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Extreme points of £;(%l,) and P (%)

Kim Sung Guen

For n > 2, we show that every extreme point of the unit ball of £(%I1%) is extreme in £s(2I%5F1),
which answers the question in [Period. Math. Hungar. 2018, 77 (2), 274-290]. As a corollary we
show that every extreme point of the unit ball of £5(?I%) is extreme in L;(%ls). We also show that
every extreme point of the unit ball of P(%2,) is extreme in P (?I). As a corollary we show that
every extreme point of the unit ball of P(2/2)) is extreme in P (*lc).

Key words and phrases: extreme point, symmetric bilinear form, 2-homogeneous polynomials
on leo.
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Introduction

Throughout the paper, we let n,m € IN,n,m > 2. We write Bg, for the closed unit ball of a
real Banach space E and the dual space of E is denoted by E*. An element x € B is called an
extreme point of Bg if y,z € Bg with x = %(y +z) implies x = y = z. An element x € B is
called an exposed point of B if thereisan f € E* sothat f(x) =1 = ||f]| and f(y) < 1 for every
y € Bp \ {x}. Itis easy to see that every exposed point of B is an extreme point. We denote by
ext Bg and exp Bg the set of extreme points and the set of exposed points of Bg, respectively. A
mapping P : E — R is a continuous n-homogeneous polynomial if there exists a continuous
n-linear form T on the product E X - -- X E such that P(x) = T(x,...,x) for every x € E. We
denote by P("E) the Banach space of all continuous n-homogeneous polynomials from E into
R endowed with the norm |[P|| = sup,_; [P(x)|. We denote by L("E) the Banach space of
all continuous n-linear forms on E endowed with the norm ||T|| = supy, _q [T(x1, ..., xx)|.
Ls("E) denotes the closed subspace of all continuous symmetric n-linear forms on E. For more
details about the theory of polynomials and multilinear mappings on Banach spaces, we refer
the reader to [8].

Let us introduce the history of classification problems of the extreme points and the
exposed points of the unit ball of continuous n-homogeneous polynomials on a Banach space.
We let I = R" for every 1 < p < oo equipped with the [;-norm. Y.S. Choi et al. [3-5]
initiated and classified ext pr(zl,rz}) for p = 1,2. Y.S. Choi and S.G. Kim [7] classified exp pr(zl,rz})
for p = 1,2,00. B.C. Grecu [12] classified ext Bp(zl%) forl < p<2o0r2 < p < . Inthe
paper [41], S.G. Kim et al. showed that if E is a separable real Hilbert space with dim(E) > 2,
then ext Bpap) = exp Bp(2gy. In [16], S.G. Kim classified exp BP(Zlf—,) for1 < p < o0, and,

in [18,20], he characterized extBp 24, (q,4)2), Where d«(1,w)?> = R? with an octagonal norm
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|(x,y)|lw = max { x|, lyl, %} for 0 < w < 1. In [25], S5.G. Kim classified exp Bp (24, (1,02

and showed that expBpg, (145)2) # €XtBp(g, (1,0)2)- Recently, in [30, 33], he classified

ext BP(ZIRE ) and exp pr(zRi(l)), where IRE = RR? with a hexagonal norm ||(x, y)Hh(%) =

(%) 3 (%)
max { |y, |x| + 3lyl}.

Parallel to the classification problems of ext Bpugy and exp Bp(up), it seems to be very
natural to study the classification problems of the extreme points and the exposed points of
the unit ball of continuous (symmetric) multilinear forms on a Banach space.

In the works [17,19,21,22,24,28,29,32,34,36,37], S.G. Kim classified ext B L.(212,)r €XP B Lo(C12)r
ext Bﬁs(Zd*(l,w)Z)/ ext BL(Zd*(l,w)Z)/ exp Blls(zd*(l,w)z)/ exp BE(Zd*(l,w)Z)/ ext Bﬁs(zlgo)’ exp B['S(3lgo),
extBriyn), extBp ), extBoup) and extBp (n2), characterized extB,op ), exp By (23 and
studied extB. 2 ). He showed that extB, 22) = exp By 2p2), extB, o) = exp B, op),
extBy a2) = expBp 32y, expBrm)y = ext B, exp By o) = extBg o), | ext By, | =
2(2") | ext Br, )l = 21 exp Broz) = extBrupy and exp By np) = extBp n). In [2],
M. Cavalcante et al. characterized ext B £(mm)- In [38], S.G. Kim classified extreme points and
exposed points of the unit ball of the space of bilinear symmetric forms on the real Banach
space of bilinear symmetric forms on I%. It is shown that for this case, the set of extreme points

is equal to the set of exposed points. In [39], he characterized ext B CORY) and ext B L("RY )7
where IR}W‘H is R"™ with anorm || - || such that | ext BIRWH | = 2m for m > 2. Recently, S.G. Kim [40]
characterized ext B, v,y and ext B, () forn > 2.

We refer the reader to [1, 6,9-11,13-15, 23, 26, 27, 31, 35-38, 42-49] and references therein
for some recent work about extremal properties of homogeneous polynomials and multilinear

forms on Banach spaces.

In this paper, for n > 2, we show that every extreme point of the unit ball of £s(?I%) is
extreme in Lg(?1%1), which answers the question in [32]. As a corollary we show that every
extreme point of the unit ball of £;(%I%) is extreme in L (L« ). We also show that every extreme
point of the unit ball of P (%12,) is extreme in P (?I%). As a corollary we show that every extreme
point of the unit ball of P (/%) is extreme in P (*ls).

1 Results
Letn,m > 2 and I} = R™ with the /;-norm. Set

Waim = {((1,w§1),...,w£nl)),..., (1,w§n),...,w$,f))> :w](k) =41 for 1<k<n2<j< m}

Note that W, ,, has 2(m=1)n alements in Spm X -+ X Spn.
For (ajl, o, a]-n), (aiy, - .,ai,) € Wy,m, we define an equivalence relation ~ by

(ajl,...,a]-n) ~ (ail,...,ain)
if and only if j1 =ip(1), ..., jn = ip(n) for some permutation ¢ on {1,...,n}. In Wim,
[((1,w§1),...,w,(ﬂl)),...,(1,w£n),...,w£f)))}

(1) (1) (n) (n)

denotes the equivalence class containing <(1, Wy s W), (Lwy o )) .
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Let
Uy m = {[((1,w£1),...,w,(ﬂl)),...,(1,w§n),...,w£,?)))] :
<(1,w£1),...,w£nl)),...,(1,w§"),...,w,(7f))> € Wn,m}.

Lemmal. Letn > 2and Zy,...,Z,ws1) € Uz . Then therearel <ij < --- <i, < % and
n(ni1)

Z, = Kl,xgk), . .,xﬁ,ik)), (1,y§ik), .. .,yg,ik)ﬂ fork =1,...,n, such that

ik
<1’x£z‘1), N .’xi(jl))’ L (Lxéin), » _,x,(f"))

are linearly independent in R" or
<1,y§”), .. .,y,(fl)), e, <1,y£l”), .. .,y,(f”))
are linearly independent in R".
The following result answers the question in the front of Theorem 3.5 of [32].

Theorem 1. The inclusionext B; ) C extB (211 holds for every n > 2.

Proof. Let T € extB. ). Suppose that T = 2(S1+ S2) for some S1,S, € Ls(2I4H) with
|S1|| = 1 = ||S2||- Notice that, fori = 1,2, we have Si<(x1,...,xn,0), (yl,...,yn,O)) € Ls(%IL),

)Si<(x1,...,xn,0),(yl,...,yn,O))H < 1and

T = %<51<(x1,...,xn,0),(yl,...,yn,O)) +Sz<(x1,...,xn,0),(yl,...,yn,O))>.

Since T € extBg ), T((xl,...,xn),(yl,...,yn)> = Sl<(x1,...,xn,0),(yl,...,yn,0)>.
Hence,
Sl((xll---/xn+1)/ (yl;---/yn+1)> = T((-xl/---/xn)/ (yl;---/yn))

+ b1 (X1Yn+1 + Xn1y1) + b2 (X2yns1 + Xpgay2) + -
+ bn(xnyn+1 + xn+1yn) + CXpr1Yn+1

and

Sz<(x1,...,xn+1), (yl,...,yn+1)> = T<(x1,...,xn), (yl,...,yn))
— b1 (X1Yn41 + Xug1y1) + ba(X2Yns1 + Xppay2) +
+ by (xn]/n—i-l + xn+1]/n) + CXpr1Yn+1-

We claim that0 =b; = --- = b, = c.
By [35, Theorem 3.4], there exist Zi,...,Zuui1) € Uy, such that |T(Zg)| = 1 for

1<k < 22 Write

ze=[(1, o a), (Lo, )] for k=1, ML,
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It follows that

1 > max{

i <(1I xék)r ey xiglk)/ xn+1)/ (1/ yék)/ o ry}(’lk)r y}’l+1)) ) .
et < Lyl €11 <k< MED g )
= max {|T(Ze)| + b1 (ys1 + xn41) + b2y + 2ag198”) +
+ bn(xi(ak)ynnLl + xn+1]/£tk)) + an+1]/n+1‘ :
|x7’l+1| S 1/ |]/n+1| S 1/1 S k S @/Z = 1/2}
= max {1 + )bl (ynJrl + xn+1> + bZ(xék)ynJrl =+ xn+1y£k)) +
+ b?l(xrgk)ynnLl =+ xn+1y1(1k)> + an+1]/n+1‘ :

1
er] <1 lynea] <11 <k < D g 01
+ Yn+ 5

which imply that, for all |x,, 1] <1, |yp4+1] < 1,1 <k < (”+1)

)]/n—i-l + xn—i—lyé )) +ooet bn(xr(i )yn+1 + xn+1]/r(zk)) + CXnt1Yn+1

0=b1(Yn+1+ Xn+1) + bz(xé
0=by(— — Xpi1)+b (_x(k) _ N g p (—y ) _ (k)

I\ = Yn+1— Xn+1 2 2 "Yn+1— Xnt1lYr )+ b (=X Ynp1 — Xng1Yn ) F CXp 1Y,
which shows that c = 0and for 1 < k < ("; 1)

0 = bi+bxd?+ - b, 1)
0 = bi+byd +-- +byd.

By Lemma 1, there exist Z;,...,Z; for 1 < i1 < .-+ < iy < @ such that

(1, xé ),.. x,g )),. ,(1, xé ), ..,x( )) are linearly independent in R" or (1,y§i1),...,y,(li1)),...,

(1, yéi”), e, y,(j”)) are linearly independent in R".
Let A, B be the n x n matrices such that

- (i) (ij) _ (ij) (i)
[Row(A)]j— <1,x2 e, Xy ), [Row(B)]j— <1,y2 e Yn )
for 1 <j < n.By (1), we have
A(by,...,by)' =(0,...,0),  B(by,...,by)" =(0,...,0)"

If (1, xgil), ., x,(jl)), (1 xgi”), o, x,(f”)) are linearly independent in R”, then A is invertible

and so 0 = by = -+ = by. Similarly, if (1,y£il),...,y,(fl)),..., (1,y§i”),..,,y1(1in)) are linearly
independent in R", then B is invertibleand so 0 = b; = - - - = by,.
Hence, S; = T = S,. Therefore, T € ext ch(zlgo+1). O

Theorem 2. The inclusion U;”_; ext By 2jx) C ext By (2, ) holds.

Proof. Let T € extBy (2:) for some n > 1. Suppose that T = 2(S1 + S;) for some Sy, S, €
Ls(?leo) with ||S1]| = 1 = ||Sz||. Write

T((xl,...,xn),(yl,...,yn)): Y iy,

1<i,j<n
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and

Sk<(x1,...,xn,---), (yl,...,yn,'-')) = Z bz(]k)xzy] for k:1,2,
i,j=1

where a;;, bl(;() € R.
Claim. b},) = 0=b") ifi > norj > n.

Let m = max{i,j} > n and Ty = Si|lmym € Ls(31%) for k = 1,2. By Theorem 1,
T € extBg o). Since [Tyl < 1forallk = 1,2and T = 3(T1 + T2), T = Ty = T». Hence,
bl.(.l) =0= bl.(].z) and a;; = bl(sl) = b(z) forevery 1 < 1I,s < n. Hence, T = S; = Sj. Therefore,

Is
T € ext Bﬁs(zlm). 0
Question. Is it true that ;"1 ext B, (1) = extBp 25 )?

Letn € N withn >2and P € P(%I%). Write, for (x1,...,x,) € I%,

P(ay,.on) = ) axi+ ) b

1<i<n 1<j<k<n

for some 4;, bj € R.
In [5], it was shown that

1
ext Bpop ) = { + 12, 413, j:(ax% —ax3 £2¢/a(1 - a)xlxz) H3 <a< 1}.
3.

Theorem 3. The inclusion ext Bp2pp ) C ext Bp 2y holds for every n >

Proof. Claim 1. P(x1,...,x,) = ax? —ax3 4+ 2+/a(1 —a)x1x, € ext Bp ) for 1<a<il

Use induction on n.

Let n = 3. Suppose that P = 1(Q; + Q,) for some Q1, Q; € P(%13,) with [|Q1]| = 1 = ||Q2]|.
Write

Qi(x,y,2) = (a+c1)x* — (a+c2)y* + (2@ fa(l—a)+ C3>xy + dixz + doyz + d32?

and

Qa(x,,2) = (a —c1)x* — (a — c2)y* + <2\/a(1 —a) — C3>xy — dyxz — dyyz — d3z°

for some Cj, d]- €eRforj=1,23.

Notice that Q;(x,y,0) € P(*3), ||Qj(x,5,0)[| = 1, P = 3(Q1(x,y,0) + Qa(x,y,0)) for
j=1,2.Since P(x,y) € ext Bps,), P(x,y) = Q1(x,y,0), which shows thatc; = 0 forj =1,2,3.
Hence,

Qi(x,y,2z) = P(x,y) +dyxz + dyyz +d3z> and  Qa(x,y,z) = P(x,y) — dixz — doyz — d3z*.
It follows that

1 > max{‘Qj(l, ?,z) Q]-( 1;a,—1,z)‘:\z]§1,j:1,2}

1-— 1-—
= max{l—l—’dlz%—dm/ aaZ—i-ngZ,l—F‘dH/ aaz—dzz—i-dgz2

4

3
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which imply that, for all |z| <1,

0:d12+d2\/1;a2+d322, O:dﬂ/lgaz—dzz—{—dg,zz.

Therefore, d; = 0 for j = 1,2,3. Hence, P(x,y) € ext BP(Zlgo) for % <a<l.
Suppose that for n = k, P(x,y) = ax? —ay? +2\/a(1 —a)xy € ext Bp o ) for 1<a<
We will show that P(x,y) € ext Bp 21y for 1 <a < 1.Suppose that P = 1(Ry + R,) for some

Ry, Ry € P(3IEY) with ||Ry|| = 1 = ||Ry||. By the above argument, we may assume that

Ri(x,y,z1,...,2k_1) = P(x,y) + Axzy_1 + Byz_1 + Cz%_l + Z Dizizi_4
1<j<k-2

and

Ro(x,y,2z1,...,2k-1) = P(x,y) — (szk,l + Byzx_1+ Cz%_l + Z Djzjzk,l)
1<j<k—2

/1—a
< 1,21,...,Zk71)):
il <Li=1,.. k-1j=12}
[1—a
= max{1+’Azk 1+B Zje— 1+CZk 1+ Z D]Z]Zk 11,

1<j<k-2

[1—a
1+‘A Zj— 1—BZk 1+C2k 1+ Z D]Z]Zk 1
1<j<k-2

which imply that, for all |z;] < 1,i=1,...,k— 1, we have

1—a
0 = Azq+By/ zie1+Czp 4+ Y. Dizjzea,

1<j<k-2

for some A, B, C, DieR,1<j< k — 2. It follows that

1_
1 > max{‘Rj<1, Ta,zl,...,zk,l)

)

1—a

0 = A Zj— 1—sz1~|—Czk1+ Z Djzjzi_4.

1<j<k-2
Ifz]-:0for1 <j<k—2, then

[1—a [1—a
0=Az_1+B p Zk—1+ CZ%il, 0=A p Zr_1 — Bzp_1 + CZ%il,

which shows that A = B =C =0.If z;_; = 1, then

0= Z D]'Z]'Zk,1 = Z D]Z] for |Z]| S 1,j:1,...,k—2,
1<j<k-2 1<j<k-2

which implies that D; = 0 for j = 1,...,k — 2. Hence, P(x,y) € ext B,P(zlkJrl) for % <a<1 We
have shown Claim 1. Similarly, —P € ext Bp(j ).

Claim 2. P(xq,...,x,) = x% € ext BP(ZZZ}o)-

Suppose that P = 1(Q; + Q) for some Q, Q> € P(%1%) with [|Q1] = 1 = [|Qz||. Since
1= P(e1) = 3(Qi(e1) + Qa(e1)), we have 1 = Qq(e1) = Qa(e1). Hence,

Qi(x1, ..., xn) = 23 + Z a;x; + Z bjkxjXi

2<i<n 1<j<k<n



Extreme points of L£;(%ls) and P (%ls) 295

and
Qa(xq,..., %) = x5 — Z ax? — Z birxjxy
2<i<n 1<j<k<n
for some 4;, bj € R.
We will show thata; =0 = b]-k forevery2 <i<mn,1<j<k<n.Let2 <j<nbefixed. It
follows that, fori = 1,2, || < 1,

1 > ’Qi(el + te]-)‘ =1+ ‘a]-tz + blji'

4

which shows that a;t? 4 byt = 0 for [t| < 1,henceaj = byj = 0for2 <j<mn.Let2<k <j<n
be fixed. It follows that

1> ‘Qi(el +€k+€j)‘ =1+ ’bkj ,
which shows that bk]- = 0 for 2 < k < j < n. We have shown Claim 2. Similarly, —x%, ix% S
ext Bp 2y ). Therefore, we complete the proof. O

Corollary 1. The inclusion ext Bp2p2 ) C extBp ) holds.

PT’OOf. Let P c ext BP(ZZ%Q)' Suppose that P = %(Ql + Q2> for some er QZ e ’])(2100> Wlth
|Q1ll =1 =||Q2||. Write

2 00
P((xl,xz)) = Z @jjX;X; and Qk((xl,...,xn,-~-)) = Z bg()xix]- for k=1,2,
ij=1 ij=1

where a;;, bg{) € R.

Claim. bl(]-l) =0= bl.(].z) iti >2orj> 2.

Let m = max{i,j} > 2 and Ry := Qi|m € P(*I%) for k = 1,2. By Theorem 3,
P € extBpym). Since |[Ri|| < 1forallk = 1,2and P = 1(Ry + Ry), P = Ry = R,. Hence,

bfjl) =0= bl(jz) and a;; = bl(sl) = bl(sz) forevery 1 < I,s < n. Hence, P = Q1 = Q». Therefore,
P € ext B'P(zlw)' O]
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Mu AOBOAMMO, TIO AASI 71 > 2 KOXKHA eKCTpeMaAbHa TOYKa OAMHIYHOI KyAi mpoctopy Ls(%1%)
¢ excrpemanbtomo B Ls(?151). e aae Biamosiab Ha muranHs1, moctaBaere B [Period. Math. Hungar.
2018, 77 (2), 274-290]. SIk HacAiAOK, MM ITOKA3Y€EMO, 1110 KOXKHA eKCTpeMaAbHa TOUKa OAMHIYIHOI KYAi
npoctopy Ls(?1%) e excrpemaabtowo B Ls(?leo ). TakoX MM OKAa3yeMO, 10 KOXKHA eKCTpeMaAbHa
TOUKa OAMHUYHOI KyAi mpocTopy P (?12) e excrpemaabHoio B P (2I%). SIk HACAIAOK, MU TTOKa3yeMO,
1110 KOXXHA eKCTPeMaAbHA TOUKa OAMHIIHOT KyAi mpocTopy P (%12,) e ekcrpemanbroio B P (*le).

Kntouosi cnoea i ppasu: excrpeMasbHa TOUKa, CMMeTpUUHa biAiHilHa dpopMa, ABOXOAHOPiAHI TO-
AiHOMM Ha TPOCTOPi [eo.



