = K(bxT,2)+ [ K626 w78y ®

where
K(bxt,d)= Y (a(tx) —a (4,8 (4,70)D5 Zo (1,350, 5E (1,7)
Ik|=2

+ ) @ (t,x)quZO (t,x;7,8¢(LT)).

|k|<2b



82 MALYTSKA G.P., BURTNYAK I.V.

The solution of equation (8) can be represented by a Neumann series

p(t,x;T,8) =) Ki(tx1,3), (9)

n=1

where

t
Kt xt,8) =K (tx18); Ki(txt,8) = / ap / K(t,x;,7)Kn—1 (B, 7; T, §) dry. (10)
T R"0

Let us show the convergence of series (9) and the required estimation of the function for
the Levy method ¢ (¢, x; 7, ) and its increments.

Using the following lemma, which generalizes Lemma 2 and Lemma 1 in [3] for equation
(1), we can obtain estimates for K, (¢, x; 7,¢) and K (¢, x; T, §).
Lemma 1. For any points (t,x), (B,¢), (t,y), 0 <t < B <t x € R"™ e R yeRM,
b € N, 2b > 2 the following inequality holds

p . . 4 . .
o1 (t,x1,B,81) + Y pj (t,x(]),ﬁ,ﬁ(”) +p01 (B, ¢, T y1) + Y pj (/3,5(7),T,y(’))
j=2 j=2

p (11)
> 272}7 ( p] (t, x(f),r,y(7)> +p1 (t, X1, T,y1)> .
j=2
The proof of Lemma 1 is based on the inequalities
oy (t,x(”),ﬁ,(j(”)> +0p (/3,5(’7), T,y(P))
) p—1 ) . 1 AN (12)
>2" < Xp—Yp+ ), [xk(t_ﬁ)p_ + k(B —T)F" ] (p_k),'(t—r)_”+ _2b> .
j=1 :
From (12) we can get
p—1 . q
( Xp—Yp + kZ {xk(t — B+ (B - T)p_k] (p—kn~H (¢ r)‘i’“_zb)
=1
p—1
>27" ( Xp—Yp+ ) [xk (t— B "+ & (- T)p_k] (p—k)H~
- (13)

_ - q
x1 (B~ r)(Pp 1:;)(!1? -p' (t— r)vﬂz—i)

N i ([‘xlﬂ — il (B~ T>”_1] (p—kn)'(t- r)—P“—z—iy_
=

X

Applying (12) to the first part of (13) (p — 2) times, we have

[

p—1
xp—yp+ Y (a(t—= B+ (BT )N(p-K)H~!

k=1

q
(t— T)p“z—lb)
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oy "” _ Cp1-1N\4
> 2720 D, (1,5, 7,y ) = 1 (Jx = &l (B=0" ) (p=1) 7 (=) 7

u=1
—17 j—1 , 1| (B—T)P~ -1 ?
Z Z X = G + Y, wg (= BV (G =R | s (b))
o R i (r—7!
(14)
Taking into account the inequalities (11)—(14), we get
-1 np j—1 ] ‘ B
¥ )2 (xm—cw}:xky (= (G- E- T (-7
j=2 u=1 k=2 ( )
. 1 p
x <t—r>”ﬂ%> —22 % (b=l B— 0" ((p -1y (e -0 PE)
u=1
We will collect all of the terms that contain x, 1 — &, 1
ny p—2
Pp—1 (ﬁ/ x(pil)/ ,Br C(pfl)) - 272(’771) Z < xpfly - gpfly + Z xk(t - ,B)pilik
1 CpiqonNg A
v _ _ p+1
X ((p —1— k)') (:B T) (t 5) 2b> > y=;p+1 < Xp—1u gf’*lﬂ
p—2 (t—p) Pk " T 2p—1) (16
+ Xjy————— t AR IS 1—27°P"
IR e T () ) L )

q
X ( (t—r)_”+2_21b> :

Repeating all inequalities (12), (16) for the terms 0; (t,x(j),ﬁ, C(j)> +pj <ﬁ, C(j),r,y(j)> ,
j = 1,p — 1, and adding their together we have

P . )
o1 (t,31,B,81) + o1 (B, Ty + 1 (ot x), B,E)) +p; (8,6, 7,y ))

j=2
p , ;
> -2 Y p; (t,x(f),T,y(7)> +po1(tx1,T,01) |-
j=2

Lemma 2. The following estimations are performed for reproducing kernels:

P (1+2b(—-1
-y ( (2]b ))n] 1+nux

|[Kin (,%;7,8)| < At —1) T

17)
X exp {p1 (t,x1,B, &) —272P"¢ ZPJ < ]'),T,(:(]')> } )

atm < m* — [i ((1+2b(j—lxl))nj+2b)
j=1

+1
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-1
. 1 ak al
|Km+l (t/ X; T, C)| S A%Jr k|:O| B (% 1+ 219) (t — T) 2b

p . .
X exp {—cp1 (t,x1,B,¢1) — o—2p(m+) Z < x0T, g(])) },

(18)

atm+1>m*.
From (17), (18) it follows the convergence of a series (9) following for ¢ (t,x; T, ¢)

P (142b(j=1))n;+2b—a
-

90 (tx%7,8)| < At —1) - @ (t,x;7,E) . (19)

Let us prove the existence of derivatives dx, ¢ (t, x;7,§) , j = 2,p,att > T.

Under the assumption 1), there are continuous derivatives aij (t,x;7,8), ] = 2, p satisfy-
ing the estimations

oK (t,x; 7T, (’j)) < Aexp{—c <Zp] (t xU), ¢, gl ) +p1 (t,xl,T,(_;"l))}
J

(20)
o f (Zb(slengl)nsijf(lZ;a )

X (t—1) =1 , t>T.
To prove the existence of derivatives 9, K (t,x;7,¢) , j = 2, p, we use the following property of
the fundamental solution of equation (5) with § (t, T) = y, where y is a parameter

=114

oru (t, x) Z Z xmaxﬂyu (t,x) Z (t,¢(t,1)) Df{lu (t,x).
j=1p= k|<2b

Property 1. If a; (, ) have continuous bounded derivatives by the parameter y up to the order

r, then there are continuous derivatives by v, 0} 8;”1 Z0 (t,x;7,¢;y), s €0,r,and

P; <t x() é()) + 01 (t X1,7T, §1>>}

'[\1‘3

0y, 0’ Zo(t X T,C; y)‘ < Cmexp{—c(

2

/= (21)
LG
% (t _ T) =1 2b 2b
Let us consider dy, K (t,x;B8,7), 4 =1,np. Then
ox, K (t,x;B,7) = Z (Ox,,ak (£, x) — Ok (8,7 (£, B)))
Ik|=2b
x DY\ Zo (B, ;7 (,B) + Y (ax (£ (£,8)))D%, Zo (t, ;8,77 (£, B))
Ik|=2b )
+ Z (llk (t/x) — dg (t/,)/ (tlﬁ>))axpyD§1ZO (t/x’.ﬁ’ VY (t’lB)>

|k|=2b

—+ Z axwak (t, x) Dﬁle (t/ X; ,Br Yy (t/ :B)) .

|k|<2b
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Let us rewrite (22) by a convenient form for applications

I, K (1, :8,7) = ) (Ox,,ax (£, %) — 0y ar (£, (£, B)))
Ik|=2b

x DX Zo (t, % 8,77 (£, B)) — 01, ( Y. (ak(tx) ak(tlv(tlﬁ)))

Ik|=2b

x DY, Zo (t, % B,7;v (tB) + Y (ax (t,x) —ax (t,7 (£, B)) (23)
Ik|=2b

x Dy DAZo (%8, 07 (66)) 7=y + X (ak (2)),, D5 Zo (68,77 (8, B)
|k|<2b

+ Y @m0y, DX Zo (658,77 (4,B)) [y=y — Y ax (£, x)D},94,,Z0 (t, % 8,77 (£ B)),
|k|<2b |k|<2b

where y = 1,n,, 7 = (’)/1, .. .,'yp,l,Tp) . Using the images (23), estimates (6) and (21) and

integrating by parts of the terms with d,,, , we can get dx, K> (£, x;T,¢) = ;llin(l) fot*h B [rno Ox,y
%

K(t,x; B,v) K (B, 7T, 8)dv.

From the estimations of reproducing kernel (18), estimations of derivatives of the ker-
9ako (4, 57,8)| < Arexp{ —ca(1-¢) (p1 (11, 7,00)

P (1+26(~1)n;
— X gy P (1-at) /20
+27% EPJ (t 0,7, ¢ ) +P1(frx1,T,61)>}(f—T) = att > 7. By

m (t,x;T,¢) for any m

nel (20) and Lemma 1, we obtain

the method of mathematical induction we can prove the existence d
and evaluation

P ‘ .
Ox,, Kim (t,x; T, 5)’ < Am(e)exp {—ca(1 —em)(p1(t, x1,7,&1) +27"P Zp]- <t,x(]),r, 5(]))

| j=2 (24)
+o1 (X, T, 8)}(E—T1) o

xw

[e ]
Taking into account the estimation (24), we can estimate the series 8xW‘Km (t,x; 7,¢)bya
m=1
converging series:

P (142b(j—1))n;

v : - Y 2 -p—(1-a*m)/2b
Z axpme (t, X, T, g) < Z Am(t _ T) j=1
m=1 me1

p . .
er {_CZ ) (Cmpl (t,x1,T,81) + 272" (o1 (t,x1,7, 1) + Y 0 (f,x(”,r,é‘(])))}
=2 (25)
>(< k 2k kDC*
b -1
+ZA0< ( >FAO> (t—T1)2T ( 2b>

p . .
T {_CS (C‘”*"“Pl (t 21,7, 81) 427270V oy (110, 80) + 1y (130, 7, c“)>>} '

j=2

Po(1+2b( +2bp+1
where [= [ Y 02)”] P
]:

+1,and Ap, F are positive constants,

F= (2/000exp{—%2}d0¢>n0.
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The series Z apr (t,x;7,¢)at0 < 6 < t—1 < Tisconvergent uniformly and absolutely.

m=1

Then 0y, ¢ (t,x;7,8) = Z apr(t x;7,¢) and 0y, Ky (t,x;T,§) are continuous, then in the

domain of convergence and 8 L@ (t,x;T,¢) continuous function. Inequality (25) will be written
in the form

P (142b(-1)n;
- 42 T p—(1—a*)/2b
dx, ¢ (t,x,7,8)| < A(t—1) /= D (t,x1,C).

Let us consider 8x].HK (t,x:B,7),j =2,p—1,u=1,n; For p = n;_1+1,n; formula (23) is
true with the corresponding replacing p by j. For y = 1,n;_1, dx, K (t, x; B, y) can be written in
the form

Ox, K (t,%;B,7) = MZ:b [axwak (t,x) — 9y, ax (£, y) ‘y:ﬂ,(tlﬁ)] Dy, Zo (t, % B,7;v (£, B))
—2

|k|=2b

— O, ( Y [a(t,x) —ac (8,7 (,B))] D, Zo (f,x;ﬁlv;v(f,ﬁ)))

+ Y [ (60— ag (o (6B))] 35, D520 (6, 8,77 (£ B)) [5—
k|=2b

p=j
+ 3 ) la(tx) = ag (6 (4 B))] 9y, D%, Zo (8,568,777 (1, B)) |5

1=1 |k|=2b
| ki 1(t—p)r (26)
DG B 9 e (1 Gy
x D53y, Z0 (658,17 (6B) + X (@ (%)), D, Zo (6,5 B,7:7 (£, B))
|k|<2b

+ Z a'ijak (trx)D§1Z0 (trx},Br’)/;’)/(trﬁ))

|k|<2b
+ Y a(t,x) D50y, Zo (6% 8,77 (£ B)) [5=9

|k|<2b

+(_1)lw% Z a (t,x)D Zo (t, ;8,77 (t,B))
(p—j—D!' [z 1 k|=2b . g P10 e

Kernels have the highest singularity at the variable x,. Also, using (26) we have the exis-
tence of ax],go (t,x;7,8), j =2,p — 1 and the following estimations

Poa4on(i—1))ns—a*+1 i

I, (tT,8)| S A(t—1) = » ®(t,x;7,8), j=2,p—1

Using arguments like in [1] we can get

t
Ahxlq) (t’ xXT, g) = AhJC1I< (t’ xXT, g) +\[L’ d:B /R"O AhJC1I< (t/ X; :3/ ,)/)K (ﬁ’ Y g) d,)/
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Applying the technique developed for parabolic systems in [6], and the evaluation of re-

producing kernels, we obtain

& agb(—1)ns—(1-ap) .
2b

}Ahxlqo(t/xfflé’)} < |hX1|{X1(t_T) =1 CD(t,x;T,(_;"),

w1 >0, 00 >0, 01 +a1 = a.

The existence and evaluation of a’jch (t,x;7,8), |k| <2b,att > 7, are established for both

of the cases of parabolic equations and systems in [6]. The theorem is proved. O

(1]

(2]

(3]

(4]

(5]

(6]
(7]

(8]

%]

[10]
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Y crarTi MoAMdikoBaHNM MeTOAOM AeBi O6yA0BaHO (pyHKuUifo [ piHa AASI OAHOTO KAACy yAb-
TpanapaboAiUHNX piBHSHbD BICOKOTO IIOPSIAKY 3 AOBIABHOIO KiABKICTIO TPYII BUPOAKEHHS Iapabo-
AlurOCTi. MoandikoBaHmT MeTOA AeBi po3po6AeHO AAS PiBHSHD KOAMOTOpOBa BIMCOKOTO MOPSIAKY
3 KoedpillieHTaMM 3aA€XHMMI Bij yCiX 3MIHHIMX, TIpM IIbOMY 3aMOpOXKeHa TOUKa, sIKa € ITapaMeTpH-
KcoM, ImiaibpaHa Tak, 106 3pyUHO BUKOPMCTOBYBaAacs €KCIIOHEHITiaAbHA OIliHKa (PyHAAMEHTaAb-
HOTO PO3B’s13Ky Ta JIOr0 IMOXiAHMX.

Kntouosi cnosa i ppasu: BuposXeHi mapaboaiuHi piBHSIHHS, MOAMMiKOBaHMIA MeTOA AeBi, piBHsI-
HHs1 KoaMoroposa, pyHAaMEHTaABHII PO3B 130K, TapaMeTPIKC.



