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Error bounds of a function related to generalized Lipschitz
class via the pseudo-Chebyshev wavelet and its applications in
the approximation of functions

Lal S.1, Kumar S.2, Mishra S.K.2, Awasthi A.K.2

In this paper, a new computation method derived to solve the problems of approximation theory.
This method is based upon pseudo-Chebyshev wavelet approximations. The pseudo-Chebyshev
wavelet is being presented for the first time. The pseudo-Chebyshev wavelet is constructed by the
pseudo-Chebyshev functions. The method is described and after that the error bounds of a func-
tion is analyzed. We have illustrated an example to demonstrate the accuracy and efficiency of the
pseudo-Chebyshev wavelet approximation method and the main results. Four new error bounds of
the function related to generalized Lipschitz class via the pseudo-Chebyshev wavelet are obtained.
These estimators are the new fastest and best possible in theory of wavelet analysis.
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Introduction

Orthogonal functions play an important role while solving the various problems in dif-
ferential equations, integral equations, approximation theory, dynamical systems, and many
more. Our approach in using the orthogonal function is to transform the underlying problems
into a simpler approximating truncated orthogonal function. One of the orthogonal polyno-
mials is the Chebyshev polynomial T, (t), m > 0, where 0 < ¢t < 1. This is numerically more
effective as in [5, 6,23, 31, 33,34]. The pseudo-Chebyshev functions of fractional degree are
recently introduced by P.E. Ricci [32] and some of its important properties like orthogonality
and many more were studied by C. Cesarano and P.E. Ricci [7].

Wavelets, which are relatively recent introduced in 1980’s, have considerably expanded
their domain and thus attracted a large number of researchers like J. Morlet et al. [26, 27],
I. Daubechies [10], C.K. Chui [8,9], G. Strang and T. Nguyen [36], I.P. Natanson [28], Y. Meyer
[24], I. Daubechies and J.C. Lagarias [11], G.G. Walter [39,40], M.R. Islam et al. [12], F. Moham-
madi [25],S. Lal et al. [14,19,21,22], Y.V. Venkatesh [38], E. Keshavarz et al. [13] and others from
the area of pure and applied mathematics. Along with Harmonic theory and Fourier analysis,
wavelets are rapidly growing under the influence of fractals and approximation theory. Work-
ing in this field, a great many researchers like S. Rehman and A.H. Siddiqi [30], G. Strang [35],
S. Lal et al. [15-18, 20], F. Bastin [3], ]J. Biazar et al. [4], E. Babolian and F. Fattahzadeh [1, 2]
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developed the application of wavelet theory. They established the utility of wavelet theory as
wonderful tools for science and technology. The fractals are continuous but nowhere differ-
entiable functions. The Brownian trajectories, fractional Brownian motion, typical Feynmann
path, complex Bernoulli spiral, and turbulent fluid motion are related to irregular fractals. The
irregular fractals are further specified at every point by a locally Lipschitz condition between
specific finite intervals. This is the fact that inspired us for considering the approximation of
functions belonging to the Lipschitz class and its generalized class via the pseudo-Chebyshev
wavelet and its applications. But no satisfactory work seems to have been done so far, to obtain
the error bounds of functions related to Lip|o )& and Lip(g ;)¢ for the different values of « > 0
and 0 < a < 1, using the orthogonal projection operator via the pseudo-Chebyshev wavelet.

In the present research article, a new approximation method has been proposed for the
error bounds of a function related to Lipschitz class and its generalized classes. The method is
based upon pseudo-Chebyshev wavelet approximation. This wavelet is utilized to determine
the approximation of functions.

1 Definitions and preliminaries

1.1 Function of Lipa« class and function of Lip¢ class

A function f € Lipa if
If(x+t)— f(x)| =O(|t|") for 0 <a <1,
and f € lipa if
f(x+t)— f(x)] =o(|t|") for 0 <a <1,
Let ¢ be a monotonic increasing function of t. Then a function f € Lip¢ if
o+ —f(x)] =0(®)") for 0<a<T,
and f € lip¢ if
f(x+t) = f(x)] =0 (]C(1)]") for 0<a <1

1.2 Wavelets and Multiresolution Analysis

Wavelets. A function ¥ € L2(IR) is said to be basic wavelet, if it satisfies the “admissibility”
condition

o\ 4 2
w
]
— 00

Wavelets are a set {{,,n: m,n € Z} of functions constructed from translation and dilation of
a single basic wavelet 1 also called the mother wavelet. If the dilation parameter a and the
translation parameter b vary continuously, then the following family of continuous wavelets
are

_1 -b
boalt) =lal p (), az0beR
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Multiresolution Analysis. A sequence of closed subspaces V;, of 12 (R), n € Z, are said to be
Multiresolution Analysis, if it satisfies the following properties:

(i) V,is asubsetof V.1,
(i) f(x) € V<= f(2x) € V11,

(iii) f(x) € V)<= f(x + 1) e W,

(iv) D V, = L*(R) and ﬁ v, = {0},

n=—oo n=—oo
(v) there exists a function ¢ such that the set {¢(x —m): m € Z} is a Riesz basis of V.
Since ¢ € L2(R), ¥y, := 279(2" — m) with
Wy, == clos (Yum:m € Z),

and this family of subspaces of L?(R) gives a direct sum decomposition of L?(R) is the same
that every f € L2(IR) has a unique decomposition

g(x) = Zzgn(x) = +g2(x) +g-1(x) +go(x) +g1(x) + g2(x) +---,

where g, € W, for all n € Z and we describe this by writing
L*(R) =V, PW,
i=n

where
n—1
Vn = @ Wm,
Mm=—0o0

{Yum: m € Z} is a Riesz basis of W,,. Therefore

[ee]

g(x) = Z (& Pum) Pnm(x) + i i (& Ynm) Yrm(x).

n=—00 k=m n=-—o0
1.3 Pseudo Chebyshev wavelets

In recent research article of P.E. Ricci [32], the sets of classical Chebyshev polynomials of
the first and second kind have been extended to the case of fractional indices for the studies
of the complex Bernoulli spirals. The resulting functions are said to be pseudo-Chebyshev
functions.

The pseudo-Chebyshev functions of first kind T,;1,2(x) and second kind U, ,, are de-
fined by C. Cesarano and P.E. Ricci [7,32] as

Tms1/2(x) = cos(m +1/2(arccos x)) and U, 1/2sin(m + 1/2(arccos x)),

where m € IN U {0}. The recurrence relation of the first kind pseudo-Chebyshev polynomials
and its orthogonal properties are given (see [7]) by

1+ x
Tit1/2(x) = 2xTy—1/2(x) — Tu—g/2(x), where Ty/p(x) = T_1/2(x) = 4/ — s ME IN.
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The first few pseudo-Chebyshev polynomials of first kind are

14+ x 1+ x 1+x
To1/2 =1/ > Tip =/ 5 T30 = (2x — 1) >

These polynomials satisfy the following conditions

1
Tint1/2(X) Tus1/2(x) _ [ 3, for m=mn,
V1—x? 0, otherwise.

Therefore the set {T,,11/2(x): m >0} is an orthogonal subset of L?(—1,1) with respect to
weight functions wy ,(x) = w(2kx — 2n + 1) where w(x) = ﬁ

In the special case of half-integer indices, the pseudo-Chebyshev functions satisfy the anal-
ogous properties of the classical counterparts including differential equations, recurrence re-

lations, orthogonality properties and so fourth, as mentioned in [7,32].

Pseudo Chebyshev Wavelets. Let T,,.1,2(x) be the pseudo-Chebyshev functions of indices
m 4+ 1/2. Then the pseudo-Chebyshev wavelets are defined by

2k+1 n

2k—17

IN

Pn m(x) = 17[)(k )(x) = Tm+1/2(2 X —2n+ 1) for Z k < x
4 : n,m

0, otherw1se,
wherem >0,1=1,2,3,...,2 Tand k € N.

1.4 Orthogonal projection operators P, (f)

An orthogonal projection operator P,(f) of a function f € L2[0,1) onto V, is defined (see
[37]) as

PeA() = 3 cumpun(t) = 1 (b, P8,

1
where ¢ = [ f(H)Pnm(t)wy,(t)dt and n =1,2,3,...,281 k€ N.
0

1.5 Wavelet series

A function f € L?[0,1) is expanded by wavelet series (see [29]) as

“ Y Y ot = 3 5 ) wiy Y (1), (1)

n=1m=0 n=1m=0

where ¢, = f F(E)Pum )y, (t) dt.
If it is truncated by Pp-1 5, (f) then f = lim lim Py1, (f) -

M—c0 k—o0
1.6 Wavelet approximation

The error bounds of wavelet approximation Exy-1,, (f) of a function f € L2]0,1) by the
orthogonal projection operators Py-1 5 (f) is defined (see [41]) as

Ei1 = inf || Py — fll2,
woilf) = ik B ()~ ]
where M,k € N. If Ey—1 5, (f) — Oask — 0o or M — oo, then P15, (f) is called the best
wavelet approximation of a function f € L?[0,1) (see [41]).
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1.7 Auxiliary lemmas

For the proof of main results, the following lemmas are required.

Lemma 1. Let f; : {"21—342/ %] — [0,1] be a real valued monotonic function defined by

fu(t) =2t —2n +1, wheren = 1,2,3,...,251, andk = 1,2,3,.... Then

ke n—1/2 n_
(o) < 1+a(2t—2n), for0<a<land te [—2,(,1 , 2,{,1} ,
1+2%—2n,  fora>1, and te€ [”2;3{2,2;“—,1] .

Proof. We have f),(t) = 2K > 0 with f, <”2’,i{2> = 0and f, <2k”—4) =1 O

Lemma 2. Let f be a bounded real valued measurable function on the non-negative countably
additive finite measurable space (X, {, 1) and E be a measurable subset of X. Then there exists
My > 0 such that

|f(to)| < Mou(X)u(E) a.e., wherety € E.

In particular, if X = [0,1) and E = [;k—_j, 2,?—74, wheren = 1,2,3,...,251 andk =1,2,3,...,
then
m—1 M,
f ( 2k ) < 2k-1°

Proof. Since u(E) < u(X) and f is bounded real valued function, there exists My (#(E))? such
that |f(t)| < Mo (u(E))? forallt € E. O

2 Main results

Theorem 1. Let f € Lip 1y« and its pseudo-Chebyshev wavelet series is given by equation (1)
with M partial sums of an orthogonal projection operators

k=1 p—1 M- 2 M-
szfllM(f)(x) - X:l Zopn,m - Z Z Cnmlpnm Z ZO f l/]}’lm Wi n lpnm( )
n=1m= n=1 m=0 n=1m

Then the pseudo Chebyshev wavelet error bounds Ex-1 ,(f) of a function f by Py-1 5 (f)
satisty

: O serr—737 ), for a > 1,
Ezkfl,M(f) = Pkllnf(f) If— Pyr1 )= {OEZ o (Af 1/2))
28— M

m),fbfo<lx<1.

Theorem 2. Let f € Lipyy)¢, ie |f(x) — f(y)| = O(¢(x—y)), where ¢ is a non-negative
monotonic increasing function. Then the pseudo-Chebyshev wavelet error bounds Ex-1 p,(f)
of a function f by Py-1 5 (f) satisfy

of¢ %)),forrle,
£ ~inf _p. _ 2k (M—1/2)
2k 1,M(f) Py 1) I 2k=1 M (f) Il {Ogﬁg 1 ))’ for 0 < a < 1.

2kac+l (M—l/Z)
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Theorem 3. If f € lipy, 1ya, then the pseudo-Chebyshev wavelet error bounds Eyc-1 (f) ofa
function f by Pyc1 5, (f) satisty

1
. 0| 5z — , for « > 1,
Eyer(f) =, inf If = Pusy () Il = { Ez“ ™ 777)
M

P2* om>,for0<tx<1.

Theorem 4. Let f € lipjg1)¢, ie |f(x) — f(y)| = o(¢(x—y)), where ¢ is a non-negative
monotonic increasing function. Then the pseudo-Chebyshev wavelet error bounds Ejc-1 3 (f)
of a function f by Py-1 ,, (f) satisty

. o(& (g3 ) ), for a>1,
Exoip(f) = inf  |f = Pyt (f) |2 = 2 7))
Pyr—1 p(f) o(¢ TETIM=T/3) ), for 0 < a < 1.

2.1 Proof of theorems

Proof of Theorem 1. Since

f(t)lpn m (t)wk n(t) dt

£ = £ (272) + £ (Z7) $um(Donan(t) at

I
—
[
= |
N

= ()| £ (22) dnm(Bwia(t) dt,

B /E < Zis 2n+1‘ +f<2n 1)) Ynm (F)wy  (t) dt

o 1 2k1

zkfl

+f(M1)/ﬁ1%m<mmaww

2k

B s )

2Kt —op + 1‘ T, 1 (2% = 20+ D)y (1) at

2"t—2n+1) B () (t) dt

where

kn
2k—1
Il - \/nfl

2k—1

n— 1/2

k’il — - k— _ —
= /il/z (B)" Typga 2 (E)wp u(t) dt + / ? =B Ti12(B)wyn(t) dt = [1p + I o,

2k—1

T _
L = /2 Tint1/2(E)wiu (t) dt.

n—1
ok—1

Above we set F = 25t —2n 4 1,F > Ofort € [”2_,(}{2, 2,?—74 andf <Ofort € [;k—j, ”2_,(}{2] :

Therefore
2k+1 1
Cnm =\ 7~ <2ko¢ (I1+h2) +f< ) 12) (2)
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If « > 1, then by the Lemma 1 we have

n

k—1 -
hy= [im (25t = 20 4+ 1) Ty 1 /2 (F) i, (8) dit

2k—1

k—1
< /il 2 (Zkt —2n + 1)]—’111+1/2(2k1'L —2n+ 1)wk’”(t) dt
2k71

k=1, k k r
S /:1/2(2 t =214 1)Tyq1/2(2°t = 2n + 1w (2t — 2n 4 1) dt
2k—1

= %/07 cos 0Ty, 1 1/2(cos0) db

1 %
= ?/02 cosfcos (m+1/2)6d0,

where we put cos f = 2Kt — 21 + 1. Similarly,

1 7T
L, < ?/% cosfcos (m+1/2)6d6.

[herefore,
L=—(L1+1 )<—/ cosfcos(m—+1/2)6d6
1 2k 1,1 12) > 2k 0

= %%/On (cos (m+3/2)0+cos(m—1/2)6)do

_ (qym L 11
T\ m—1/2 m+3/2
11

ol (o [ pp——

R P

Next
b= [ 7 Tuap@wi®)dt = [ X7 T 25 =20+ D) de

1

2k—1 2k—1

1

_ L1 0do — (—1)"~ 1
—?/Ocos(m—i—l/Z) —(~1)

km+1/2

Therefore, by the equation (2) and Lemma 2 we obtain

2k+1 1 1 1 2n—1Y\ 1 1
<\ == ()" ——— + ()" oF
R <( T VR )f< 2k )2"m+1/2>
(_1)m 2k+1 1 1 +4M0 1
2k N T \ kel —1/2 " 2kl 1/2
(_1)m 2k+1 1
2k+10k \/ T m—1/2 (1 + 4M0)
= (—1)" 1+4Mp ‘/E _1 71
o 2 T 23%k/2 m—1/2°

IN

IN
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If 0 < a < 1, then by the Lemma 1 we have

1= / L@ =2+ )T, (g (t) dt

ok—1

FT
< /Eil/z (2k01f —2an + 1)Tm+1/2(2kt —2n + 1)wk’”(t) dt
ok—1

T
= “ﬁ:/z (2%t — 21 4+ 1) Typpq 0 (2t — 2n 4+ 1w (25t — 2n 4+ 1) dt
2k—1
e , ,
+(1 —oc)/ Tpui1/2(2Kt —2n 4+ 1w (25t —2n + 1) dt

n71/2
2k—1

= —/ cos 0T}, 1/2(cos ) d6+ /7 mi1/2(cosB)de

:%/ cos@cos(m+1/2)6d6—|—( )/2 cos (m+1/2)60d6,

where we put cos§ = 25t — 21 + 1. Similarly

E T (0(—1) T
Ly < % /2 cosBcos (m+1/2)60d6 + o _ cos (m+1/2)64d6.
z

2

Therefore,

1 o [T (1—wa) (2
L = ?(11,1 + L) < ?/ cosBcos (m+1/2)6d6 + / Tins1/2(cos0) db
0 0

-1)
+(a / Tint1/2(cos 0) db
= %% (cos (m+3/2)0+cos(m—1/2)6) d0 +0
0

m o 1 1 m o 1
= (— _ <(=1)m— =
(=1) 2k+1 <m—1/2 m+3/2> < (=1 2k+14m —1/2

Therefore, by the equation (2) and Lemma 2 we obtain
k+1 _
Cnm < 27 <(_1)m2%%m—11/2 (=17 <2n2k 1) %m%—ll/Z)
< (—1)m [2k+1 < « 1 +4M0 1 )
- 2k m \281m—1/2  2Mlm+1/2
(—1)m [2k+1 1 < « 4M )
2ka m 2kl \m—1/2  m+1/2
(=" 1 oc—|—4M0\/z
= 2k k2 —1/2 2 7

1+4M, 2 1 1
Lo (—1)M< : 0) \/;23'(/2 =173 for « > 1,
nm =~
4 +4M 21 1 1
(=)™ <a 4 0) \/;27_2 s, for 0<a<l.

Hence
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Write

f(t) = Pyr g (F)(1) =

Now we use the property of the o.n. wavelets {{,»(f)} in the disjoint intervals {”k—j, %} :
Then

(F(1) — Py s () (1) = 2 Z i i Cnp P (6)

k-1 o

X Z Z + i i C”zfmzlp"z,mz(t) Z Z ‘Cnm’ .

112:1 my=M n2:2k mp=0 n=1m=

Hence,

Ex P = 1B = [ Ewn) O = int 7150~ P10

2k1 2k1

_ mf/ y Z [cum|® dt = inf )7 Z 1k

n=1m= nlm

E aam? (1 1 \2
: ,El WEM 2r <23k/2 m,1/2> , for a>1,
< IZI\}If k=1 (W+4M0)2 ) . ’
Zl ZM 27 <2k1¥ 2k/2 m_1/2> ’ for 0 << 1,
n=1m—=

(14+4My)?

)
(a+4Mj)? E

1 1)
SFTT M_1/2> , for a>1,
1 1

2
- STl M_1/2>, for 0 <o <1.

Therefore,

1
. () = (@) Zkﬂ(M_l/z)), for a > 1,
27LM I o] (S — for 0<a<1
kAT (M—1/2) )’ '

Thus the Theorem 1 is completely established. O
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Proof of Theorem 2. Following the proof of Theorem 1, we write

O e ) ), for a >1,
Ex O] = [£0) ~ Py pra (O] = { gé EZ 7))

O C m)), f01‘0<lX<1,
and
1/2
2
EZkfl,M(f> = ( inf / }f szfl,M_l(f)(t)} dt)
Po—1 - (f
B / < <2k+1M 72 ))dt, for a« > 1,
= 1
~/0 O< zkaﬂM 73) ))dt, for0<a<1,
(C (2,(“ M1/2) / dt, for a >1,
( (2"’”1M1/2 /dt for 0 <a <1,
1
_ O§m>), fOI'Dézl,
Oém , for 0 <a<1.
Thus the Theorem 2 is completely established. O

Proofs of Theorems 3 and 4 can be developed on the lines of proofs of Theorems 1 and 2
considering f € lipjg o and f € lip|y 1), respectively.

2.2 Corollaries
In this section, four new corollaries related to Theorems 1, 2, 3 and 4 have been established.
Corollary 1. Let f € Lipy ;)& and its pseudo-Chebyshev wavelet series for m = 0 is given by
f(t) = Z (f, ¢n,0>wk,n Pno(t)
n=1

with the 25~1th order orthogonal projection operator

k-1 k-1
szfl,o(f) (x) = Z:l Cn,O’ubn,O(x) = ; <f/ ¢n,0>wk’n lpn,O(x)'

Then the pseudo-Chebyshev wavelet error bounds Eyc-14(f) of a function f by P14 (f)
satisty

OEZ,}H> for « > 1,

E _ — i f —P — -
ok 1/0(f) b m ) If 2k 10(1[)H {O kal) for 0 <a < 1.

2k=19
Corollary 2. Let f € Lipy)g, ie. |f(x) — f(y)| = O(¢(x—y)), where § is a non-negative
monotonic increasing function. Then the pseudo-Chebyshev wavelet error bounds Ey-1 o(f)

of a function f by Pyc1  (f) satisfy
EZSH))’ for o« > 1,

1 )), for 0 <a<1.

2ka+1

. O(¢
Ezkfl,o(f) = Pz:flll,(r)}f) If — Py )l = {Ogﬁ
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Corollary 3. If f € lipy,)«, then the pseudo-Chebyshev wavelet error bounds Eji1 (f) ofa
function f by Py1 (f) satisfy

0 %) for a« > 1,

Eor = min — Py =
2k 1,0(f) P () I f k-1 ()l 0 2er+1> for 0 <a <1.

Corollary 4. Let f € lip1)¢, ie. |f(x) — f(y)| = o(¢(x—y)), where { is a non-negative
monotonic increasing function. Then the pseudo-Chebyshev wavelet error bounds Ey-14(f)
of a function f by Pyc1  (f) satisfy

o€ %)), for « > 1,
E. i = min — Py = 2
sl = pmin 1= Paoo Ol = 3 TN S

2.3 Proof of corollaries

Proof of Corollary 1. Consider,

en0 = (F 0}, = [ FEPno(t)wpn(t) dt

2k—1

_ 2k1 £ (252)) oot dt+/2k (2572 $no(B)wn(t) dt

n
k=1

n
/zkl

t—Ml\wm m%a>w+f(ﬁl)/ﬁ1¢w<w%Awm

2k

1 1 s
- o [ natna a1 (35) [ ot
*1
1
2kvc11+f< b
Next,
2k711 2k+1 zk%l ‘ .
Iz:/w1 Pno(t) Wy, (t) dt = 7/7171 T1/2(2°t —2n 4+ 1)w (2"t —2n + 1) dt
2*k-T H—1
k1 pofty 2kt —2n 42 1
-VE B}
s 2 1— (2t —2n +1)2
/2 /Zkl 1+ (2K —2n+1) [k /2k1
1— (2Kt —2n +1)2 m
1 /81
zk/Z —\ qok/2
and

L= [ (2% =20+ 1) uo(t)wp,(t) dt
1= [ (=205 1) o0

n—1/2
ok—1

(—(Zkt —on+ 1))“ Yn0(E)wpn () dt

n—1
2k—1

=L+ L.
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If « > 1, then by the Lemma 1

T “
L= ﬁil/z <2kt —2n+ 1) an,O(t)wk,n(t) dt
T

T oty \/1+2kt—2n+1 1
<3/ —= 2kt — 2 4+1 dt
ﬁm( et ) 2 1— (2kt —2n+1)2

1
2k /zkl(l—(zn—zkt))dt_ 1 l—u, 41 /1
w12 /oy okt _zk/Z\/EO Vi T 30k/2\ °

Similarly,
e \/T
12 < 30k/2
Therefore,
L=hy+hy< 342\52
So, by the Lemma 2

- 1 42 2n -1 2 2 2M
Cn0 > oka 3 Dk/2 2k/2 2k/2 3 2k1x 2k
3

_ . J8 1 z\f _ [82v2+3M, 1
722\ 32k T 2k “Vr 3 23k/2°
Again, if 0 < « < 1, then by the Lemma 1

L= /zk ! (Zkt —2n + 1) l/Jn,o(f)wk,n(t) dt

1/2

[2k+1 s P 142kt —2n+1 1
/ﬂl/z <1_“(2”_2 t>>\/ 2 1— (2kt —2n+1)2 at

| 2k / (1—(x(2n—2k))dt_ 1 11—1xudu_2(3—rx)i
n12\/on — 2kt Cxk2ymlo u o 3ym 2K

Similarly,
23—ua) 1

L < ——2 ——,

=" 2k
Therefore,

_ 3—a)v2 /8 1
L =ha+6hLp< 3 R

So, by the Lemma 2

e < ( —a)V2 >+f<2n—1> /8 1
2le 2k/2 7'(2"/2

3
< 8 1 —oc\/2 Mo\ _ /8 1 (3—a)v2 2My
= 7-[ 2k/2 3 ka 2k =\ 7 2k/2 3 ka + Dka
_ 8 1 ((3—a) \/2—|—6MO 1
- 7T 2k/2 2k1x

)

(4)



Error bounds of a function related to Lipschitz class via the pseudo-Chebyshev wavelet

41

By equations (3) and (4)

Cno < {

(Ey1g(f))* = IExao(f) / |Ege-1(f } dt

2vV2+3M, 1
\[3 o) s for « > 1,

<(3—1x)\é§+6M0) 1 1

ok ok/27

for 0 <a<1.

Since

2k1

- / ) = Pacsg O = [T fenaf at = 3 el

zk 10
2k 1

L

Zkfl

(258 g
LB (G o
<\/§ (22g2m) #f, for & > 1,
<\/§ <<3—a>§+6Mo> 2k3+1>2/ for 0 <a <1,

, for a« > 1,

2
, for 0<a <1,

IN
=

IN

therefore

O % , for a>1,
Ezkl,o(f){ EZ+)

O ﬁ), for 0 <a < 1.

Thus the Corollary 1 is completely established.
Proof of Corollary 2. Following the proof of Corollary 1,

1/2
Ey1o(f) = ( min /01 ‘f(f)—szl,o(f)(t)‘2>

szflro(f)

/Olo<g () dt, for a>1,

- 1o(g 1 ))dt, for 0<a <1,

>>/dt for a > 1,

2ka

/N

Thus the Corollary 2 is completely established.

2k1

=1

0

Proofs of Corollaries 3 and 4 can be developed on the lines of proofs of Corollaries 1 and 2

considering f € lipjg o and f € lip|g 1), respectively.
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3 Approximation of function by pseudo-Chebyshev wavelet
3.1 Function approximation

Suppose that
{l[)n,m(t): n=123,...,2 m=0,12...,M-1kMec JN} c L2([0,1))
is the set of pseudo-Chebyshev wavelets and

W = clspan {$10(t), Pr,1(t), -, Prm—1, - Pk, P11, Yoot pp_1 )
= span {um(t)}

be a finite dimensional closed subspace of the vector space L?([0,1)) of dimension 2~1 M.
Let f € L?(]0,1)) be an arbitrary element. Then a function fy € W is said to be the best
approximation out of W, if for any ¢ € W the following condition

I =folB = [ 1F0 —fowPar< [ 150 )P dt = If ~ gl

is satisfied, or equivalently,

If(t) — fo()] < |f(t) —g(t)] VO<t<L.

Since fy(t) € W, therefore there exist the unique coefficients a;jj’s, i = 1,2,3,.. ., 21 and
j: 011/2/---/M_1 such that
L M—
f) Z Z Bumtpnm(x) = (A, ¥(x)) = AT¥(x), )

where AT indicates transpose of a matrix A. Here A and ¥(x) are 2"'M x 1 matrices given
by

T
A= (al,O/ a11,a12, - ,A,M-1,42,0,921, " ,A2,M—1," " /azkfll(); aZk*1,1’ e razkfl,M_l) ’
T
Y= (P10, 91,0, P12, PL.m—1, P20, P21, -+, Yo m—1, - s Wk g, Pok-1q, 0 ,lligkfl,M,l) p

and (A, ¥ (t)) is an inner product of column vectors of A and ¥. To compute the column vector

of A, let
1
= | fe ey at
By equation (5)

1 2k-1 M1 2k-1 M1
fii= [ (A¥®) 00 /(2 Y annpun (! )wu — ¥ ¥ el

n=1 m=0 n=1 m=0

wherei =1,2,3,...,25"1,j=0,1,2,...,M—1,and

b = /wnm i (1)
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Therefore, f;; = (A, B;j) = A"B;j, and

_ (41,0 111 11,2 1,M—1 12,0 2,M—1 k=10 ,ok-11 21 pM—1\ "
Bi,j_<b1‘,]‘rbi’]'/b1‘/]‘/"'/b1‘/]‘ rbl"]'/"'rbi’]' A bl] b r"'rbl"]' ’

wherei =1,2,3,...,21,j=0,1,2,--- , M- 1. If

F=(fio fit o fim—1,fo00 o famtr o fokigrs o foripig) s

then FT = ATB, where B is a square matrix of order 28~1M x 2¥~1M and it is given by

1 1
_ n,m _ — T
B= <b1.,]. >1§i,n§2’<1,0§j,m§M—1 - /O (¥(x) ®¥(x))dx = /O ¥ (x)¥7 (x) dx,

where ¥ ® ¥ denotes the tensor product of vectors ¥. Since F' and B is known because
of it is fully determined with the help of pseudo-Chebyshev wavelets ¢, ,, and function f.
The best approximation fy(t) can be determined with the help of the equation (5) and
AT = F'B~L. The existence of B~! is insured by the orthogonality property of the pseudo-
Chebyshev wavelets 1§, ;.

Therefore, we obtained

F(x) ~ folx) = <<B*1)TP,T(x)> — FB¥(x) VO<x<l.

In particular, if B = I then f(x) ~ fo(x) = (A, ¥(x)) = AT™(x) forall 0 < x < 1,
AT = (a;0,a;1,ai2,- - ,a;m—1) for fixed 7, and

Jo )i (x)w(x) dx
fo Pi i (%) i(x)w(x) dx

Bij =
for fixed j withi = 1,2,3,---2F1,
3.2 Illustrative example

In this section, we calculate the approximation of the function

flx) =

{xl/z —3x3/2 1 7x5/2 4 9x7/2, for 0 < x <1,
0,

otherwise

by the pseudo-Chebyshev wavelet approximation method.
In the Theorem 1,if k = 1, thenn = 1 and

M—1 f lPl m x)w(x)dx
P mjf m a1,m m a m = 0 )
(@) = L (i, Yl 2 b = wlm X1 (X)co(x)dx

Next, we evaluate Pi;1(f)(x), Pia(f)(x), Pis(f)(x), Pra(f)(x), E11(f)(x), E12(f)(x),
E13(f)(x), E1a(f)(x) and Py am(f)(x), Er,m(f)(x).
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x 69 | Pra(f)(x) | Esa(f)(x) | Pra(f)(x) | Era(f)(x) | Pra(f)(x) | Eva(f)(x) | Pra(f)(x) | E1a(f)(x)
0.0000 | 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.1000 | 0.2463 2.5446 2.2983 -1.0653 1.3116 0.3556 0.1092 0.2463 0.0000
0.2000 | 0.3363 3.5987 3.2624 -0.7211 1.0574 0.3217 0.0146 0.3363 0.0000
0.3000 | 0.5329 4.4075 3.8745 0.0787 0.4542 0.4214 0.115 0.5329 0.0000
0.4000 | 0.9462 5.0893 4.1431 1.2017 0.2555 0.8060 0.1402 0.9462 0.0000
0.5000 | 1.6794 5.6900 4.0106 2.5854 0.9060 1.5799 0.0994 1.6794 0.0000
0.6000 | 2.8381 6.2331 3.3950 4.1925 1.3544 2.8268 0.0113 2.8381 0.0000
0.7000 | 4.5322 6.7325 2.2003 5.9978 1.4656 4.6178 0.0857 4.5322 0.0000
0.8000 | 6.8764 71973 0.3210 7.9828 1.1064 7.0162 0.1399 6.8764 0.0000
0.9000 | 9.9906 7.6339 2.3566 10.1331 0.1425 10.0792 0.0886 9.9906 0.0000
1.0000 | 14.0000 8.0469 5.9531 12.4375 1.5625 13.8594 0.1406 14.0000 0.0000

Table 1. Comparison between pseudo-Chebyshev wavelet approximate functions P; (f)(x)
and exact function f(x) for different values of M =1,2,3,4, and k = 1.

If
M T M T
Al = (10,811,812, - -, 01,M—1) and Y7 = (Y10, P10, P10 P1LM—1) S
then
1) %) M-1
Pl(f) = Z al,mlpl,m = Z <f/ ¢1,m>w117~/}1,m = lim Z al,mlpl,nw
m=0 m=0 ’ M—oo "=
= lim (AM,¥}1) = lim ((AM)T‘FM> — lim Py (/)
_Mlgloo< LT MG 1 1) Moo WMV
where

1
B = o Pindan, = [ PO (O (1)t

Next, we calculate a; ,, for m > 0, namely

1

/ f(t)p1,1(H)wq(t) dt = 3.8911,

1
111,0 :/0 f(t)¢1,0(t)w1,1(t)dt%7.1314, 01,1 = 0

1 1
111,2 :/0 f(t)¢1,2(f)w1,1(f) dt%12601, 01,3 :/0 f(i')l[)llg(t)wl,l(t)di’%0.1246,

1
a4 = /0 f(t)¢1,4(t)w1,1(t) dt = 0, als = =a,M-1= 0 for M > 5,

ie. A{VI = (7.1314,3.8911,1.2601,0.1246, 0,0, ...,0)".

M-1
Since Py m(f) = Zo a1,mP1,m = (AQA)T‘F{VI and Eq p(f) =
m=

o
a1 ;mP1,m, therefore
m=M

Pya(f)(x) = 7.1314 ¢y (x) + 3.8911 tpy 1 (x) + 1.2601 ¢y 5(x) + 0.1246 11 3(x) + 0+ - - - +0,
= Pra(f)(x) = Pi(f)(x) = f(x),

and E1 pm(f)(x) = 0 for M > 4.
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Figure 1. Graph of exact function f(x) and approximate functions P; »(f)(x)
for different valuesof M = 1,2,3,4, and k = 1.
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Figure 2. Graph of error bounds of function Ej p1(f)(x)
for different valuesof M = 1,2,3,4,and k = 1.
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4 Conclusions

(i) Since Epc-1p,f — 0as k — o0 or M — o0 in above results, therefore the wavelet approxi-

mations determined in this results are best possible in the wavelet analysis (see [41]).

(ii) Four very important Corollaries 1, 2, 3 and 4 have been derived from our main Theorems

1,2, 3 and 4 respectively.

(iii) Independent proofs of these Corollaries 1, 2, 3 and 4 can be developed for specific con-

tributions of these estimates in wavelet analysis.

(iv) Our numerical findings are compared with exact values in the Tabel 1 and Figure 1,

which shows that this approach can solve the problem effectively.

(v) The absolute error of the numerical results is shown in the Table 1 and Figure 2, which

indicates that E; ,y << Oas M >> 1.
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Y wit cTaTTi BUBEAEHO HOBIUI OOUMCAIOBAABHIIL METOA AASI PO3B’sI3aHHS 3aAa4 TeOpil alpoKcu-
marii. et MeToa I'PYHTY€EThCsI Ha TICEBAOUEOMIIIEBCHKIIX BeliBAET HabAVKeHHsIX. IIceBaouebimien-
CHKIIA BeJiBAET IIPeACTaBAEHO BIIepIlle, BiH 30yAOBaHIII 3a AOTIOMOT'OIO IICEBAOUEOMIIIEBCHKIX (PYH-
KIit. Mu omicaau 1eit MeTOA i MpoaHaAi3yBaAM OIIHKM MOXMOOK pyHKIi. My HaBeAM IpMKAaa,
06 IIPOAEMOCTPYBATH TOUHICTh Ta ePeKTUBHICTh METOAY IICEBAOYEOMIIIEBCHKOTO BeMBAET HabAN-
KeHHsI. 3a AOIOMOTOIO IICeBAOYEOMITIEBCHKOTO BEBAETY OTPMMAHO YOTMPY HOBi OLIHKIM IIOXVMOKM
dyHKI 3 y3araabHeHOTO KAacy Aimmmis. i oniHKy € HOBMMM, HAMIIIBYAIIMMY i HaiKpallIMI B
Teopii BeliBAET aHaAi3y.

Kniouosi crosa i ppasu: Lipyg)a Kaac dpynkuiit, Lip(g ;)¢ krac dyHKIIN, BEBAET, MYABTAPO3-
ALABHMIT aHaAi3, TICeBAOUeOMIIIeBChKA (DYHKITis, IICeBAOUeOMIIEBCHKII BEMBAET.



