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Some fixed point theorems on a-B-G-complete G-metric spaces
Chary V.S.}, Reddy G.S.M.}, Isik H.2, Aydi H.3>#, Chary D.S.’

In this manuscript, we initiate the concept of rectangular a-G-admissible mappings with respect
to B and we consider related type contractions in the setting of G-metric spaces. We provide some
fixed point results. Also, some examples are given to support the obtained results.
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1 Introduction

Banach contraction principle (BCP) [6] is a well-known result in fixed point theory. It is
one of the main tools for both the theoretical and computational aspects in mathematical sci-
ences. This theorem has witnessed numerous generalizations and prolongations in the liter-
ature due to its simplicity and constructive approach. Recently, the idea of an almost per-
fect function, which was considered as a generalization of an altering distance function, has
been commenced by Shatanawi W. et al. [23]. The concept of a-admissibility was initiated
by Samet B. et al. [19]. Later, it is generalized to triangular x-admissibility by Karapinar E.
et al. [8]. Recently, Shatanawi W. and Abodayeh K. [22] introduced the notion of triangular
a-admissibility with respect to another function B. In this paper, we present new fixed point
results via the idea of rectangular a-admissible mappings.

2 Preliminaries

Definition 1 ([11]). Let Q be a nonempty set and G : Q% := Q) x Q x Q — [0, +0o0) be a func-
tion satisfying the following:

1) G(s,t,u) =0ifs =t =u;

2) G(s,s, t) >0 foralls,t € Q withs # t;

3) G(s,s,t) < G(s,t,u) foralls,t,u € Q witht # u;

4) G(s,t,u) = G(t,u,s) = G(u,s,t) = - -- (symmetry in all three variables);

5) G(s,t,u) < G(s,v,v) + G(v,t,u) forall s, t,u,v € Q) (rectangular inequality).
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Then the function G is called a generalized metric or, more specifically, a G-metric on () and
the pair (Q), G) is a G-metric space.

Example 1 ([11]). If Q) is a nonempty subset of R, then the function G : 0 - [0, +00) given
by G(s,t,u) = |s — t| + |t —u| + |u —s| for all s, t,u € Q) is a G-metric on Q).

Definition 2 ([16]). Let (), G) be a G-metric space and {y, } be a sequence in Q). An element
y € Q is said to be the limit of {y, }, if liﬁm+ G(Y,Yn,ym) = 0 and we say that the sequence
n,m 00

{yn} is G-convergent to y. In this case, for any ¢ > 0 there exists a positive integer N such that
G(Y,Yn,ym) < € foralln,m > N.

Definition 3 ([11]). Let (Q), G) be a G-metric space. The sequence {y, } is said to be G-Cauchy,
if for every € > 0 there exists a positive integer N such that G(yn, Ym,y;) < € foralln,m,1 > N.

Definition 4 ([12]). A G-metric space (), G) is said to be G-complete (or complete G-metric
space), if every G-Cauchy sequence in (Q), G) is G-convergent in (Q), G).

Lemma 1 ([11]). Let (Q), G) be a G-metric space. Then G(g,t,t) < 2G(g,t,v), forallg,i,v € Q.

For other related properties and fixed point results on G-metric spaces, see [1,2,4,5,7,8, 10,
13-15,17,18,20,21].

Definition 5 ([9]). A function { : [0, +00) — [0, +-00) is called an altering distance if:
1) {(s) =0ifand only ifs = 0;
2) { is nondecreasing and continuous.

Definition 6 ([22]). A function { : [0, +00) — [0, +00) is called an almost perfect function, if it
is nondecreasing and satisfies the following:

1) {(s) =0ifand only ifs = 0;

2) if {s,} is a sequence in [0, +o0) such that {(s,) — O, then {s,} converges to 0.

3 Main Results

Here, we introduce the notions of a-B-G-complete G-metric space, a-B-G-continuous func-
tions and rectangular a-G-admissible mappings with respect to a given function . We will
establish related fixed point results in a-B-G-complete G-metric spaces, which are not neces-
sarily G-complete.

Definition 7. Let (), G) be a G-metric space. The sequence {y,} in the set Q) is said to be
a-B-G-Cauchy, if for every € > 0 there exists a positive integer N such that G(yu, ym,y;) < € for

alln,m,1 > N with a(Yn, Yni1,Yns1) = BYn, Yn+1,Ynt1)-

Definition 8. Let (Q, G) be a G-metric space and a, B : Q3 — [0, +00) be two functions. Then
Q) is said to be an a-B-G-complete G-metric space if and only if every Cauchy sequence {y, }
in Q with «(Yn, Yu+1,Yn+1) = BWYn, Yn+1,Yn+1) for alln € IN converges in Q).

In the above definition, if we take B(Vu, Yn+t1,Yn+1) = 1, then it is called a-G-complete
G-metric space.
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Example 2. Let Q) = (0, +o0) and G(s,t,u) = |s — t| + |t — u| + |u — s| be a G-metric on Q).
Let A be a closed subset of Q). Define a, B : QO — [0, +0c0) by

w0, v) = (c+1+v)?, ¢ LvEA,
orls 0, otherwise,

and B(g,1,v) = 2¢w. Clearly, (Q),G) is not a G-complete G-metric space, but (Q),G) is an
a-B-G-complete G-metric space. Indeed, if {y,} is a G-Cauchy sequence in Q) such that
(Yn, Yn+1, Yn+1) = BWYn,Yn+1,Yns1) foralln € N, theny, € A for alln € N. Now, since
A is closed, then there exists y* € A such thaty, — y* asn — +oo.

Definition 9. Let (Q), G) be a G-metric space and «,f : (O® — [0,+00) be two functions. A
mapping R : O — Q is said to be a-B-G-continuous mapping, if each sequence {y,} on Q
withy, — yasn — +o0 and «(Yu, Yn+1,Yn+1) = BWYn,Yn+1,Yns1) foralln € IN, implies
Ry, — Ry asn — +o0.

In the above definition, if we take B(yu, Vu+1,Yn+1) = 1, then it is called a-G-continuous

mapping.
The following example is in support of Definition 9.

Example 3. Let QO = (0, +o0) and G(s,t,u) = |s — t| + |t — u| + |u — s| be a G-metric on Q).
Assume that R : Q) — Q and a, B : QO3 — [0, +0) are defined by

R(c) = {(g)5, ce o],

sintg +2, ¢ € (1,+0),

w0, v) = (P+2+v2+1), ¢ve(01],
orls 0, otherwise,

and B(g,1,v) = gz. Clearly, R is not G-continuous, but R is a-B-G-continuous on (Q, G).

Indeed, if y, — y asn — +o0 and a(Yn, Ypi1,Yni1) = BWYn, Yni1,Yns1), then y, € [0,1]
foralln € IN, and so lir}: Ry, = lim v, =y = Ry.
n—-+oo

n——+oo

In 2013, Alghamdi M.A. and Karapinar E. [3] introduced the concept of a-G-admissible
mappings.

Definition 10 ([3]). Let (Q, G) be a G-metric space, R be a self-mapping on Q) and « : Q® —
[0, +0c0) be a given function. We say that R is an a-G-admissible mapping, if for all ¢,1,v € Q)
with a(g,1,v) > 1 the inequality a(Rg, Ri, Rv) > 1 holds.

As a generalization of Definition 10, we state the following.

Definition 11. Let R be a self-mapping on a G-metric space (Q,G). Leta,B : Q3 — [0, +o0)
be two functions. We say that R is a-G-admissible with respect to B, if for all ¢,1,v € () with
a(g,1,v) > B(g,1,v) the inequality a(Rg, Ri, Rv) > B(Rg, R, Rv) holds.
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Still in same direction, the notion of rectangular a-G-admissibility is as follows.

Definition 12. Let R : QO — Q and «a be a nonnegative function on Q®. Such R is called a
rectangular «-G-admissible mapping, if it satisfies the following conditions:

1) R is a-G-admissible;
2) a(g,s,s) > 1anda(s,i,v) > 1imply thata(g,,v) > 1.

Definition 13. Let &, B be two nonnegative functions on Q°. A self-mapping R on Q is said to
be rectangular a-G-admissible with respect to B, if the following conditions are satisfied:

1) ifg,i,v e Qwitha(g,,v) > B(g,1,v), thena(Rg, R, Rv) > B(Rg, Ri, Rv);
2) ifg,i,ve Qwitha(g,t,t) > B(g, t,t) anda(t,i,v) > B(t,,v), thena(g,1,v) > B(g, L, V).
The following example supports Definition 13.

Example 4. Let Q = [0, +0). Consider the mapping R : Q — Q) defined by Rg = ¢2. Also,
a,B: Q% — [0,+00) are defined by

( ) c+i4+v, Lv>1,
alc,,v) =
¢ 0, otherwise,

and
¢+itv, Lv>1,

1, otherwise.

Bg, ,v) = {

Then R is rectangular a-G-admissible with respect to f.

Proof. To prove the condition 1) of Definition 13, take ¢, 1, v € Q such that a(¢,+,v) > B(g, ,v).
Then ,v > 1 and hence ¢+t +v > ¢+ 1+ v. So, we conclude that ¢ € [0,1]. Therefore,
2+ 2 +1v2 > ¢*+ 2 +v?and so a(Rg, Ri, Rv) > B(Rg, Ri, Rv).

To verify condition 2) of Definition 13, take ¢,;,v € Q) such that a(g,t,t) > B(¢,t,t) and
a(t,1,v) > B(t,1,v). Then, we conclude that ¢ € [0,1], t = 1, ,,v > 1. Therefore, ¢ +:+v >
¢2 + 1+ vand hence a(g,1,v) > B(g, 4, v). O

Definition 14. Let (Q, G) be a G-metric space, and &, B be two nonnegative functions on Q3.

We say that the self-mapping R on Q) is an a-B-G-contraction, if there existk € [0,1) and an
almost perfect function { such that, for allg,1,v € Q witha(g,1,v) > B(g,,v) we have

{(G(Rg, Ri, Rv)) < max {kZ(G(c,4,v)),kZ(G(s, Re, Re)), ki (G (1, Ry, Re)),

kZ(G(v, Ry, Rv)),kC(}I [G(Rg,1,v) + G(g, Ry, Rv)]) }

Our essential new result is as follows.
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Theorem 1. Let (Q), G) be a G-metric space, « and B be two nonnegative functions on O3, and
R : () — Q) be a mapping. Assume that:

(i) (Q, G) is a-B-G-complete;
(ii) there exists ¢o € Q) such that a(Go, Rgo, Rgo) > B(g0, Rgo, Rgo);
(iii) R is an a-B-G-contraction;
(iv) R is rectangular x-G-admissible with respect to 3;
(v) R is a-B-G-continuous.
Then R has a fixed point.

Proof. From (ii), we take ¢p € Q with a(go, Rgo, RGo) > B(go, Rgo, Rgp). Consider ¢,+1 = Rgy
for all n € IN. According to the a-G-admissibility property of the mapping R with respect
to B, we have a(61,62,62) = @(Rgo, Rg1,Rg1) > B(Rgo, R1,Rg1) = B(¢1,62,62). Similarly,
®(62,63,63) = a(Rg1,Rga, Rga) > B(Rg1, Rga, Rga) = B(62,63,63). By induction, one writes
&(Gn, Gn+1,6n+1) = B(Gn, Gnr1,Gny1) forall m € IN. Also, since R is rectangular a-G-admissible

with respect to B, we have a(¢u, G, Gm) > B(Gn, Gm, Gm) for all n,m € N with n < m.
If there exists m € IN such that ¢, = G,+1, then ¢, = Rgy, and so G, is a fixed point of R.
Thus, let ¢, # ¢u41 foralln € IN. For n € N U {0}, we have

C(G(Gn+1,6n12,6n+2)) = L(G(RGn, Rgyq1, Rgri1))
< max {k(G(Gn, Gn+1,6n+1)),kE(Glgn, Rens Ren)),
Gn+1, RGnt1, RG 1)), kC(G(QnJrl/ RGuy1, R€n+1))r

G(

1

Z [G(Rgn, Cn+1s €n+1) =+ G(gnr RgnJrl/ Rgn+1>} ) }

G(Gn,6n+1,6n41) ), kC(G(Gns Gns1,Gni1)), (1)
(Gnt+1,6n+2,6n+2)), kC(G(Gnt1, Gnt2,Gnt2)),

1

Z [G(gn+1/ Cn+1s gi’l+1> + G(Gnr Cn+2, €n+2)} ) }
(

= max {kC G(Gn,6n+1,6n41) ), kC(G(Gny1,Gnv2,Gni2)),

kg( G(gnl Qn;—ZI €n+2) ) }

Note that

G(gn Gnt2,6nt2) _ GlGn Gny2,Gnt2)
4 = 2

From (1), we get

< max{G(Gn, Gn+1,Gn+1), G(Gna1,Gni2,Gni2) }-

C(G(Gnt1,6nt2,6nt2)) < max{kl(G(Gn,Gnt1,6n+1)), kC(G(Gns1,Gnr2,Gni2)) }-

If max{k(G(Gn,Gn+1,6n+1)), kC(G(Gun+1,6n+2,6n12))} = kG(G(Gn+1,6n+2, Gn+2)) for some
n € IN, then we reach a contradiction with respect to ¢, = ¢,+1. So,

max{kZ(G(¢n,Gn+1,6n+1)), k(G(Gnt1,Gnt2,Gnv2)) } = kC(G(Gns Gut1s Gni1))-
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Hence,
C(G(Gn+1,6n+2,6n+2)) < kC(G(GnsGns1sGnr1))-

Repeating this manner n-times, we have

g(G(gnr Cn+1s gn+1>> S kC(G(gnfll Cns gn))
< K*Z(G(Gn-2,6n-1,6n-1)) < -+ <k"7(G(g0,61,61))-

Letting n — 400 in (2), we get

(2)

lim C(G(Gn,Gnt1,6nt1)) = 0.

n——+oo

Since { is an almost perfect function, we get

im G(Gn,Gnt1,Gns1) = 0.

n——+00

Now, we shall show that {¢,} is a G-Cauchy sequence in X. Take n,m € IN with m > n. Since
&(GnsGmsGm) = B(Gns Gms Gm), we have

C(G(gn Gm gm)) =C(G(RGn—1, Rem—1, Rgym—1))
< max {kC(G(gn_l, Gm—1,6m-1)),kG(G(gn-1,Rgn-1, Rgn-1)),
kC(G(em—1, Rem—1,Rem-1)), kC(G(Gm-1, Rom-1, Rgm—-1)),
kC(jI [G(RGu-1,6m—1,6m-1) + G(Gn-1,RGm—1,RGm—1)] )} ®)
—max{ k£ (G(en-1, 61, 6m-1) K (G616, 60)) K (G g1, Emr6m)),

kC(}I (G(5nsGm—1,6m—1) + G(Gn—1,Gm, Gm)]) }

Using the rectangular inequality, we obtain

G(anlr Cm, Qm) < G(anlr Cns Qn) + G(Gnl Cmys Grn)/

and
G(gnr Cm—1s Qm—l) < G(Gn; Cm, Gm) + G(Qm/ Cm—1, Gm—l)-
Since G(Gm, Sm—1,6m-1) < 2G(Cm—1,6m,Sm), we get

1
~[G(6n, Gm—1,6m-1) + G(Gn-1,Gm, Gm)]

4
< max {G(Qn—lz Cn, Qn)/ G(Qn/ Cm, Gm)z G(Gm—lz Cm, Qm)}

Thus, (3) becomes

C(G(Gn,GmrGm)) < max {kZ(G(¢n-1,Sm—1,Sm—-1)), kC(G(Gn-1,6n,Gn)),

(4)
kC(G(Gm—1,Gms Gm)) kT (G(Gns GmsGm)) }-

If

max {k{(G(¢n—1,6m—1,6m-1)), k{(G(Gn-1,6n,Gn)),
kC(G(Gm—1,6msGm)), kC(G(Gn,Gm, Gm))} = kC(G(Gn,GmsGm)),
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then by (4), we have {(G(¢n, Gm, m)) < kZ(G(Gn, Gm,Gm)), which is a contradiction. So,

max {k{(G(¢n-1,Sm—1,Sm-1)), kC(G(Gn-1,Gn,Gn)),
kZ(G(Gm—1,Gm PSm)), k(G (Gn, Gm» Gm))} # kC(G(Gns GmsCm))-

Therefore, (4) becomes

C(G(Gn,GmsGm))
<max {kZ(G(Gn-1,6m—1,6m—1)),kC(G(Gn-1,6n,6n)) kL (G(Gm—1,GmsGm)) } -

Using (2) and (5), we have
C(G(gn, Gm Gm))

< max{kC(G(gnflr Cn+s, Gn—i—s))r kng(G(go, C1, gl))f kmg(G(g()r G1, gl))}
< max{kzg(G(gn—Zr Gn—1+ssGn—1+s)), knC(G(QOr 61,61)), kmC(G(QOI 61, gl))} (6)

(5)

<max{k"{(G(Go,Gs+1,6s+1)), k" C(G(G0,61,61)), k" T(G(60,61,61)) }-

On letting n, m — 400 in (6), we get

lim C(G(gn,Gm, Gm)) = 0.

n,m——+oo

Since { is an almost perfect function, we get

lim  G(¢n,Gm, cm) = 0.

n,m— oo

This implies that the sequence {¢,} is G-Cauchy in ). The a-B-G-completeness of the
G-metric space (), G) implies that there exists ¢ € () such that g, — ¢. The a-B-G-continuity
of the mapping R implies that Rg, — Rg¢. Since the limit is unique, we have R¢g = ¢ and hence
¢ is a fixed point of R. O

Example 5. Let Q = [0, +o0). Define G : Q3 — [0, +-c0) by
Glguv)=[g—t|+[i=v[+]v—g].

LetR : Q — Q be defined by R(g) = § sin®¢. Consider the function { defined on [0, +co) as

4

N—=

() = {T 0=
0.

1,

N~ O
A A

Consider two nonnegative functions a, f on Q3 given as

( ) e () -y e0,1],
w(c,L,v) =
¢ 0, otherwise,

and
e (ettv) oy e [0,1],

1, otherwise.

Blguv) = {
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Then

(i) { is an almost perfect function;
(ii)) R is a-B-G-continuous;
(iii) there exists gy € X such that a(go, Rgo, Rgo) > B(go, RGo, Rgo);
(iv) R is a rectangular a-G-admissible mapping with respect to f3;
(v) (Q, G) is an a-B-G-complete G-metric space;
(vi) forallg,i,v € Q witha(g,t,v) > B(g,t,v), we have
Z(G(Re, Ry, Rv)) < max {K(G(g, ,v)), kZ(G(c, Re, R¢)), k{ (G(1, Ry, R1)),
kZ(G(v, Ry, Rv)),kC(}I [G(Rg,1,v) + G(g, R, Rv)]) }.

Proof. We can easily prove (i), (ii), (iii). To prove (iv), let ¢,1,v € Q with a(g, 1, v) > B(¢, 1, V).
Then ¢, 1, v € [0,1]. Since R(g) = }sin’¢ € [0,1], R(1) = 1sin?s € [0,1] and R(v) = §sin’v €
[0, 1], one writes

1 1
a(Rg, Ri,Rv) = 0((1 sin? ¢, 1 sin? 1, 1 sin®v) = e (16
> e—(}ISinZg—b—}ISinz H—% sin? v) _ ﬁ(z Sil’lz c, i Sil’12 L i Sil’lz ) _ ,B(RQ, Ri, RV).
Also, given ¢,i,v € Q such that a(g,t,t) > B(g,tt) and a(t,,v) > P(t,1,v), then
¢, ,v,t € [0,1]. So, ¢+ it+v > ¢®+ 2+ 12 Hence, e=(E+241%) > o=(c+14V)  Therefore,
a(g,1,v) > B(g,t,v). Thus, R is rectangular a-admissible with respect to B.
To prove (v), let {¢,} be a G-Cauchy sequence in Q) such that a(¢u,Gni1,Gnt1) =
B(Sn,6n+1,6n+1)- Then g, € [0,1] for all n € IN. Since [0, 1] is closed, we conclude that {¢, } is
G-convergent in [0, 1] and hence (Q, G) is an a-B-G-complete G-metric space.

To prove (vi), given g, 1, v € Q such that a(g, 1, v) > B(g, 1, v). Theng,t,v € [0,1].
So, e—ttli—v]+|v—g|
P Tt [g—i[+[i—v[+]v—¢]

sin® ¢+ (% sin* H—ll—é sin* v)

<1. Since% ] sinzg — sin?y \g %, we have

1 1 1
Z(G(Rg, R, Rv)) = g(G(Z sinzg,zsin2 t,Zsinzv))
1 1 1 1 1 1
:§< | Zsing—zsinzt | + | Zsinzt—zsinzv | + | Zsinzv—zsinzg |>
| Lsin?¢ — Lsin?/ | + | Lsin?i— Lsin?v | + | 1sin?v — {sin’¢ |

14 | tsin?g — Lsin?s | + | 1sin® 1 — §sin®v | + | $sin®v — Lsin?¢ |

2

lgc—gtl+lg—gvi+]v—1c|

EREE R ORI Tk AR A

_ e+ i—v]+]v—g]|
d+lg—u|+i—v[+|v—g]|

_ g —1¢] n [t —v]
dtfg—t|+li—v+[v—¢| 4+|c—t|+]i-v[+][v—g]

lv—g¢|
At lg—t|+i—v+[v—g|

+
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and so

C(G(Rg, Ri,Rv))
< [ —¢]

[t1—v]

_.I_
st le—sl+limvislv=cl| $+4[le=el+i-vi+lv—c|

|lv—¢|
s8] le—sl+limvi+lv=cl|

_l_

_3 g —¢] n |t—v |
A\ 1+ |g—t|+|t—v]+|v—¢]| 14+ |¢g—t|+|t—v|+]|v—g]|

n lv—¢|
I+ g—t|+|t—=v|+[v—g]
3 Je—ilHlimvl+v—c)
4\1+ |¢c—t|+|t—v]|+|v—g]|
3
= 2w
3C(G(L, Ry, Ry)),

< max {32(G(6,1,v), 72(G (e, Re,Re)). 5

ZC(G(V, Rv,Rv)), ZC(% [G(Rg,1,v) + G(g,Ri,Rv)]) }

Therefore, all conditions of Theorem 1 are satisfied. Hence, R has a fixed point which is 0. [
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Y Wil cTaTTi MY BBOAMMO TIOHSITTSI TIPSIMOKYTHMX &-G-AOIyCTUMIX BiAOOpakeHb TI0 BiAHOIIIEH-
HIO A0 (pyHKIIT B 1 pO3TAsIA@EMO BIiATTOBIiAHOTO THUITY CTMCKM y KOHTEKCTi G-METpUIHMX IIPOCTOPIB.
M1 AOBOAVIMO A€SIKi pe3yAbTaT! PO HEPYXOMY TOUKY. TakoXX HaBeACHO AeSIKi IPUMKAAAM AAST 1ATO-
CTpauii OTpMMaHIX Pe3yAbTaTiB.

Kntouosi cnoea i ppasu: G-MeTpUIHWMIA IPOCTip, HEPyXOMa TOUKa, Malbke iAearbHa (PYHKIIis, TIpsi-
MOKYTHe (-AOITyCTVMMe BiAOOpakeHHs.



