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RELATED FIXED POINT RESULTS VIA C,-CLASS FUNCTIONS ON
C*-ALGEBRA-VALUED G,-METRIC SPACES

We initiate the concept of C*-algebra-valued Gj-metric spaces. We study some basic properties
of such spaces and then prove some fixed point theorems for Banach and Kannan types via C,-class
functions. Also, some nontrivial examples are presented to ensure the effectiveness and applicabil-
ity of the obtained results.
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1 INTRODUCTION

One of the main directions to obtain possible generalizations of fixed point results is the
introduction of new types of spaces. For instance, Ma Z., Jiang, L. and Sun, H. in [21] initiated
the notion of C*-algebra-valued metric spaces, where the set of nonnegative reals was replaced
by the set of positive elements of a unital C*-algebra. Going in the same direction, many papers
appeared. See, for example, [16,17,20,22,23,34, 36].

In [19], the concept of a C*-algebra-valued modular space has been introduced. It general-
ized the concept of a modular space. Now, let T : X, — X, be a self-mapping on a complete
C*-algebra-valued modular space such that there are c € A and A, 0 € R with ||c]| < 1 and
A > o so that

p(A(Tu —Tv)) 2c*p(o(p —v))e,  Vu,ve .

Then T admits a unique fixed point in X, ([19]).

Bakhtin [10] considered the class of b-metric spaces. Later, many works such as [5-7,11,
12,30] have been provided. In [9], the concept of complex valued metric spaces was initiated.
Rao et al. [32] initiated the concept of complex valued b-metric spaces. Mustafa and Sims
[24] considered the class of G-metric spaces, where the considered metric depends on three
variables. For other related papers, see [1,2,8,18,27,29,31,35].

The notion of G,-metric spaces was presented by Aghajani et al. [3] (see also [25]). Later,
Ege [14] introduced the notion of complex valued G,-metric spaces and proved the related
Banach and Kannan type fixed point theorems. In [15], Ege proved a common fixed point
theorem via a-series. For other results on G,-metric spaces, see [26,28,33].
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Very recently, Ansari et al. [4] defined the concept of complex valued C-class functions.
Also, Moeini et al. [22] presented the notion of C,-class functions.

In this presented work, we introduce the C*-algebra-valued G,-metric spaces which gener-
alize the complex valued G,-metric spaces. By using Ci-class functions, we establish Banach
and Kannan type fixed point theorems in C*-algebra-valued G,-metric spaces. To support our
results, some nontrivial examples are also given.

Definition 1 ([3]). Let E be a nonempty set and s > 1. If the function G : EX E X E — R4
verifies:

(Gpl) G(p,1,8) =0ifu=n=7¢;
(Gp2) 0 < G(p, 1) forallu,n € E withu # n;
(Gp3) G(p, ) < G(w,1,6) forallp,y,& € E withyy # ¢;
(Gpy4d) G(u,n,8) = G(p{u,n,¢}), where p is a permutation of u, 1, &;
(Gp5) G(u,n,¢) <s(G(p,a,a)+G(a,n,¢)) forallu,n,¢,a € E,
then G is said to be a G,-metric and (E, G) is called a G,-metric space.
Mention that any G-metric space is a G,-metric space with s = 1.
Proposition 1 ([3]). Let (E, G) be a Gy-metric space. For any u,1,{,a € E, we have
(1) if G(p,1,8) =0, thenp =n =¢;
(i) G(u,1,8) < s(G(p 1) + G, 1, 8));
(i) G(p,11,1) < 25G (1, , )
(v) G(u,1,8) < s(G(p,a,8) +G(a,1,8)).

Definition 2 ([3]). Let (E, G) be a G,-metric space and {j,} be a sequence in E.

(i) {pn} is Gy-convergent to u if for each ¢ > 0, there is po € IN so that G(u, pp, ug) < €,
p.q = po-

(ii) {pn} is said to be G,-Cauchy if for every e > 0, there is py € IN so that G(pp, g, 4i) < €,
P, 4,12 po.

(iii) If each G,-Cauchy sequence G,-converges in (E, G), then (E, G) is called G,-complete.
Proposition 2 ([3]). Let E be a G,-metric space. We have the following equivalences:
(1) {pn} Gy-converges to y;
(2) Gpp, pp pt) — 0asp — oo;

(3) G(pp, pt, ) = 0asp — co.
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A Banach algebra A (over the field of complex numbers C) is called a C*-algebra if there
exists an involution * in A (i.e., an operator * : A — A verifying a** = a for every a € A) so
that, forallc,d € A and 57,v € C, we have:

i) (nc+vd)* = qc* + vd*;
(i) (cd)* =d*c*;
(i) [le*ell = flel|.

By (iii), we have ||c|| = ||c*|| for each ¢ € A. also, (A, ) is said to be a unital *-algebra if
the identity element 15 is contained in A. An element ¢ € A is called positive if c* = c and
its spectrum o (c) = {A € R : A1p — ¢ is noninvertible} C Ry. Denote by A the family of
positive elements in A. Define the partial order =" on A as

d>ciff d—ce AL

If c € A is positive, we write ¢ = 0p, where 04 is the zero element of A. Each positive element
a of a C*-algebra A has a unique positive square root. Denote by A a unital C*-algebra with
identity element 15. Moreover, A, = {c € A:c > 0p} and (c*c)% = |c|.

Lemma 1 ([13]). Let A be a unital C*-algebra (15 is its unit).
(1) Foreachz € A,z < 1p iff|z]| < 1.
(2) Ifc € Ay with||c|| < 1, then 1 — c is invertible and ||c(1a —¢) 1| < 1.
(3) Letc,d € A sothatc,d > 0p and cd = dc. We havecd > 0p.

(4) Put A' = {c € A :cd = dc,Vd € A}. Letc € A',d,e € A withd = ¢ = 0p and
1a — ¢ € A is an invertible operator. We have

(1a —c)'d = (1p —c) te.

Note that if 0o =< ¢,d, we have not 05 < cd in a C*-algebra. Indeed, take the C*-algebra

(32 (1 -2 (-1 2 .
M, (C) with ¢ = <2 3>,d = <_2 4 ),thencd = (_4 8)’ Clearly c,d are in

M, (C), while cd is not.
The notion of complex C-class functions has been initiated by Ansari et al. [4].

Definition 3. Define S = {z € C : z = 0}. Let F : S — C be a continuous function. Such F is
said to be a complex C-class function if for all p,q € S

1) E(p.q) 2 p;
(2) F(p,q) = p implies that either p =0 orgq = 0.

For examples of these functions, see [4].
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2 MAIN RESULTS

First, we initiate the concept of C*-algebra-valued G,-metric spaces.

Definition 4. Let A be a unital C*-algebra and E be a nonempty set. Lets € A be such that
sl > 1. A mapping G : E X E x E — A, is said to be a C*-algebra-valued Gy-metric on E if

(CGy1) G(p,1,8) =On ifp =1 =¢;
(CGyp2) Op < G(p, i, y) forally,n € E withu # 1;
(CGy3) G(u,wm) = G(p,n,¢) forally,n,§ € E withy #&;
(CGy4) G(u,n,&) = G(p{u,n,¢}), where p is a permutation of y, 1, ;
(CGy5) G(u,n,¢) =s(G(pu,a,a) +G(a,n,¢)) forall u,n,¢,a € E.
The triplet (E, A, G) is called a C*-algebra-valued G,-metric space.
Remark 1. By taking A = IR, a C*-algebra-valued Gy-metric space is a (real) G,-metric space.
As in Proposition 1, we have the following.

Proposition 3. Let (E, A, G) be a C*-algebra-valued Gj,-metric space. For all u,1n,¢ € E, we
have

() G(u,1,6) 2s(G(u, m,m) + G, 1, ¢));
(i) G(w,m,1m) =2 25G(n, b, ).

Definition 5. Let (E, A, G) be a C*-algebra-valued G,-metric space and {u,} be a sequence
inE.

(i) {pn} is Gy-convergent to x € E with respect to the algebra A iff for each a € A with
Oa < a, thereisk € IN so that G(x, jip, 1iq) < a forall p,q > k.

(i) {pn} is called G,-Cauchy with respect to A if for eacha € A withOp < a, thereisk € N
so that G(pp, g, i) < a,p,q,i > k.

(iii) If each Gy-Cauchy sequence with respect to A Gy-converges with respect to A, then
(E, A\, G) is said to be complete.

Proposition 4. Let (E, A, G) be a C*-algebra-valued G,-metric space and {j, } be a sequence
in E. Then {j,} is Gy-convergent to y with respect to A iff ||G(y, pn, pm)|| — 0 as n,m — oo.

Proof. (=) Let {un} be Gy-convergent to u with respect to A and leta = €.1 (where ¢ > 0).
Then 0p < a € A and there is an integer k so that G(y, pin, #m) < a for all n,m > k. Thus,
1G ity s i) | <l = € and 50 |G 1, i, por) | — O 25 1,11 — c0.
(<) Suppose that |G(u, pn, im)|| — 0as n,m — oo. Fora € A with0p < a, thereisd > 0
so that forz € A,
|z]| <6 = z<a.

For such a § > 0, there is an integer k so that |G(x, un, pm)|| < 9, i-e., G(4, yn, pm) < a for all
n,m >k, ie., {pn} is Gy-convergent to y with respect to A. O
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From Proposition 3 and Proposition 4, we state the following.

Theorem 1. Let (E, A, G) be a C*-algebra-valued G,-metric space. Let {ji, } be a sequence in
E and u € E. We have equivalence of the following:

(1) {pn} is Gyp-convergent to yu with respect to A;
2) G (up, pp, )l — 0 when p — oo;

3) IG(pp, i, u)|| — 0 when p — oo;

(4) |IG(pg, tip, )| — 0 when p,q — co.

Proof. (1) = (2). It follows from Proposition 4.
(2) = (3). From Proposition 3, one writes

G(pn, ) = 8(G(pn, pins 1) + G(pn, pins 1))

Using (2), we get
|G(pn, 1, 1)|| — 0asn — oo.

(3) = (4). Using (CGp4) and Proposition 3,

G (s pins ) = Gty ) = (G, o 1) + G, i, 1)) = (G (s, ) + G, s i) )

Then ||G(pm, pin, #t)|| — 0 as m,n — oo.
(4) = (1). By (CG3) and (CGp4), we have

G, pins tin) = G(pn, o in) = 8(G(pns s i) + G(fm, o, pin))
= G (pn, p, tim) + 252G (sm, pins 1))

Using the equivalence in Proposition 4, ||G(pm, pn, )|l — 0 as m,n — oo. Therefore,
|Gy, pin, pin)|| — 0 as n — oo. O

Theorem 2. Let (E, A, G) be a C*-algebra-valued G,-metric space and {y,, } be a sequence in E.
Then {uy } is Gp-Cauchy with respect to A if and only if |G (pu, pim, yp)|| — 0 asn,m, p — co.

Proof. (=) Letb = €-1p and € > 0 be a real number. Then 0p < b € A and so there is an
integer k such that G(ptn, pim, pt1) < b for all n,m,1 > k. Thus, |G (pn, m, t1)|| < ||b|| = € for all
n,m,l > k.

(<) Assume that ||G(pn, m, t1)|| — 0as n,m,l — oo. For b € A with 0p < a, there is
v > 0sothatforz € A

llz|| < implies z < b.

For such a 7, there is an integer k so that |G(un, pm, p1)|| < 7y for all n,m,l > k. That is,
G(pn, m, 1) < b for all n,m > k. Then {u, } is Gy-Cauchy with respect to A. O

Example 1. Let E = R and A = M;(R) the set of all 2 x 2 matrices. Consider the usual
operations: scalar multiplication, addition and matrix multiplication. For A € A, consider
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1
|A|l = (Zﬁjzl \aij]2> *. The operator x : A — A given as A* = A, is a convolution on A.
Thus A becomes a unital C*-algebra. For
a:<ﬂ11 a12 >, b < bii b > € A = My(R),
Ay by b

consider a X b itf (a;; — b;;) <0, for alli,j =1,2.

Define d(x,y) = diag(|x — y|,|x — y|) with "diag” is a diagonal matrix and x,y € R. Sup-
pose Dy, (d)(x,y,z) = max{d(x,y),d(y,z),d(x,z)} forall x,y,z € E. DefineG : EXE X E —
A+ by

Glx,,2) = (Du(@)(x,2)),

where p > 1 is an integer. It can be proved that (E, A,G) is a C*-algebra-valued G,-metric
space withs = 2P~ 1.1,.

To define the set of C-class functions (which contains complex valued C-class functions
of [4]), it suffices to use the family of elements of a unital C*-algebra instead of the set of
complex numbers.

Definition 6 ([22]). Let A be a unital C*-algebra and F : AL x AL — A be a continuous
function. Such F is said to be a C-class function if for allc,d € A :

(1) F(c,d) = ¢,
(2) F(c,d) = c implies that eitherc = 0p ord = 0p.
Let C. be the set of C,-class functions.

Remark 2. If we replace A by C in Definition 6, the class C. corresponds to the set of complex
C-class functions.

Example 2. Consider A = M;(RR) as defined in Example 1.
(1) GivenF, : Ay x AL — A asF.(c,d) = c—d, thatis,
F <C: ( C11 12 ) g ( di1 dio )) _ ( c11 —din c12 —di2 )
o ¢ )’ dy1 dxp Co1 —da1 Cpp —dxp
forallcyq,dyy € Ry, (p, g € {1,2}). Then F, € C..
(2) GivenF, : Ay x A+ — A as
€11 C12 din dio _ €11 C12
F. , =A
Co1 €22 dy1 dxp C21 €
forallcyq,dyy € Ry with (p,q € {1,2}), where A € (0,1). Then F, € C..

Example 3. LetE = L®(M) and U = L?(M), where M is a Lebesgue measurable set. Let B(U)
be the family of bounded linear operators on a Hilbert space H. Note that B(U) is a C*-algebra
(with the usual operator norm). Given F, : B(U)4+ x B(U)4+ — B(U) as

F*(P/Q) = P_IP(P)/
where i : B(U)+ — B(U)+ is continuous so that ¢(P) = 0g ) iff P = Op(yy). Then F. € C..
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Let X be the set of the functions o : A, — A so that:
(a) o is continuous;
(b) o(t) = 0p ifft = 0p and o (0p) = 0p.

Our first result is as follows.

Theorem 3. Let (E, A, G) be a complete C*-algebra-valued Gy-metric space withs = (b.1p) >
1a and T : E — E be so that

o((b°10)G(Tp, Ty, T€)) = F.((Glp,7,8)), 8(G(1,1,2)) ), M)

forall u,n,¢ € E, where F, € Cy,0,0 € L and e € (1,00). Then T possesses a unique fixed
point.

Proof. Let T verify (1). Consider uo € E and define p;, = T" 9. By (1), one writes

o((0°1)G(pin, pnt1, pns1)) =< Fe <‘7(G(Vn—1zVnzVn))fﬂ(G(P‘n—lfP‘mP‘n)))-
We have
G(pns pnsts pins1) = (051R) 7' Gptn—1, pin pin),  forall n > 1. (2)
The inequality (2) implies that

Gty i1, Pns1) = (051A) G (pn—2, pin—1, fin_1), forall m > 2.

If the same process is continued, we get

G(pn, pns1, pns1) 3 (6°1a) " "G(po, pr, 1), forall m > 0. )
Using (CG,5) together with (3) (n,m € IN with n < m),

G (b, toms i) = (BAA)[G(Hn, Hns 1, 1) + G(Hns1, Hons i)
G (s ngrs 1)) + (012 (G (pnsts v Hnr2) + G(Hnr, oy )]
)G, pnsrs 1)) + (018 [G(pns1, fngo, )] + - .
"G (-1, P, tim)]
)(B1)°) "G (o, 11, 11) + (b14)*((b14)°) 7" G po, 1, 1) +

"T((618)) " G (po, 1, 1)

Hn
= (b1
= (b1
+ (b.14)™
= (b.1a
+(b.1p)
< [(01a)((B1A)) " + (014)2((014)) " o4 (014)" " (014)°) "G (o, 1, 1)
< (01a)((014)9) "[Ia + (((01a) )™ o+ ((01a) )™)Y G (o, 11, 1)

m—n

= (1) ((b1)°) "G (po, 1, 1) kz (s H™hHen
=1

Therefore, we have

m—n
G G, pn, 1) I| < NBUNIE) NG (o, pea, ) | Y (BT 7
k=1
b= 1||

o () ot L
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If we take n — oo, then

o1 (7 )”ncwo,m,mn'g‘i—l” o,
] ]

because € € (1,+o0) and ||b|| > 1. We deduce that
Um |G (pn, pim, ) || = 0. (4)

n,m—o0

From Proposition 3, we have

G(pn, pm, 11) = G(n, My ) + G(Homs Y, M1),

for n,m,l € IN. Consequently,

NG (s s )| < 11G (st o) ||+ 1 G (i, s 1) 1]

By (4), we conclude that ||G(pn, pim, 41)|| — 0 as n,m,l — co. Thus, {u,} is Gy-Cauchy with
respect to A. The completeness of (E, A, G) implies that there is some u € E so that {y,} is
Gp-convergent to u with respect to A.

We claim that Tu = u. Assume on the contrary u # Tu. By (1), we have

o((b°1a)G(pns1, Tu, Tu)) < F, <(T(G(yn, u,u)), 0(G(pn, u, u))), forall n > 0.
Therefore,
G(ptps1, Tu, Tu) = (b°14) " G(pn, u,u), foralln > 2,
and so

1G (sntr, Tu, Tu)|| < ”bg” 1G (s, ) |-

Taking n — oo, we obtain lim, e ||G(pp41, Tu, Tu)|| = 0. Thus, {u,} Gy-converges to Tu. By
uniqueness of limit u = Tu. Let { # u be another fixed point of T. From (1),

o(1°1a)G(1,,0)) = o((18)G(Tu, TC, TO)) < F. (0(G(w,£,2)), 8(G (1,2, 0)) )
G(u,g,0) = (b°1a)7'G(1,, ).
Thus, .
1G(u, g, O < WHG(%C,C)IL

We conclude that ||G(u,{,Z)|| < 0 because To T bEH € [0, ﬁ) C [0,1). Therefore, u is the unique

tixed point of T. O

Taking F.(s, t) = k*sk (where k € A with ||k|| < 1and s € A ) in Theorem 3, we have the
following.

Corollary 1. Let (E, A, G) be a complete C*-algebra-valued G,-metric space withs = (b.1p) >
1a. Let T : E — E be so that

o((b°1n)G(Tu, Ty, TZ)) 2 k*o(G(p,1,8))k, ()

forall y,n,¢ € E, wherek € A with ||k|| < 1,0 € ¥,e € (1,4+). Then T admits a unique
tixed point.
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Example 4. Let E = R. Consider A = M,(R) as defined in Example 1. LetG : E x E X E —
M5 (R) be defined as

(1 1
Glp,,8) = diag(G(In—nl+n— &l + 18 = uD)? (I —nl+ Iy — & +1& = u)?)

(é(ﬂﬁ+ﬂé+€ﬂ)2 0 )

0 s —nl+1y—¢l+1g — pl)?

forall u,u,¢& € E. Then (E, Ma(R), G) is a complete C*-algebra-valued G,-metric space with

coefficient
20 10
(2 0)22(10)
GivenT : E — EasTu = 4 forally € E, wheree € (1, +o0). Takeo : Ay — A, aso(t) =t.
Forallu,n,¢ € E,
(2 A0)G(Tu, Ty, TE)) = o ((210)G (L 5N o ( (214 ) G )
LA ]’l’ Tl’ g)) =0 ( . A) 357357 3¢ =0 98' A (]/l,T],C

((3 0> (é(uﬂ+n€+€u>2 0 ))
= 0 2_£
b 0 Sl =+l =&l +15— pl)?

<3—i 0) (é(ﬂﬂ+né’+€u)2 0 )
- 2
° & 0 sUp=nl+1n =2l +1¢—u)?

9
u = 0 is the unique fixed point of T in E.

2€
5 0
where k = \/: — |, k]l <1, &€ (1, +00). The inequality (5) holds. From Corollary 1,
0 V3
A related Kannan type fixed point theorem is stated as follows.

Theorem 4. Let (E, A, G) be a complete C*-algebra-valued G,-metric space. LetT : E — E
verifies for all u,n € E,

o(G(Tp, Ty, T)) = Fe(lm(pe, ), 8(m(u, 1)) ). ©)
where F, € C,,0,9 € X, and

m(u,n) =b(G(u, Tu, Tu) + G(n, Tny, Try)),

whereb € A/, and ||b| < % Then T possesses a unique tixed point.
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Proof. Assume that b # 0p. Thenb € A’,, and so b(G(u, Tu, Tu) + G(y, Ty, Try)) is also a
positive element. Let yg be in E. Take p,41 = Tuy = T" 1y for all n > 0. We claim that
{pn} is a Gp-Cauchy sequence with respect to A. In case of y, = y, 41 for some n, y, is a fixed
point of T. Therefore, assume that y,, # y,+1 for all n > 0. Choose G(pn, Hnt1, Pns+1) = Gn. It
follows from (6) that

o (G(pn, Pns1s pnr1)) = o(G(Tpn—1, Ttn, Tpn))
ﬁF*( (b(G(pn—1, Tu—1, Tn-1) + G(ptn, Tpin, Tn))),

8(b(G (1, T, Thin—1) + Gpn, Thtn, Thn))))
= Fe (0 (0(G(ptn—1, s i) + G(pn, Pns1, 1)),

B(B(G(pn, pns ) + Gt 1, ns1))) )
= o (O(G(pn—1, tn, pn) + G(pns 1, Hnt1)))-

Hence,
G(pn, pn1, n1) = b(G(pn—1, pn, n) + G(pn, Bt Pnt1)),
and thus

G, tnt, tn) = (1a = D) DG (1, piu, i) = tG (1, i, in),
where t = (15 — b)~!b. Inductively, we conclude that

G(ptn, a1, Hns1) = tG(Hn—1, tn, tn) = 2G(tn—2, hn—1, Pn-1) = ... = "G (so, i1, 11)
= t"Gy.

Since |b| < 1, we have ||t|| < 1. Hence

Bim (|G (pn, pngt, ) || = 0.

and so
Jim G (g, pin1, Bny1) = O
Now,
U(G(Vﬂ/l"m/l"m)) = G T]/ln 1s Tﬂm 1/ Tﬂm 1))
< F < < ,un—ll Tup—1, T,Mn—l) + G(P‘m—lf Tum—1, T,”m—l))
o * 5 ,
8 (G Hn—-1, T,un 1, T,un 1) G(,umflr T,umflr T,“ml)))
2
- ( ( unl,yn,yn)+G(um1,um,ym)>
— 2 7
]/ln 1, Bns ,Mn) + G(P‘m 1, Km, ,um)
2
=

i (G(un_l,umm : G(ym_l,ym,m) = o(0n).
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This shows that {y,} is G,-Cauchy with respect to A. Since E is complete, there is u € E so
that p,, — u. We have

o(G(Tu, pius1, pnv1)) = (G(Tun—1, Thn, Ttn))
( (G(u, Tu, Tu) + G(Vn,THn,THn)>
F.lo 5 ’

9 ( G(u, Tu, Tu) + G(pn, Ttin, Ttin) ))
2

F* (0_ (G(ul Tul Tl/l) + G(,M}’l/ ,MI’H-ll ]’l?l-i-l) > ,

A

PN

2
9 ( G(u, Tu, Tu) + G(anﬂn+1ryn+1>>>

2

Letting n — oo, we get

o(G(Tu,u,u)) < E. <(7(G(Tu,u,u)),t‘)(G(Tu,u,u))).

Thatis, 0(G(Tu, u, u))=F, <(7(G(Tu, u,u)),8(G(Tu, u, u))) . So,

0(G(Tu,u,u)) =0p or HG(Tu,u,u)) =04.

Thatis, G(Tu,u,u) = 0p,ie., u = Tu.
Let v be in E so that v = Tv. We have

o(G(v,u,u)) = o(G(Tov, Tu, Tu))
G(v,Tv, To G(u, Tu, Tu G(v,Tu, To G(u, Tu, Tu
<5 (o (CloToTe) L OWTITIY (o ToTo) + Ol T T

2 2

. (U (G(u,u,u) + G(v,v,v)) 9 <G(u,u,u) —2{— G(v,v,v)))

2
= F.(¢(04), 8(0a)) = 0(0a) = Oa,

which implies that u = v. ]

If we consider Fi(s,t) = s —t (fors,t € AL) in Theorem 4, we get the following.

Corollary 2. Let (E, G) be a complete C*-algebra-valued G,-metric space. Let T : E — E be so
that

o(G(Tu, Ty, Ty)) 2 o(m(p,n)) — (m(u, 1)),

forallu,n € E, whereo, ¥ € £ and

G, Tw, Tp) + Gy, Ty, T
m(p, ) = S TH Pl)z (7, Ty, Tog)

Then T admits a unique fixed point.
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3anporioHoBaHO KoHIemmjo C*-aarebposHauHNX Gp-MeTPUIHIMX ITPOCTOPiB. AOCAIAXEHO AesKi
OCHOBHI BAACTUBOCTi TAKMX IIPOCTOPIB i AOBEAEHO AeSIKi TeOpeMI IIPO HepyXOMy TOUKY Ty banaxa
i Karnana aast dyskriit kaacy C,. TakoX HaBeAeHO AesIKi HeTpUBiaAbHI IPMKAAAM, IIT06 IOKa3aTH
e(peKTUBHICTE i 32CTOCOBHICTH OTPMMAHNX Pe3yAbTaTiB.

Kntouosi cnosa i ppasu: Hepyxoma Touka, PyHKIIis kaacy Cy, C*-arrebposHaurmii G-MeTpIIHMI
MPOCTip.



