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SOME PROPERTIES OF GENERALIZED HYPERGEOMETRIC APPELL
POLYNOMIALS

Let x(") denotes the Pochhammer symbol (rising factorial) defined by the formulas x(*) = 1 and

x(n) — x(x+1)(x+2)--- (x+n—1) for n > 1. In this paper, we present a new real-valued Appell-
type polynomial family A,gk) (m,x),n,m € Ny, k € N, every member of which is expressed by mean
a1,az,...,ap } oo (k) (k) (k)

by by, ... by |

a; "a, "...a k
= ¥ oo @ as follows
K=o by by

of the generalized hypergeometric function , F, [

k a1, a a _E _E _Lk—'—l m
A;(,l )(m, x) — xnk+qu 1,42, -, tp, kl k AR k _k
by, by, ..., by x

and, at the same time, the polynomials from this family are Appell-type polynomials.

The generating exponential function of this type of polynomials is firstly discovered and the
proof that they are of Appell-type ones is given. We present the differential operator formal power
series representation as well as an explicit formula over the standard basis, and establish a new iden-
tity for the generalized hypergeometric function. Besides, we derive the addition, the multiplication
and some other formulas for this polynomial family.

Key words and phrases: Appell sequence, Appell polynomial, generalized hypergeometric poly-
nomial, generalized hypergeometric function.
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1 INTRODUCTION
In [4], P. Appell presented polynomial sequence {A,(x)}, n = 0,1,2,..., such that
deg A, (x) = n and satisfying the identity
A:”L(x) = nAn—l(x)/

where Ag(x) # 0, which is called the Appell polynomial sequence.
An arbitrary Appell polynomial sequence possesses an exponential generating function

%) #n
A(t)e = Z An(x)—',
= n!

here A(t) is a formal power series
t2 "
A(t):ao+a1t+a25+-~-+anﬁ+-~-, ap # 0. (1)
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The Appell-type polynomials A, (x) are expressed in the terms of {a, } as follows

An(x) = ié) <7> a,_ix'.

The simplest example of Appell-type polynomials is the monomial sequence {x"}, n =
0,1,...; other examples are the Bernoulli, the Euler polynomials and the Hermite polynomi-
als. For more examples one can consult [1,11].

The Appell-type polynomials perform a large variety of features and are widely spread
at the different areas of mathematics, namely, at special functions, general algebra, combi-
natorics and number theory. Recently, the Appell-type polynomials are of big interest. The
modern researches give the alternative definitions of Appell-type polynomials and apply new
approaches based, for instance, on the determinant method or in Pascal matrix method (see,
e.g., [3,16]). Consequently, many new properties of those polynomials are described and a
great deal of identities involving Appell-type polynomials are obtained (see [2,6,7]).

Let us recall that the generalized hypergeometric function is defined as follows

w 000 0
F ﬂl,ﬂz,...,ﬂp N :Z 1 2 ---Up Z_ (2)
PR0 by, by, ..., bq P bgk)bék) o bgk) 1’

where aq,ay,...,ap, b1,by,...,b, are complex parameters and none of b; equals to a non-po-
sitive integer or zero, x(") denotes the Pochhammer symbol (or rising factorial) defined by
x" = x(x+1)(x +2)---(x+n—1) forn > 1 and x(O) = 1. Further on, we denote the
generalized hypergeometric function by ,F; for brevity.

We note that the Gauss hypergeometric function ;F; and the Kummer hypergeometric func-
tion 1 F; are the partial cases of (2).

Apart from the Appell-type polynomials, there exist some polynomial families, which ad-
mit representation via the partial cases of the generalized hypergeometric function, i.e., the
Jacobi polynomials ([1])

PP (z) =

(a+1)" g [Tontatprl |1z
nt 21 n+1 2 |

At the same time, there exists a number of the Appell-type polynomial families, which
also admit the representation via partial cases of the Gauss hypergeometric function. It is
known [1], that the Laguerre polynomials L, (x) are presented as follows

.
Remarkably, the Hermite polynomials H,(x) are simply expressed in the terms of those func-
tions ([8])

—n

Lu(x) = 1F [ 1

n n-—1
Hy(x) = x"2F [2' 2

— ] , G(x,t) = P 1

The natural way of generalisation of the Hermitte polinomials is to expand the array of
ratios for another denominators, it was made in [10], the authors obtained the Gould-Hopper
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polynomials ¢ (x, ), with G(x, t) = """, which could be also expressed in the terms of the

generalized hypergeometric function as follows

n _n—l _n—m+1
e, h) =x"mFo | m’ m 7 m

xm

(1)’”hmm]

The aim of this paper is to find a polynomial family, which would be the Appell-type one
and admit the generalized hypergeometric function representation simultaneously. Still, there
exist the polynomial families, which have the needed representation, e.g., the generalized hyper-
geometric polynomials f, (a;; bj; x) , studied at [9], such that

—n,n+1,ay,a,... 4,

1
1/ E/ blr b2/ ey bq

fn (al/ b]/ x) = P+2Fq+2 [ xn] , ne NO/

and the incomplete hypergeometric polynomials associated with generalized incomplete hyperge-
ometric function, studied at [13], but they both are not the Appel-type polynomials.

The difference between all mentioned classes of polynomials, depending, if they are of
Appell-type or not and if they possess the generalized hypergeometric function representation
or do not, has motivated the title of the paper.

Therefore, let us give the following

Definition 1. Let A(k, —n) denotes the array of k ratios —¥, —"T’l,..., —"’Tk“, n € Ny,

k € IN. Then we call the polynomial family

AP (m, x) = 2" F, ”1’“2’51' bZ”PA(b'; ) %] , nm,meNy, keN, 3)
where i
[n/k O (i )
H (ﬂr ( n —] + 1)
by = 4
epbo= 2 —— il (4)
=0 T, (b)) k itxki’

the generalized hypergeometric Appell polynomials.

We note thatif p = 0, g = 0, k := m, m := (—1)hkF the generalized hypergeometric Appell
polynomials Ag,k) (m, x) become the Gould-Hopper polynomials ¢ (x,h) and if p = 0,9 = 0,
m = —2, k = 2 they become the Hermite polynomials H,(x) mentioned above.

The main result of this article is the following basic statement.

Theorem 1. The generalized hypergeometric Appell polynomials Ag,k) (m, x) defined by defi-
nition 1 are the Appell type ones.

2 BASIC DEFINITIONS AND NOTATION

In addition to the rising factorial we use the falling factorial, defined by (x)y = 1 and
(X)p = x(x—1)(x—=2)---(x —n+1) for n > 0. In these notations, the following relations
hold (see [1])

() = (—1)"(—x)™, 5)
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and the Gauss product of indexes formula (see [14]) will be written as follows

m _ (n)
<_w> , n G NO'

(=M = m
(-

(6)

We note that in the case, when either a or b is a non-positive integer, the generalized hyperge-

ometric function reduces to a polynomial
00 p (1)

—m,a,... a4 o (m\ 1= 4

E { p z} — Y (—1) ( )7211.

pHq
b1, by, ..., by r;) n szl bs(”)
As far as we deal with the differentiation, the differentiation formula with respect to z
g {a1+1,a2+1,...,ap+1 z} [12].

TR b+ L,by 41, by 41

.d ai,az, ..., a
would be useful: 7=, F, [bl, by, ... bz

3 BASIC PROPERTIES OF THE GENERALIZED HYPERGEOMETRIC APPELL POLYNOMIALS

3.1 Being of Appell type
Proof of Theorem 1. To prove the generalized hypergeometric Appell polynomials A,gk) (m, x)

are the Appell-type polynomials, it is sufficient to show that there exists a formal power series

A(t) such that the following relation holds
o0 k tn
Atyet =Y AP (m, x)—.

n=0

We set (7)i = (TT"_, (a r)(i)> / <HZ:1 (bs)(i)> . Then from definition 2 and relations (5) and

(6) it follows that
[n/k] i ki i
(k) o ay,az, ..., ap, Ak, —n) |m] _ (v) (=1)%(n),; m
An (m'x)_xi’“‘ﬂ?{ buby.. by K] ;0 IR
We choose
ai,a»,...,a t
o2 4 (—1)";1%]. 7)

All) = pFy [bl,bz,...,bq
Using the expansion of ¢*! into the power series and changing the product of the series by

the double series, we transform the generating function as follows
00 00 n mh xS ts—i—kn

0 (—1)kmt—i ! ©  (xt)°
M (Z ﬂ) =) <Z(’7)n(—1> sl >

At = | L (" Z)=XlX

n=0

s=0

oo 00 oo P
Using the infinite sums interchange formula ([5]) ¥ ¥ anm = ¥ X a4p—4,4 and taking
n=0m=0 p=04g=0
into account the multiplicity of i, we have
© oo [n/k]

Z Z Asn = Z An—ki,ir
=0

n=0s=0 n=0 i
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then
00 0o nm"(—l)knxs ps+kn B o [I[n/k] mi(_1>ki(,)/)i yn—kign
X <s§ T l;) K (n— ki)l
oo (n/k] l mi(_l)ki( i n o (n/k] i qykiy, L\ g
_ n : '7) i t_ _ n Zm( 1) (n)kzx_kl t_
- L ( EO R al R D l;o =% |

The inner sum is precisely equal to the generalized hypergeometric function in the form of
(3) and, therefore, the relation (4) holds. This means that the generating function admit the
needed representation (3).

It should be noted that there is another way to prove Theorem 1, which is to replace xt by ¢
and m /x* by x in [15, Problem 26, p.173].

As a consequence of Theorem1, we derive a new identity for the generalized hypergeomet-
ric function.

Corollary 1. The following identity holds

a1,az,...,ap, Ak, —n +1)
b1, by, ..., by

m| . ay,az,...,ap, Ak, —n)
= F

xk} ek ‘7[ by, by, ..., by
m+1,a+1,...,a,+1,A(k, —n +k) m
bi+1,ba+1,...,b5+1 xk |’

n—1 m
nx" iy ﬁ]

k() 8all )y |

where A1 (k, —n) denotes the product ( — %) (—”—;1) . (—"’Tk“)

Proof. The generalized hypergeometric Appell polynomials are the Appell-type ones, hence,
the identity % {A,gk) (m, x)} = nA,(f_)l(m, x) fulfils.
(k)

Representing the polynomials A, (m, x) in the terms of the generalized hypergeometric
function according to Definition 1, we immediately obtain the left side of the corollary equality.
To obtain its right side we differentiate the hypergeometric representation of the polyno-

mials A,gk) (m, x) under the Leibnitz rule:

d " ay,az,...,ap, Ak, —n) |m |\ 4 a1,az,...,ap, Ak, —n) | m
dx {x pekfy [ biby,.. by |xE|J T e biby... by |
d ai,ay, ..., ap, Ak, —n) | m
na p m
T dx {P+kF‘1 [ bi, by, ... by xk| -

Performing the derivative of the hypergeometric function, we obtain
x”i £ a2 o ap, Ak, —n) | m _ (_1)k(n)k ay - - ap m(—k)
dx | PR b1, by, ..., by K& by by xR

)~ ap(ap + 1) m?(—2k)
k2k bi(bi +1)---by(by+1) 21x2k+1
)
)

TR by(br £ )b 1 2) - by(by T 1)(by +2) 303
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ity CD T (1) - (1+ (=) (n =k (@1 +1) - (ap+ 1) m -2
by - by

=X m

kk Kk (b1 +1)---(bg+1) 21k
LD Ry (4 (@ +2) - (g + 1) (ap +2)m?-3
k2k (b1 +1)(b1 +2) - (by+1)(bg +2) 31x%
_ 1 o\ k=1 a+1,a0+1,...,a, +1,A(k, —n + k) m
= —hkm(y) bk, —n)x p+efg { bi+1,b+1,...,b;+1 xk ]’
that ends the proof. O

Since an arbitrary polynomial of one variable P, (x) € C[x]| always permits the formal series
representation

n
= Z w;xt
i=0

we are interested in finding those representation for the generalized hypergeometric Appell
polynomials.

(k) (

Corollary 2. The generalized hypergeometric Appell polynomials A’ (m, x) possess

(i) the standard basis {x'}_, representation

[n/k] v avkig i i _
(k) _ n'( 1) (’7) M ki
A m ) = Y Sk ¢ ®

i=0

(ii) the ditferential operator formal power series representation

[n/k] (_qnkig Niio
AP (m, x) = ( ) =Y (! 1), y) m D]“) x". ©9)

11-ki
= ik

Proof. (i) We use an approach from [6], which is based on the idea of the connection problem.
Given the two polynomial families of Appell type {P,(x)} and {Q,(x)} with generating
functions A; (t) and A;(t) respectively, the solution of its connection problem could be written

as follows
n!

Qn(x) = Zn_:o _“nfmpm(x)/

m!

As(
where A2 0 Z gtk

We are searchmg for the unknown coefficients «y to decompose the polynomials
Qu(x) =a",Ax(t) =1

upon the polynomials AP (m, x) defined by (3) with generating function A1 (t) defined by (7).

Deriving the ratio of generating functions A, (t) and A; () we have
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and, constructing the corresponding coefficients a;_,,, we obtain the needed representation.
(i) An arbitrary Appell-type polynomial P, (x) could be also written in the symmetric form

Po(x) = g (:‘) i

According to [11], the latter expression is equivalent to the following differential operator

representation
n ci
Pn(x) = Z Z_:DZ xnr
i=0 "’

where D := d / dx is an ordinary differentiation with respect to x, consequently,

A )= 3 (1)euwrs - P () () ) ki) s

] ki
= ki = ki ik

we deduce a differential operator formal power series representation of the generalized hyper-
geometric Appell polynomials of the form (9). O

Remark. Comparing the power series (1) and operational formula (9) of the generalized hyper-
geometric Appell polynomials to the corresponding ones of the Gould-Hopper polynomials

A(t) — ehtm, g,T (x, h) _ <ethz) X",
it is easy to see that the latter have more compact forms.

Symmetry. Substituting the negative value of argument into the formula (8)

A,gk)(m/ —x) = [r%:k] (_1)nfkin!(_1)ki(')’)iml n—ki

- Ik (ki)

i=0

we conclude that, in the case of even k, the generalized hypergeometric Appell polynomials
are the even ones themselves while 7 is an even number, and they are the odd ones themselves
while 7 is an odd number:

A (m,—x) = AP (m,x), AP (m, —x) = —APY) (m, %)

Otherwise, for any odd k in the case of odd 7, the summands standing on the even places
change their signs into the opposite ones, and the same do the summands standing on the odd
places in the case of even n.

3.2 Adition and multiplication formulas and other properties

Here we shall prove the following result.

Theorem 2. The following formulas hold for the generalized hypergeometric Appell polyno-
mials

(i) addition formula

Ag,k)(m,x +y) = Z <n> y”*lAl(k)(m,x) = Z (n) x”flAfk)(m,y),

i=0
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(ii) multiplication formula

n
A(k)me Z() —1”1”1A()( x),

i=0

(iii) indexes interchange formula

5 (1) om0 m) = 5 (1) A5 040,

i=0

(iv) convolution type identity

3 (<17 ()l m, )4 n, )

i=0
_ (_1)nmn/kn! [n/k] agz‘)___a;i) agn/kfi)”‘a;n/kﬂ)
e S i) b (n/k— i)l E

Proof. The addition and the multiplication formulas hold for all Appell-type polynomial fam-
ilies ([11]), consequently, they hold for the generalized hypergeometric Appell polynomials as
well. The indexes interchange formulas could be obtained applying methods proposed in [6]
and the convolution type identity is obtained by the direct calculations at x = 0. O

It is worth stressing, that the polynomials A,gk)(m, Mx) loose the property of being of
Appell-type. Moreover, the generalized hypergeometric polynomials over the polynomials
could be defined in the same manner as the generalized hypergeometric Appell polynomials:

. ai,ay, ..., a,, Ak, —n) m
AR £20) = (FG) oy |77 ‘ ( f(x»k],

where f(x) = agx? +ayxP~1 4+ -+ ap, ag # 0, which deliver us the following differentiation

rule
& A, () = nf ()AL, (m, £ ().

In particular, in the case when p = ap = 1, we obtain the Appell differentiation.
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.y . L . k
V miit craTTi MM IIPEACTaBASIEMO HOBE CIMENCTBO MHOTOYAEHIB TUITy ATMIeAst {A,(1 )(m, x)},
n,m € Ny, k € IN, KOXXeH IpeACTaBHIK SIKOTO BU3HAUEHIMI HaA TIOAEM AIICHMX UnceA 1 Moxe 6yTu
[IPEACTaBAEHMIT Uepes y3araAbHeHY TiepreoMeTpudHy (PyHKIIo

} o G000 i

. 1 ﬂz ...ﬂp
=L 5,0

ar,as,...,a
E |: Pl -
p-q ’
=0 b ) K

by, by, ..., by

ae uepes x(") mosnaueno cumpoa TToxrammepa (3pocTatoumit bakTopiar), SIKMif BU3HAYAIOTH 3a
dopmyaoto x") = x(x +1)(x +2) - (x+n—1) ansn > 1ix0) = 1, y Takmit croci6

L 0 . N n—1 n—k+1 "
A (m,x) = " Fy [TV T T T kx|
by, by, ..., by x

i 0OAHOUACHO MHOTOYAEHM LIbOTO CiMeliCTBa € MHOTOYAeHaMU TUITY ATIIeAs..

AAsI MHOTOUYAEHIB IIbOTO CiMelicTBa BIlepllle 3HalIA€HO MOPOAXYIOUY (PYHKIIiO i AOBEeAEHO, 110
BOHM € MHOTOUA€HaMI TuIly Ammeasl. 3HalfA€HO PO3KAaA IMPeACTaBHMKIB IIbOTO ciMelicTBa 3a CTaH-
AApTHMM 6a3ycoM B 3aMKHYTI dpopmi Ta y dpopmi psiay AndpepeHIiaAbHOTO olepaTopa, a TaKoX
HOBY TOTOXHICTb AASI y3araAbHeHOI rinepreomeTpudnoi dpyskuii. Kpim 11b0oro, Aas y3araAbHeHMX
rinepreoMeTpMYHIX MHOTOYAEHIB AIeAsl BCTAHOBACHO (POPMYAM AOAABAaHHSI i MHOXEHHS apry-
MeHTa Ta AesIKi iHIIi.

Kntouosi cnosa i hpasu: TOCAIAOBHICTD Armensl, MHOTOUAEH ATeAs], y3araAbHeHMI! Tillepreome-
TPMYHMI MHOTOYAEH, y3araabHeHa TillepreoMeTpuyHa OyHKIIisI.



