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In this paper, we find sufficient conditions on general Young functions (Φ, Ψ) and the func-

tions (ϕ1, ϕ2) ensuring that the weighted Hardy operators Aα
ω and Aα

ω are of strong type from a lo-

cal generalized Orlicz-Morrey space M0, loc
Φ, ϕ1

(Rn) into another local generalized Orlicz-Morrey space

M0, loc
Ψ, ϕ2

(Rn). We also obtain the boundedness of the commutators of Aα
ω and Aα

ω from M0, loc
Φ, ϕ1

(Rn)

to M0, loc
Ψ, ϕ2

(Rn).
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1 Introduction

The well known Morrey spaces Lp,λ, introduced in [15], were widely investigated during

last decades, including the study of classical operators of harmonic analysis – maximal, singu-

lar and potential operators. Hardy operators, maximal functions and singular integrals play

a key role in harmonic analysis since maximal functions could control crucial quantitative in-

formation concerning the given functions, despite their larger size, while singular integrals,

Hilbert transform as it’s prototype, nowadays intimately connected with PDE, operator theory

and other fields. C.B. Morrey found that many properties of solutions to PDE can be attributed

to the boundedness of such operators on Morrey spaces. The generalized Morrey spaces Lp,ϕ

are obtained by replacing rλ by a function ϕ(r) in the definition of the Morrey space. During

the last decades vaious classical operators, such as maximal, singular and potential operators

and their commutators with BMO functions were widely investigated in both classical and

generalized Morrey spaces. For the boundedness of the Hardy-Littlewood maximal operator

and fractional integral operators, see for example [1, 4, 5, 14, 16, 21, 22, 24, 25].

They are useful tools to study harmonic analysis and its applications. For example, the

Hardy-Littlewood maximal operator is bounded on Lp for 1 < p ≤ ∞, but not bounded on L1.

Using Orlicz spaces, we can investigate the boundedness of the operator near p = 1 precisely.

Characterization of Young functions A for which the Hardy-Littlewood maximal operator or

the Hilbert and Riesz transforms are of weak or strong type in Orlicz space LA is known (see

for example [6, 12]). For the theory of Orlicz spaces, see [6, 9–11, 20, 23].
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In [17], the author introduced Orlicz-Morrey spaces to investigate the boundedness of gen-

eralized fractional integral operators. Orlicz-Morrey spaces unify Orlicz and Morrey spaces.

Recently, using Orlicz-Morrey spaces, Y. Sawano, S. Sugano and H. Tanaka [26] proved a

Trudinger type inequality for Morrey spaces.

Inequalities involving classical operators of harmonic analysis, such as maximal functions,

fractional integrals and singular integrals of convolution type have been extensively investi-

gated in various function spaces. Results on weak and strong type inequalities for operators

of this kind in Lebesgue spaces are classical and can be found for example in [3,27,28]. Gener-

alizations of these results to Zygmund spaces are presented in [3]. Orlicz-Morrey spaces and

maximal and singular operators in such spaces were studied in [7, 8, 18, 19]. The boundedness

of weighted Hardy operator and its commutators in Orlicz-Morrey spaces was proved in [2].

In this paper we consider the following weighted Hardy operators

Aα
ω f (x) = |x|α−nω(|x|)

∫

|y|≤|x|

f (y)

ω(|y|)
dy and Aα

ω f (x) = |x|αω(|x|)
∫

|y|>|x|

f (y)dy

|y|nω(|y|)
,

where α ≥ 0 and ω is a weight.

Note that Hardy operators in Orlicz-Morrey spaces were less studied in comparison with

maximal, singular and potential operators.

As is well known, the boundedness of commutators of various operators, such as maximal

and singular operators, is of importance in applications to PDE. Such boundedness was not

studied in local generalized Orlicz-Morrey spaces. We obtain conditions, for the weighted

boundedness of the commutators of Hardy operators with BMO functions in local generalized

Orlicz-Morrey spaces.

The main purpose of this paper is to find sufficient conditions on general Young functions

(Φ, Ψ) and the functions (ϕ1, ϕ2) ensuring that the weighted Hardy operators Aα
ω and Aα

ω are

of strong type from a local generalized Orlicz-Morrey space M0, loc
Φ, ϕ1

(Rn) into another local gen-

eralized Orlicz-Morrey space M0, loc
Ψ, ϕ2

(Rn). We also obtain the boundedness of the commutators

of Aα
ω and Aα

ω from M0, loc
Φ, ϕ1

(Rn) to M0, loc
Ψ, ϕ2

(Rn). The main results are given in Theorems 2, 3, 4,

5 and 6.

In the next section, we recall the definitions of Morrey and Orlicz spaces and give the defini-

tion of local Orlicz-Morrey and local generalized Orlicz-Morrey spaces. In Section 3, we prove

the boundedness of weighted Hardy operators Aα
ω and Aα

ω from M0, loc
Φ, ϕ1

(Rn) to M0, loc
Ψ, ϕ2

(Rn), and

in Section 4, we prove the boundedness of the commutators of Aα
ω and Aα

ω from M0, loc
Φ, ϕ1

(Rn) to

M0, loc
Ψ, ϕ2

(Rn).

Throughout the paper we use the letter C for a positive constant, independent of appro-

priate parameters and not necessary the same at each occurrence. By A . B we mean that

A ≤ CB with some positive constant C. If A . B and B . A, we write A ≈ B and say that A

and B are equivalent.

2 Preliminaries

Morrey spaces were introduced by Morrey [15] in 1938 in connection with certain problems

in elliptic partial differential equations and calculus of variations. Later, Morrey spaces found

important applications to Navier-Stokes and Schrödinger equations, elliptic problems with

discontinuous coefficients, and potential theory.
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Definition 1. We denote by Lp,λ(R
n) Morrey space for 0 ≤ λ ≤ n, 1 ≤ p < ∞, f ∈ Lp,λ(R

n) if

f ∈ Lloc
p (Rn) and

Lp,λ(R
n) =

{
f ∈ Lloc

p (Rn) : ‖ f‖Lp,λ
:= sup

x∈Rn, r>0
r
− λ

p ‖ f‖Lp (B(x,r)) < ∞

}
.

Here and everywhere in the sequel B(x, r) stands for the ball in R
n of radius r centered at x. Let

|B(x, r)| be the Lebesgue measure of the ball B(x, r) and |B(x, r)| = vnrn, where vn = |B(0, 1)|.

Lp,λ(R
n) is an expansion of Lp(Rn) in the sense that Lp,0(R

n) = Lp(Rn). We also denote by

WLp,λ ≡ WLp,λ(R
n) the weak Morrey space of all functions f ∈ WLloc

p (Rn) for which

‖ f‖WLp,λ
= sup

x∈Rn, r>0
r
− λ

p ‖ f‖WLp(B(x,r)) < ∞,

where WLp denotes the weak Lp-space.

We recall the definition of Young functions.

Definition 2. A function Φ : [0,+∞] → [0,+∞] is called a Young function if Φ is convex,

left-continuous, lim
r→+0

Φ(r) = Φ(0) = 0 and lim
r→+∞

Φ(r) = Φ(+∞) = +∞.

From the convexity and Φ(0) = 0 it follows that any Young function is increasing. If there

exists s ∈ (0,+∞) such that Φ(s) = +∞, then Φ(r) = +∞ for r ≥ s.

We say that Φ ∈ ∆2, if for any a > 1, there exists a constant Ca > 0 such that Φ(at) ≤ CaΦ(t)

for all t > 0.

Recall that a function Φ is said to be quasiconvex if there exist a convex function ω and a

constant c > 0 such that

ω(t) ≤ Φ(t) ≤ cω(ct), t ∈ [0,+∞).

Let Y be the set of all Young functions Φ such that

0 < Φ(r) < +∞ for 0 < r < +∞.

If Φ ∈ Y , then Φ is absolutely continuous on every closed interval in [0,+∞) and bijective

from [0,+∞) to itself.

Definition 3 (Orlicz space). For a Young function Φ, the set

LΦ(R
n) =

{
f ∈ Lloc

1 (Rn) :
∫

Rn
Φ(k| f (x)|)dx < +∞ for some k > 0

}

is called Orlicz space. The space Lloc
Φ (Rn) endowed with the natural topology is defined as the

set of all functions f such that f χB ∈ LΦ(R
n) for all balls B ⊂ R

n
(
‖ f χB‖LΦ(Rn) = ‖ f‖LΦ(B)

)
.

Note that LΦ(R
n) is a Banach space with respect to the norm

‖ f‖LΦ
= inf

{
λ > 0 :

∫

Rn
Φ
( | f (x)|

λ

)
dx ≤ 1

}
,

see, for example, [23, Section 3, Theorem 10], so that
∫

Rn
Φ
( | f (x)|

‖ f‖LΦ

)
dx ≤ 1.
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Definition 4. The weak Orlicz space

WLΦ(R
n) = { f ∈ L1

1oc(R
n) : ‖ f‖WLΦ

< +∞}

is defined by the norm

‖ f‖WLΦ
= inf

{
λ > 0 : sup

t>0
Φ(t)m

( f

λ
, t

)
≤ 1

}
,

where m( f , t) = |{x ∈ R
n : | f (x)| > t}|.

For Young functions Φ and Ψ, we write Φ ∼ Ψ if there exists a constant C ≥ 1 such that

Φ(C−1r) ≤ Ψ(r) ≤ Φ(Cr) for all r ≥ 0. If Φ ≈ Ψ, then LΦ(R
n) = LΨ(R

n) with equiva-

lent norms. For a Young function Φ and 0 ≤ s ≤ +∞, let Φ−1(s) = inf{r ≥ 0 : Φ(r) > s}

(inf∅ = +∞). If Φ ∈ Y , then Φ−1 is the usual inverse function of Φ. We note that

Φ(Φ−1(r)) ≤ r ≤ Φ−1(Φ(r)) for 0 ≤ r < +∞.

A Young function Φ is said to satisfy the ∇2-condition, denoted also by Φ ∈ ∇2, if

Φ(r) ≤
1

2k
Φ(kr), r ≥ 0,

for some k > 1.

For a Young function Φ, the complementary function Φ̃(r) is defined by

Φ̃(r) =

{
sup{rs − Φ(s) : s ∈ [0, ∞)}, r ∈ [0, ∞),

+∞, r = +∞.

The complementary function Φ̃ is also a Young function and ˜̃
Φ = Φ. If Φ(r) = r, then Φ̃(r) = 0

for 0 ≤ r ≤ 1 and Φ̃(r) = +∞ for r > 1. If 1 < p < ∞, 1/p + 1/p′ = 1 and Φ(r) = rp/p, then

Φ̃(r) = rp′/p′. If Φ(r) = er − r − 1, then Φ̃(r) = (1 + r) log(1 + r)− r.

Remark 1. Note that Φ ∈ ∇2 if and only if Φ̃ ∈ ∆2. Also, if Φ is a Young function, then Φ ∈ ∇2

if and only if Φγ be quasiconvex for some γ ∈ (0, 1) (see, for example, [12, p. 15]).

It is known that

r ≤ Φ−1(r)Φ̃−1(r) ≤ 2r for r ≥ 0. (1)

Note that Young functions satisfy the properties

{
Φ(αt) ≤ αΦ(t), if 0 ≤ α ≤ 1,

Φ(αt) ≥ αΦ(t), if α > 1,
and

{
Φ−1(αt) ≥ αΦ−1(t), if 0 ≤ α ≤ 1,

Φ−1(αt) ≤ αΦ−1(t), if α > 1.

The following analog of the Hölder inequality is well known.

Theorem 1 ([29]). For a Young function Φ and its complementary function Φ̃, the inequality

‖ f g‖L1 (Rn) ≤ 2‖ f‖LΦ
‖g‖L

Φ̃
holds.

The following lemma is valid. See, for example [3, 13].

Lemma 1. Let Φ be a Young function and B be a set in R
n with finite Lebesgue measure. Then

‖χB‖WLΦ(Rn) = ‖χB‖LΦ(Rn) =
1

Φ−1 (|B|−1)
.
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In the next sections, where we prove our main estimates, we use the following lemma,

which follows from Theorem 1, Lemma 1 and inequalities (1).

Lemma 2. For a Young function Φ and B = B(x, r), the following inequality holds

‖ f‖L1(B) ≤ 2|B|Φ−1
(
|B|−1

)
‖ f‖LΦ(B).

Orlicz-Morrey spaces were defined in [17] while investigating the boundedness of general-

ized fractional integral operators. Here we define the local Orlicz-Morrey spaces.

Definition 5 (local Orlicz-Morrey space). For a Young function Φ and 0 ≤ λ ≤ n, we denote

by L0, loc
Φ, λ (Rn) the local Orlicz-Morrey space, defined as the space of all functions Lloc

Φ (Rn) with

finite quasinorm

‖ f‖
L0, loc

Φ, λ (Rn)
= sup

r>0
Φ−1(r−λ)‖ f‖LΦ(B(0,r)).

Note that if Φ(r) = rp, 1 ≤ p < ∞, then L0, loc
Φ, λ (Rn) = L0, loc

p, λ (Rn). If λ = 0, then L0, loc
Φ, λ (Rn) =

LΦ(R
n).

Definition 6 (generalized Orlicz-Morrey space). For a Young function Φ and 0 ≤ λ ≤ n, we

denote by MΦ,ϕ(R
n) the local generalized Orlicz-Morrey space, defined as the space of all

functions Lloc
Φ (Rn) with finite quasinorm

‖ f‖MΦ,ϕ
= sup

r>0, x∈Rn

ϕ(x, r)−1Φ−1(r−n)‖ f‖LΦ (B(x,r)).

Now we define local generalized Orlicz-Morrey spaces.

Definition 7 (local generalized Orlicz-Morrey space). For a Young function Φ and 0 ≤ λ ≤ n,

we denote by M0, loc
Φ, ϕ (Rn) the local generalized Orlicz-Morrey space, defined as the space of all

functions Lloc
Φ (Rn) with finite quasinorm

‖ f‖
M0, loc

Φ, ϕ
= sup

r>0
ϕ(0, r)−1Φ−1(r−n)‖ f‖LΦ (B(0,r)).

Note that MΦ,ϕ(R
n) ⊂ M0, loc

Φ, ϕ (Rn) or ‖ f‖
M0, loc

Φ, ϕ
≤ ‖ f‖MΦ,ϕ

.

Definition 8. The space of functions with bounded mean oscillation, BMO(Rn), consists of

those functions f with finite norm

‖ f‖∗ = sup
t>0, x∈Rn

|B(x, t)|−1
∫

B(x,t)
| f (x) − fB(x,t)|dy,

where fB(x,t) = |B(x, t)|−1
∫

B(x,t) f (y)dy.

For Hardy operators, instead of BMO, we will use the class of functions introduced in the

next definition.

Definition 9. For a Young function Φ, we denote by BMO0,Φ(R
n) the local BMO space, defined

as the space of all functions Lloc
Φ (Rn) with finite quasinorm

‖ f‖0,Φ = sup
r>0, σ∈Sn−1

Φ−1(r−n)‖ f (·) − f (rσ)‖LΦ
.
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3 Boundedness of weighted Hardy operators in the spaces M
0, loc

Φ,ϕ (R
n)

In this section sufficient conditions on the pairs (Φ, Ψ) and (ϕ1, ϕ2) for the boundedness

of the weighted Hardy operators Aα
ω and Aα

ω from one local generalized Orlicz-Morrey space

M0, loc
Φ, ϕ1

(Rn) to another local generalized Orlicz-Morrey space M0, loc
Ψ, ϕ2

(Rn) are obtained. First an

auxiliary theorem is proved to obtain main results.

Theorem 2. Let Φ be Young function and the function φ satisfy the condition φ(r) ≤ Cφ(t),
φ(t)

Φ−1
(

t−n
) ≤ C

φ(r)

Φ−1
(

r−n
) , 0 < r < t. Then the inequality

‖φ(|x|)χB(0,r)‖LΦ
≤ C

∫ r

0

φ(t)

Φ−1
(
t−n

) dt

t
, r > 0, (2)

holds, where C > 0 does not depend on r and x.

Proof. Let Bk = B(0, 2−kr)\B(0, 2−k−1r). We get

‖φ(|x|)χB(0,r)‖LΦ
≤

∞

∑
k=0

‖φ(|x|)χBk
‖LΦ

.

Since φ(r) ≤ Cφ(t), 0 < r < t, then

∞

∑
k=0

‖φ(|x|)χBk
‖LΦ

≤
∞

∑
k=0

φ(2−kr)‖χB(0,2−kr)‖LΦ
.

By Lemma 1, we obtain

‖φ(|x|)χB(0,r)‖LΦ
≤ C

∞

∑
k=0

φ(2−kr)

Φ−1
(
|B(0, 2−kr)|−1

) ≤ C
∫ r

0

φ(t)

Φ−1
(
t−n

) dt

t

and we arrive at (2). The last passage to the integral is verified in the standard way with the

use of the monotonicity properties of the function
φ(t)

Φ−1
(

t−n
) in t, imposed by the assumptions

of the lemma on φ as
∫ r

0

φ(t)

Φ−1
(
t−n

) dt

t
=

∞

∑
k=0

∫ 2−kr

2−k−1r

φ(t)

Φ−1
(
t−n

) dt

t

≥
∞

∑
k=0

φ(2−kr)

Φ−1
(
|B(0, 2−kr)|−1

)
∫ 2−kr

2−k−1r

dt

t
= ln 2

∞

∑
k=0

φ(2−kr)

Φ−1
(
|B(0, 2−kr)|−1

) .

Thus the proof of the theorem is completed.

In the following two theorems we give sufficient conditions on general Young functions

(Φ, Ψ) and the functions (ϕ1, ϕ2) ensuring the boundedness of the weighted Hardy operators

Aα
ω and Aα

ω from the spaces M0, loc
Φ, ϕ1

(Rn) to M0, loc
Ψ, ϕ2

(Rn).

Theorem 3. Let Φ, Ψ be Young functions, 0 < α < n, f ∈ Lloc
Φ (Rn), rβ

ω(r)
≤ C tβ

ω(t)
,

ϕ1(0, t)/tβω(t) ≤ Cϕ1(0, r)/rβω(r) 0 < r < t, β ∈ R and the functions (ϕ1, ϕ2) and (Φ, Ψ)

satisfy the conditions

r∫

0

tn ϕ1(0, t)

ω(t)

dt

t
≤ C

rn ϕ1(0, r)

ω(r)
and

r∫

0

sα ϕ1(0, s)

Ψ−1(s−n)

ds

s
≤ C

ϕ2(0, r)

Ψ−1(r−n)
. (3)

Then the weighted Hardy operator Aα
ω is bounded from M0, loc

Φ, ϕ1
(Rn) to M0, loc

Ψ, ϕ2
(Rn).
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Proof. It is clear that for x ∈ B(0, r) the inequality

|Aα
ω f (x)| . |x|α−nω(|x|)

∫

|z|<|x|

| f (z)|

ω(|z|)
dz

holds. We have ∫

|z|<r

| f (z)|

ω(|z|)
dz =

∞

∑
k=0

∫

Bk

| f (z)|

ω(|z|)
dz, (4)

where Bk =
{

z : 2−k−1r < |z| < 2−kr
}

. Making use of the fact that there exists a β such that

tβω(t) is almost decreasing, we observe that 1/ω(|z|) ≤ C/ω(2−kr) on Bk. Applying this in

(4) and making use of the Hölder inequality, we obtain
∫

|z|<r

| f (z)|

ω(|z|)
dz ≤

∞

∑
k=0

(2−kr)n

ω(2−kr)
Φ−1

(
(2−kr)−n

)
‖ f‖LΦ(B(0,2−kr)).

Therefore ∫

|z|<r

| f (z)|

ω(|z|)
dz ≤ C

∞

∑
k=1

(2−kr)n ϕ1(0, 2−kr)

ω(2−kr)
‖ f‖

M0, loc
Φ, ϕ1

. (5)

Since the function ϕ1(0, t)/tβω(t) is almost decreasing with some β, we obtain

∞

∑
k=1

(2−kr)n ϕ1(0, 2−kr)

ω(2−kr)
≤ C

∞

∑
k=0

2−kr∫

2−k−1r

tn ϕ1(0, t)

ω(t)

dt

t
. (6)

By (5) and (6), we have

∫

|z|<r

| f (z)|

ω(|z|)
dz ≤ C‖ f‖

M0, loc
Φ, ϕ1

r∫

0

tn ϕ1(0, t)

ω(t)

dt

t
.

It remains to prove that

|Aα
ω f (x)| . ‖ f‖

M0, loc
Φ, ϕ1

|x|α−nω(|x|)

|x|∫

0

tn ϕ1(0, t)

ω(t)

dt

t
.

Hence by (3) and Theorem 2 we obtain

‖Aα
ω f‖LΨ(B(0,r)) ≤ C‖ f‖

M0, loc
Φ, ϕ1

∥∥∥∥∥∥
|x|α−nω(|x|)

|x|∫

0

tn ϕ1(0, t)

ω(t)

dt

t

∥∥∥∥∥∥
LΨ(B(0,r))

≤ C‖ f‖
M0, loc

Φ, ϕ1

∥∥∥∥|x|
α−nω(|x|)

|x|n ϕ1(0, |x|)

ω(|x|)

∥∥∥∥
LΨ(B(0,r))

≤ C‖ f‖
M0, loc

Φ, ϕ1

‖|x|α ϕ1(0, |x|)‖LΨ(B(0,r))

≤ C‖ f‖
M0, loc

Φ, ϕ1

r∫

0

sα ϕ1(0, s)

Ψ−1(s−n)

ds

s
≤ C‖ f‖

M0, loc
Φ, ϕ1

ϕ2(0, r)

Ψ−1(r−n)
.

Therefore we get

‖Aα
ω f‖LΨ(B) . ‖ f‖

M0, loc
Φ, ϕ1

ϕ2(0, r)

Ψ−1(r−n)
.

Thus the proof of the theorem is completed.
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Theorem 4. Let Φ, Ψ be Young functions, 0 < α < n, rβ

ω(r)
≤ C tβ

ω(t)
, rα ϕ1(0, r)Φ−1 (r−n) ≤

Ctα ϕ1(0, t)Φ−1 (t−n), 0 < r < t, β ∈ R and the functions (ϕ1, ϕ2) and (Φ, Ψ) satisfy the

conditions ∫ ∞

r

ϕ1(0, t)Φ−1
(
t−n

)

ω(t)

dt

t
≤ C

ϕ1(0, r)Φ−1
(
r−n

)

ω(r)
(7)

and
r∫

0

tα ϕ1(0, t)Φ−1 (t−n)

Ψ−1 (t−n)

dt

t
≤ C

ϕ2(0, r)

Ψ−1 (r−n)
, (8)

where C does not depend on r. Then the weighted Hardy operator Aα
ω is bounded from

M0, loc
Φ, ϕ1

(Rn) to M0, loc
Ψ, ϕ2

(Rn).

Proof. It is clear that for x ∈ B(0, r) the inequality

|Aα
ω f (x)| . |x|αω(|x|)

∫

|z|>|x|

| f (z)|

|z|nω(|z|)
dz

holds. By Fubini’s theorem we have
∫

|z|>r

| f (z)|

|z|nω(|z|)
dz ≈

∫

|z|>r

| f (z)|

ω(|z|)

(∫ ∞

|z|

dt

tn+1

)
dz ≈

∫ ∞

r

(∫

r<|z|<t

| f (z)|

ω(|z|)
dz

)
dt

tn+1
.

By Lemma 2 we get
∫

|z|>r

| f (z)|

ω(|z|)
dz .

∫ ∞

r

1

ω(t)

(∫

|z|<t
| f (z)|dz

)
dt

tn+1
.

∫ ∞

r

tn

ω(t)
Φ−1

(
t−n

)
|| f ||LΦ (B(0,t))

dt

tn+1

.
∫ ∞

r

1

ω(t)
Φ−1

(
t−n

)
|| f ||LΦ (B(0,t))

dt

t
.

Moreover,

|Aα
ω f (x)| ≤ C|x|αω(|x|)

∞∫

|x|

1

ω(t)
Φ−1

(
t−n

)
|| f ||LΦ (B(0,t))

dt

t
.

By (7), the inequality

|Aα
ω f (x)| ≤ C|x|αω(|x|)

∞∫

|x|

1

ω(t)
Φ−1

(
t−n

)
|| f ||LΦ (B(0,t))

dt

t

≤ C‖ f‖
M0, loc

Φ, ϕ1

|x|αω(|x|)

∞∫

|x|

ϕ1(0, t)Φ−1 (t−n)

ω(t)

dt

t

≤ C‖ f‖
M0, loc

Φ, ϕ1

|x|αω(|x|)
ϕ1(0, |x|)Φ−1 (|x|−n)

ω(|x|)
≤ C‖ f‖

M0, loc
Φ, ϕ1

|x|α ϕ1(0, |x|)Φ−1
(
|x|−n

)

is valid. Therefore by (8) and Theorem 2 we get

‖Aα
ω f‖LΨ(B(0,r)) ≤ C‖ f‖

M0, loc
Φ, ϕ1

∥∥∥|x|α ϕ1(0, |x|)Φ−1
(
|x|−n

)∥∥∥
LΨ(B(0,r))

≤ C‖ f‖
M0, loc

Φ, ϕ1

r∫

0

tα ϕ1(0, t)Φ−1 (t−n)

Ψ−1 (t−n)

dt

t
≤ C‖ f‖

M0, loc
Φ, ϕ1

ϕ2(0, r)

Ψ−1 (r−n)
.

Thus the proof of the theorem is completed.
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4 Boundedness of the commutators of weighted Hardy operators on the

spaces M
0, loc

Φ,ϕ

The commutators of weighted Hardy operators are defined by

[b, Aα
ω] f = Aα

ω(b f ) − bAα
ω( f ).

In the following two theorems we prove the boundedness of commutators of weighted

Hardy operators from one local generalized Orlicz-Morrey space M0, loc
Φ, ϕ1

(Rn) to another local

generalized Orlicz-Morrey space M0, loc
Ψ, ϕ2

(Rn).

Theorem 5. Let Φ, Ψ be Young functions, 0 < α < n, f ∈ Lloc
Φ (Rn), b ∈ BMO0,Φ̃(R

n),
rβ

ω(r)
≤ C tβ

ω(t)
, ϕ1(0, t)/tβω(t) ≤ Cϕ1(0, r)/rβω(r) 0 < r < t, β ∈ R and the functions (ϕ1, ϕ2)

and (Φ, Ψ) satisfy the conditions (3).

Then the operator [b, Aα
ω] is bounded from M0, loc

Φ, ϕ1
(Rn) to M0, loc

Ψ, ϕ2
(Rn).

Proof. It is clear that for x ∈ B(0, r) we get

|[b, Aα
ω] f (x)| . |x|α−nω(|x|)

∫

|z|<|x|

| f (z)| |b(x) − b(z)|

ω(|z|)
dz.

We have ∫

|z|<r

| f (z)|

ω(|z|)
dz =

∞

∑
k=0

∫

Bk

| f (z)| |b(x) − b(z)|

ω(|z|)
dz, (9)

where Bk =
{

z : 2−k−1r < |z| < 2−kr
}

. Making use of the fact that there exists a β such that

tβω(t) is almost decreasing, we observe that 1/ω(|z|) ≤ C/ω(2−kr) on Bk. Applying this in

(9) and making use of the Hölder inequality, we obtain
∫

|z|<r

| f (z)| |b(x) − b(z)|

ω(|z|)
dz ≤ C

∞

∑
k=0

1

ω(2−kr)
‖b(·)− b(x)‖L

Φ̃
(B(0,2−kr)) ‖ f‖LΦ(B(0,2−kr))

≤ C ‖b‖BMO0,Φ̃
‖ f‖

M0, loc
Φ, ϕ1

∞

∑
k=0

(2−kr)n ϕ1(0, 2−kr)

ω(2−kr)
.

Therefore we get

∫

|z|<r

| f (z)| |b(x) − b(z)|

ω(|z|)
dz ≤ C ‖b‖BMO0,Φ̃

‖ f‖
M0, loc

Φ, ϕ1

∞

∑
k=1

(2−kr)n ϕ1(0, 2−kr)

ω(2−kr)
. (10)

Since the function ϕ1(0, t)/tβω(t) is almost decreasing with some β, we obtain

∞

∑
k=1

(2−kr)n ϕ1(0, 2−kr)

ω(2−kr)
≤ C

∞

∑
k=0

2−kr∫

2−k−1r

tn ϕ1(0, t)

ω(t)

dt

t
. (11)

By (10) and (11), we have

∫

|z|<r

| f (z)| |b(x) − b(z)|

ω(|z|)
dz ≤ C ‖b‖BMO0,Φ̃

‖ f‖
M0, loc

Φ, ϕ1

r∫

0

tn ϕ1(0, t)

ω(t)

dt

t
.
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It remains to prove that

|[b, Aα
ω] f (x)| . ‖b‖BMO0,Φ̃

‖ f‖
M0, loc

Φ, ϕ1

|x|α−nω(|x|)

|x|∫

0

tn ϕ1(0, t)

ω(t)

dt

t
.

Hence by (3) and Theorem 2, we obtain

‖[b, Aα
ω] f‖LΨ (B(0,r)) ≤ C ‖b‖BMO0,Φ̃

‖ f‖
M0, loc

Φ, ϕ1

∥∥∥∥∥∥
|x|α−nω(|x|)

|x|∫

0

tn ϕ1(0, t)

ω(t)

dt

t

∥∥∥∥∥∥
LΨ(B(0,r))

≤ C ‖b‖BMO0,Φ̃
‖ f‖

M0, loc
Φ, ϕ1

∥∥∥∥|x|
α−nω(|x|)

|x|n ϕ1(0, |x|)

ω(|x|)

∥∥∥∥
LΨ(B(0,r))

≤ C ‖b‖BMO0,Φ̃
‖ f‖

M0, loc
Φ, ϕ1

‖|x|α ϕ1(0, |x|)‖LΨ(B(0,r))

≤ C ‖b‖BMO0,Φ̃
‖ f‖

M0, loc
Φ, ϕ1

r∫

0

sα ϕ1(0, s)

Ψ−1(s−n)

ds

s
≤ C‖ f‖

M0, loc
Φ, ϕ1

ϕ2(0, r)

Ψ−1(r−n)

Consequently we obtain

‖[b, Aα
ω] f‖LΨ (B) . ‖b‖BMO0,Φ̃

‖ f‖
M0, loc

Φ, ϕ1

ϕ2(0, r)

Ψ−1(r−n)
.

Therefore the operator [b, Aα
ω] is bounded from M0, loc

Φ, ϕ1
(Rn) to M0, loc

Ψ, ϕ2
(Rn).

Theorem 6. Let Φ, Ψ be Young functions, 0 < α < n, rβ

ω(r)
≤ C tβ

ω(t)
, 0 < r < t, β ∈ R,

b ∈ BMO0,Φ̃(R
n), rα ϕ1(0, r)Φ−1 (r−n) ≤ Ctα ϕ1(0, t)Φ−1 (t−n), 0 < r < t, the functions

(ϕ1, ϕ2) and (Φ, Ψ) satisfy the conditions

∫ ∞

r

ϕ1(0, t)

ω(t)

dt

t
≤ C

ϕ1(0, r)

ω(r)
and

r∫

0

tα ϕ1(0, t)

Ψ−1 (t−n)

dt

t
≤ C

ϕ2(0, r)

Ψ−1 (r−n)
.

Then the operator [b,Aα
ω] is bounded from M0, loc

Φ, ϕ1
(Rn) to M0, loc

Ψ, ϕ2
(Rn).

Proof. It is clear that since x ∈ B(0, r), we get

|[b,Aα
ω] f (x)| . |x|αω(|x|)

∫

|z|>|x|

| f (z)| |b(x) − b(z)|

|z|nω(|z|)
dz.

By Fubini’s theorem we have

∫

|z|>|x|

| f (z)| |b(x) − b(z)|

|z|nω(|z|)
dz ≈

∫

|z|>|x|

| f (z)| |b(x) − b(z)|

ω(|z|)

(∫ ∞

|z|

dt

tn+1

)
dz

≈

∫ ∞

|x|

(∫

|x|<|z|<t

| f (z)| |b(x) − b(z)|

ω(|z|)
dz

)
dt

tn+1
.
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Therefore we obtain

|[b,Aα
ω ] f (x)| . |x|αω(|x|)

∫ ∞

|x|

1

ω(t)

(∫

|z|<t
| f (z)| |b(x) − b(z)|dz

)
dt

tn+1

. |x|αω(|x|)
∫ ∞

|x|

1

ω(t)
|| f ||LΦ (B(0,t))||b(x)− b(·)||L

Φ̃
(B(0,t))

dt

tn+1

. ‖b‖BMO0,Φ̃
‖ f‖

M0, loc
Φ, ϕ1

|x|αω(|x|)
∫ ∞

|x|

ϕ1(0, t)

ω(t)

dt

t

. ‖b‖BMO0,Φ̃
‖ f‖

M0, loc
Φ, ϕ1

|x|αω(|x|)
ϕ1(0, |x|)

ω(|x|)
. ‖b‖BMO0,Φ̃

‖ f‖
M0, loc

Φ, ϕ1

|x|α ϕ1(0, |x|).

Finally we get

‖[b,Aα
ω] f‖LΨ (B(0,r)) ≤ C ‖b‖BMO0,Φ̃

‖ f‖
M0, loc

Φ, ϕ1

‖|x|α ϕ1(0, |x|)‖LΨ(B(0,r))

≤ C ‖b‖BMO0,Φ̃
‖ f‖

M0, loc
Φ, ϕ1

r∫

0

tα ϕ1(0, t)

Ψ−1 (t−n)

dt

t
≤C ‖b‖BMO0,Φ̃

‖ f‖
M0, loc

Φ, ϕ1

ϕ2(0, r)

Ψ−1 (r−n)
.

Therefore the operator [b,Aα
ω] is bounded from M0, loc

Φ, ϕ1
(Rn) to M0, loc

Ψ, ϕ2
(Rn).
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У цiй статтi ми знаходимо достатнi умови на загальнi функцiї Юнга (Φ, Ψ) i функцiї

(ϕ1, ϕ2), що забезпечують строгий тип зважених операторiв Гардi Aα
ω та Aα

ω з локального

узагальненого простору Орлiча-Морея M0, loc
Φ, ϕ1

(Rn) в iнший локальний узагальнений простiр

Орлiча-Морея M0, loc
Ψ, ϕ2

(Rn). Ми також отримуємо обмеженiсть комутаторiв операторiв Aα
ω та

Aα
ω з M0, loc

Φ, ϕ1
(Rn) в M0, loc

Ψ, ϕ2
(Rn).

Ключовi слова i фрази: зважений оператор Гардi, локальний узагальнений простiр Орлiча-

Морея, локальний BMO-простiр.


