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BOUNDED SOLUTIONS OF A DIFFERENCE EQUATION WITH FINITE NUMBER OF
JUMPS OF OPERATOR COEFFICIENT

We study the problem of existence of a unique bounded solution of a difference equation with
variable operator coefficient in a Banach space. There is well known theory of such equations with
constant coefficient. In that case the problem is solved in terms of spectrum of the operator coef-
ficient. For the case of variable operator coefficient correspondent conditions are known too. But
it is too hard to check the conditions for particular equations. So, it is very important to give an
answer for the problem for those particular cases of variable coefficient, when correspondent con-
ditions are easy to check. One of such cases is the case of piecewise constant operator coefficient.
There are well known sufficient conditions of existence and uniqueness of bounded solution for the
case of one jump. In this work, we generalize these results for the case of finite number of jumps of
operator coefficient. Moreover, under additional assumption we obtained necessary and sufficient
conditions of existence and uniqueness of bounded solution.
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INTRODUCTION

Let (X, || - ||) be a complex Banach space, L(X) be the space of linear continuous operators
in X, I € L(X) be the identity operator. Let us denote c(A) the spectrum of an operator
A € L(X). Letus denote S = {z€ C : |z| = 1} the unit circle in the complex plane.

Let us consider the difference equation

xn_l’_l = Anxn +yn, n G Z, (1)

where {A, |n€ Z} C L(X), {yn | n€ Z} C X are known sequences, {x, | n€ Z} C Xisa
desired sequence. In the paper we investigate the question of existence and uniqueness of a
bounded solution for the equation (1).

It is known [3, chapter 7.6] the equation (1) has a unique bounded solution {x, | n € Z}
for any bounded sequence {y, | n € Z} if and only if operators sequence fulfills a condition
of discrete dichotomy (analogue of exponential dichotomy, which is well known in the theory
of differential equations). However, checking of discrete dichotomy conditions is very hard,
so we need simpler conditions of existence and uniqueness of a bounded solution for special
operators sequences.
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To formulate one of such conditions we need the following spectral decomposition. As-
sume A € L(X) and the condition 0(A) NS = & is true. Then the spectrum of the operator
A is decomposed into two parts, one of them is inside of the unit circle S, the other is outside.
Using the theorem about decomposition [4, p. 445] we can derive:

1) an existence of projectors P_(A), P+ (A) € L(X) such that

2) decomposition of the space X to the direct sum
X=X _(A)+X:(A), (2)

where X_(A) = P_(A)X, X+ (A) = P+ (A)X are subspaces in which corresponding operators
A_=P_(A)A, A4y = Py (A)A have spectra

c(A)N{zeC|l|z| <1}, c(A)N{ze C||z| > 1} (3)
accordingly.

L.V. Gonchar and M.F. Gorodnii investigated the equation (1) in the papers [1,2] for the case
of one jump of an operator coefficient. In the paper [1] the following result was proved.

Theorem 1. Let X be a complex Banach space and G, U be some operators from L(X), which
satisfy the following conditions:

)o(G)NS=g,cU)NS =g;
2) X =X_(G)+X+(U).
Then the difference equation

{ Xp41 = GXp +yn, n>1,
X1 = Uxy +yn, n <0,

has a unique bounded in X solution {x, : n € Z} for any bounded in X sequence {y, : n € Z}.

In the paper the result of the Theorem 1 is generalized to an equation with several jumps
of an operator coefficient.

1 MAIN RESULTS

Let us consider a special case of the equation (1) with an operator coefficient, which changes
finite number of times:
Xn1 = AoXn +Yn, 1 <0,
Xpp1 = Anxn+yy, 1<n<N-1, (4)
Xpt1 = Aan +yu, n > N.
Here N is a fixed natural number.

Assume the conditions 0(Ag) NS = &, 0(Ax) NS = & are true. Then each of the operators
Ap, AN produce spectral decomposition of the form (2). Let us denote

PO_ = P_(A()), P0+ = P+(A()), PN_ = P_(AN>, PN+ = P+(AN),
XO, = X_ (Ao), X0+ = X+(A0), XN— = X_ (AN), XN+ = X+(AN).
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Remark 1. In a degenerate case, when one of the sets in (3) is empty, the corresponding sub-
space contains zero element only, so we can omit it in the direct sum. Further we assume
that all these sets are nonempty. For degenerate cases statements below are true if degenerate
summands are omitted.

Lemma 1. Let 0(Ap) NS = &. Then for any bounded sequence {y, : n < 0} C X all bounded
solutions of the equation

Xpi1 = AoxXn +yu, n <0,
can be obtained by the formula
0 n—1
Xy =A— YA P e+ Y AT IRy, n <, )
k=n k=—o00

where b € Xy, is an arbitrary element.

Proof. The condition 0(Ap+) C {z€C : |z| > 1} implies the existence of the operator
Ay J} € L(X) and the estimate

IC>03re (0,1) Vn>1 ||Ay)]| < Cr". (6)
Similarly, the condition 0(Ag—) C {z€ C: |z| < 1} implies the estimate
AC>03re (0,1) Vn>1 ||Aj_|| < Cr'. (7)

So, the defined sequence (5) is bounded for any element b € X .
Let us check that the sequence (5) is a solution of the difference equation. We have

0 n—1
Aoxn +Yn = A8+b - Z Ag_kPOerk + Z Ag_kPOf]/k + Poyyn + Po—yn
k=n k=—o00
(n+1)-1 0 (n41)—k—1 (1)1 (n+1)—k—1
= Ay, b— Z Ay Poyryx + Z A Po_yx = xp41, n <0.
k=n+1 k=—00

On the other hand, if {z, : n > N} is any bounded solution and {x, : n > N} is any
bounded solution of the form (5), the difference {r, = z,, — x,, : n > N}, is a bounded solution
of the homogeneous equation

Tn+1 = Aorn, n < =1

From this equation we have

and, using projection operator,
Py_rg=Ay"rn =0, n— —oco.

So, rg € Xot and r, = Afj, 1o, n < —1. We obtained that solution {z, : n < 0} has the form
(5). This completes the proof. O
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Lemma 2. Let 0(An) NS = @. Then for any bounded sequence {y, : n > N} C X all the
bounded solutions of the equation

Xny1 = ANYn +Yn, n 2N,
can be obtained by the formula

n—1 +o0
xn=AGNo+ Y APy — Y AL Py, n >N, (8)
k=N k=n

where b € Xy _ is an arbitrary element.
Proof. The conditions 0(Any) C{z€ C:|z| > 1} and 0(An-) C {z€ C : |z| < 1} imply the
existence of the operator AKIL € L(X) and estimates similar to (6) and (7). So, the sequence (8)

is bounded for any element b € Xy _.
If we put the sequence (8) to the difference equation, we obtain

n—1 +o0
ANXy +Yn = AHN:NJrlb + Z AnNikPN,]/k — Z AankPNerk + PN—Yn + PNy Yn

k=N k=n
Nt 1—N ()1 (n+1)—k—1 & () —k—-1
=AU TN 4+ Z Ay Pn_yi — Z Ay PnNiVye = x441, n > N.
k=N k=n+1

Similar to proof of previous lemma, the difference {r, = z, —x, : n > N} between any
bounded solution {z, : n > N} and bounded solution {x, : n > N} of the form (8), is a
bounded solution of the homogeneous equation

Tn41 = ANTn, n >N,

and has a form
rn = A”N’NVN, n > N.

Since
PN+7’n = AnN__._NT’N, PN+rN = A%_T_ni’n — 6, n— +oo,

we have ry € Xy_ and 1, = A’K,‘_N rg, n > 0. So any bounded solution has the form (8). The
proof is completed. O

Lemma 3. Let N > 2 and AN_1AN—2 - ... - A1 be injection. The boundary problem

{anrl:Anxn"’ynrlSnSN_l, 9)

Po—x1 = v, PnyXN = U,

has a unique solution {x, : 1 < n < N} C X foranyv € Xyo_, u € Xy and any
{yn:1<n < N-1} C X ifand only if

X = WH+Xn_, (10)

where W = {AN_1AN—2...- A1x:x € Xo }.
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Proof. If a solution of the problem (9) exists, then the formula
n—2
Xn = Ap1An—2-...- A1x1 + Z Ap1An—2- .- AppaYk +Yn—1, 2<n <N, (11)
k=1
is true. One can check this result by induction. We have x, = A;x; + y; and

AnXp +Yn = AnAn1An—2- ...  A1xq

n—2
+ Z AnAn1An—2- . Ak + AnYn1+Yn = X1, 2<n<N-1
k=1
Necessity. Let the boundary problem has a unique solution for any bounded sequence
{yn:1<n <N -1} C X and boundary conditions v € Xo_, u € Xn.
Let us fix an arbitrary element f € X. Incasey; = yp = ... = Yn_2 = 0, yn-1 = f,
u = v = 0 problem (9) has the unique solution. Formula (11) gives us

XN = ANflAN,Z el A1x1 —|—f

that is, using boundary conditions, we have f = Py_xny + AN_1AN—2 - ...  A1(—Po4+x1). This
equality implies f is the sum of elements from W and Xy_.

To prove uniqueness of the element’s decomposition let us assume by the contrary that
there are nonzero elements 1 € Xg., vg € Xy_ such that

0= AN_1AN_2 ... Aqug + vp. (12)

Boundary problem (9) incasey; = y2 = ... = Yn—2 = Yn-1 = 0, u = v = 0 has unique
solution {x1, xp,...,xN_1, XN} and

XN — AN—lAN—Z el Alxl.
But adding assumption (12) we have
(xn —v0) = AN-1AN—2 - ... - A1(x1 + up),

so, {x1 + uop, x2, ..., XN—-1, XN — Vo } is another solution of the boundary problem. A contradic-
tion.
Since f is arbitrary, the required decomposition (10) is proved.
Sufficiency. Let decomposition (10) is true. For arbitrary v € Xo_, u € Xy; and
{yn:1<n < N-1} C Xletusdenote
N—2
fi=) AN-1AN—2- ... Ak Hyn-1 — U+ AN1AN—2 ... - Ajo.
k=1

Due to the space decomposition we have
AM(w,b) e WX Xn_ : f=w+Db

or equivalently
E”(El, b) € Xo+ X Xn- f = AN_1AN_2 ... - Aja+D.
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Using the definition of f we have

N-2
l(a,b) € Xo4 x Xn— : AN-1AN-2 " - Ap1Yk T YN-1
= (13)

= AN—lAN—Z tat Al (ll — ’(’)) + (b + u).

This statement implies that the problem (9) has a solution. Indeed, we can put x; = v —a.
The first boundary condition is fulfilled. Elements x, ..., xy could be obtained from (11). By
comparing (11) for n = N and (13) we obtain x5 = b + u and the second boundary condition
is fulfilled too.

Obtained solution is unique since for homogeneous boundary problem we have

XN = ANflANfz et A1X1
and xy € Xy—, x1 € Xo+. But using space decomposition (10) we obtain xy = 0, and
using condition that operator AN_1AN_2 - ... Aj is injective, we have x| = 0,s0xp = ...
=XN_1= 0. The lemma is proved. 0

Theorem 2. Leto(Ayp) NS =, 0(AnN)NS =@ and AN_1AN—2 - ... A1 be an injection. Then
the equation (4) has a unique bounded solution {x, : n € Z} C X for any bounded sequence
{yn :n€ Z} C X ifand only if

X =W+Xn_,

where W = {AN_1AN_2-... - A1x 1 x € Xo4 }.

Proof. Necessity. Let the equation (4) has a unique bounded solution {x, : n € Z} C X for any
bounded sequence {y, : n€ Z} C X.

Let {b, : 1 <n < N-1} C Xand u € Xyn4,v € Xo_ be arbitrary. We will consider
bounded sequence {y, : n€ Z} C X, wherey, =0,n < 0;yo =0,y = by, 1 <n < N-—1;
yny = —An+u; yp = 0, n > N. For this sequence there exists a unique bounded solution
{xp:neZ} CX

By Lemma 1 the part of solution {x,, : n < 1} has such form that x; = b+ v where b € Xy
That implies

Py_x1 =no. (14)

Similarly by Lemma 2 the part of solution {x, : n > N} has such form that xy = b+ u,

where b € Xy_, so
PN+xN = Uu. (15)

Due to equalities (14) and (15) the sequence {x, : 1 < n < N} is a solution of the boundary
problem (9).
Suppose by the contrary that boundary problem (9) has another solution {z, : 1 <n < N}.
Let
zZ0 = Aaj(zl - ]/1>/ Zn = AngZO/ n S _1/
N1 = ANZN YN,z = AN N Tlzng, > N+2
One can see that sequence {z, : n € Z} is bounded due to spectral properties of Ay, and

An-. This sequence is a solution of (4). Indeed, for 1 < n < N — 1 equation is true due to
boundary problem and since

z0 = Ay (z1 —y1) € Xot, 2n41 = ANZN + YN = AN—zn + Aniu — Ansu € XN,
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we have

z1 = Ap+zo +y1 = Agzo + Y1, Znyl = AO+ zZo = A0A0+ZO Aozy, n<-—1,

—N N—-1
ZN+1 = ANZN T YN, Zy4l1 = A’;\]_ ZN+1 = ANAHN_ ZN+1 = AnzZn, n 2> N+1.

This solution is different from {x, : n € Z} (at least for 1 < n < N). A contradiction.

Since boundary problem (9) has unique solution for any input data, Lemma 3 gives us
decomposition (10).

Sufficiency. Assume that decomposition (10) is true. Let {y, : n € Z} C X be any bounded
sequence. We will construct bounded solution of (4). This solution consists of three parts,
described by Lemmas 1-3 (with intersections in x; and xy).

By Lemma 1 for bounded sequence {y, : n < 0} C X we have

xn:Ag 1p ZA e 1P0+yk+ Z A” = 1P0 yi, n<1,

k=—0c0

0
where by € Xy . In particular, x; = by + v, wherev = )}, Aj kPO,yk € Xo_.50, Ph_x1 = v.
k=—c0

Similarly, by Lemma 2 for bounded sequence {y,, : n_Z N} C X we have

n—1 +o00
xn = AN Nba+ Y AV Py — Y AR T Puyyk, n >N,
k=N k=n
where b € Xy_. In particular, x5y = by 4+ u, where u = — Z AN k= 1yk € XN+-50, Pyixny = u.

k_
By Lemma 3 the boundary problem (9) with defined above u and v has the unique solution

{x, : 1 < n < N} C X.So x1,xy are uniquely defined by sequence {y, : n€ Z} C X.
That implies that by = Pp1x1, by = Py_xy are uniquely defined too. So the whole solution
{xy : n € Z} C X is uniquely defined.

Constructed solution is a unique bounded solution of (4). 0

Remark 2. For N = 1 sufficiency of Theorem 2 gives us the statement of Theorem 1.
Example 1. Let X =1, N =2,

Agx = (x1/2,xz(2+1/2),x3/4,x4(2+1/4),x5/6,x6(2+1/6),...),
Apx = (x1 — X2, X1 + X2, X3 — X4, X3 + X4, X5 — X6, X5 + X, ...), Ax = Ap.

Then

7(Ag) = o(Ay) = {1/(2n),2+1/(2n) | n € N} U{0,2},

Xz,:{xelz|x2:x4:x6:...:O},
X0+:{xelz|x1:x3:x5:...:O},
W:{xelz\aq = —Xp,X3 = —x4,x5:—x6,...}.

Since W+X,_ = X, conditions of Theorem 2 are fulfilled so for any bounded sequence y the
equation (4) has a unique bounded solution.
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B poboTi BMBUYAa€ETHCSI IMTaHHS iCHYBaHHST €AVHOTO OOMeXKEHOTO pO3B’I3KY Pi3HUIIEBOTO PiBHSIH-
HSI 3i 3MiHHIM OIlepaTOpHMUM KoedillieHTOM B 6aHaXOBOMY IpocTopi. IcHye A0b6pe po3BuHeHa Teo-
Ppisl BIATIOBiAHMX PiBHSIHD 31 CTaAMM KoecpillieHTOM, B paMKax SIKOi ITOcTaBA€He IMTaHHs pO3B’si3aHe
B TepMiHaX CIIEKTPY OIlepaTOPHOro KoedpilieHTa. AAs BUITAAKY 3MIiHHOTO OIlepaTOpHOTro Koedpilli-
€HTa BiATIOBiAHI YMOBM TaKOX BiAOMi, IIPOTe € AyKe CKAAAHVMMI AASI lepeBipkit. ToMy BaXXAMBMM €
AATH BIAIIOBiAb Ha IIOCTaBAeHe IIMTaHHS AASI TUX YaCTVMHHMX BUIIAAKIB 3MiHHOTO KoedillieHTa, KOAU
BiATIOBiAHI yMOBM AeTKO epeBipuTi. OAHMM 3 TaKVX BUITAAKIB € PiBHSIHHSI 3 KyCKOBO-CTaAMM OIlepa-
TOpHMM KoedpirtieHTOM. BiaoMi AocTaTHI yMOBM iCHYBaHHSI Ta €EAMHOCTI 06MEXEHOTO PO3B’SI3KY AAST
BUITAAKY OAHOTO cTpubKa. B 1ili poboTi 1i pe3yAbTaTy y3araAbHIOIOTHCS AASL BUITAAKY CKiHUEHHOTO
umcAa cTpubKiB onepaTopHoro koedimienTa. Kpim Toro, 3a AOAATKOBOTO IPVITYIIIEHHs OTPYMaHO
HeobXiAHI Ta AOCTaTHI yMOBM iCHyBaHHsI Ta EAMHOCTi 0OMeXeHOTO pO3B’SI3KYy.

Kntouosi cnosa i ¢ppasu: pisHUIIEBe piBHSHHSI, 0OMeXXeHN po3B’sI30K, 6aHaXiB IPOCTip.



