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APPROXIMATIVE CHARACTERISTICS OF THE NIKOL'SKII-BESOV-TYPE CLASSES
OF PERIODIC FUNCTIONS IN THE SPACE B, 1

FEDUNYK-YAREMCHUK O.V., HEMBARS'KYI M.V., HEMBARS'KA S.B.

We obtained the exact order estimates of the orthowidths and similar to them approximative
characteristics of the Nikol’skii-Besov-type classes Bge of periodic functions of one and several vari-
ables in the space Bo, 1. We observe, that in the multivariate case (d > 2) the orders of orthowidths
of the considered functional classes are realized by their approximations by step hyperbolic Fourier
sums that contain the necessary number of harmonics. In the univariate case, an optimal in the
sense of order estimates for orthowidths of the corresponding functional classes there are the ordi-
nary partial sums of their Fourier series. Besides, we note that in the univariate case the estimates
of the considered approximative characteristics do not depend on the parameter 6. In addition, it is
established that the norms of linear operators that realize the order of the best approximation of the
classes B’% in the space By, 1 in the multivariate case are unbounded.
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INTRODUCTION

In this paper, we continue to study the approximative characteristics of the classes ng of
periodic functions of several variables and classes B‘l;ig of one variable in the space By, 1, which
norm is stronger than the norm in L.,. We recall that some approximative characteristics of
functional classes in the space By, ; were studied in [7,14,15,27,28]. As noted in these papers,
the motivation to study the approximation characteristics (best approximation, widths, best
M-term approximation etc.) of classes B} 4 and Bi’)ﬁ in the space B, 1 was the fact that the
questions of their orders, especially in the multidimensional case, in the space L still remain
open (see also [10]).

The paper consists of two parts. In the first part, we obtain exact order estimates of or-
thowidths of classes ng and By in the space Be,3 and to them similar approximative char-
acteristics as well. Analyzing the results obtained in this part of the paper, we pay attention
to the following facts: in the one-dimensional case, estimates of the considered approximation
characteristics do not depend on the parameter 6; comparing the results of Theorems 4, 6, 8
with estimates of the corresponding quantities in the space Lo, we see that they are identical
in order. As for the multidimensional case, comparing the results of Theorems 4, 5, 7 with the
corresponding estimates in the space L., we see that they also coincide, but instead depend
on the parameter 6. This is, in particular, a feature of the multidimensional case, compared
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with the one-dimensional case. We also observe, that in the multivariate case (d > 2) the or-
ders of orthowidths of the considered functional classes are realized by their approximations
by step hyperbolic Fourier sums that contain the necessary number of harmonics. In the uni-
variate case, an optimal in the sense of order estimates for orthowidths of the corresponding
functional classes are the ordinary partial sums of their Fourier series.

The second part of the paper is devoted to the study of norms of linear operators that realize
the orders of the best approximations of the above mentioned classes in the space By, 1. It was
found that in the multidimensional case (4 > 2), such operators have unbounded normes.

1 NOTATIONS, DEFINITIONS AND AUXILIARY STATEMENTS
Let R? denotes d-dimensional space with elements x = (x1,...,x4), and let

(x,y) =x1y1 + ...+ X394

be a scalar product of elements x,y € R4, By L,(m4), mq = H;lzl [0;277), we denote the space

of functions f(x) which are 27-periodic in each variable and such that

1/p
171, = ((znrd / !f(X)\de> <o, 1<p<eo, o= esssup|f(x)] < oo,

XETT,

Thus, we assume that for f € L,(7;) the condition

2m
5 f(x)dx; =0, j=1,4d,

is satisfied. We denote the set of such functions by Lg(ﬂd). Sometimes instead of L,(7t4) and
Lg(nd), we use the simpler notations L, and LY, respectively.

We denote the Ith difference of a function f € 9,1< p < oo, with a step hj in the variable
x; by the formula

l
Ahf Z l nC’Tlf X1,- '-/xjfllxj‘{'nh]',x]'",l,...,Xd).
n=0

ForfeL,1<p<oo,h=(hy,...,hg)and t € lR‘i we introduce a mixed [th difference

A f () = Ajy o 8 f(x) = 8, (- (85, ()

and we denote the mixed modulus of continuity of order I by

(f, t)p = sup [[8,FC)]lp-
1<t
j=1d
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Let Q(t) = Q(#y, ..., tz) be a given function of the type of mixed modulus of continuity of
the order I. This means that the function () satisfies the following conditions:

1) Q(t) >0, tj>0,j=1,d,and Q(t) = 0, ifl—[}-i:1 ti=0;

2) Q(t) is nondecreasing in each variable;

l
3) Q(mltl,...,mdtd) < <H]d:1 m]> Q(f) G N, ]: 1,d;

4) Q(t) is continuous for ti>0,j= 1,d.

Following S.N. Bernstein [8], we call the function of one variable ¢(7) almost increasing on
[a, b], if there exists a constant C; > 0, which does not depend on 1, T, such that

(1) <Cip(rz), a<m <1 <),

and almost decreasing on [4, b], if there exists a constant C, > 0, which does not depend on
T1, T2, such that
(1) > Cp(2), a<m <1 <bh

We assume that the function Q(t), t € R%, satisfies also the conditions (S*) and (S;), which
are called the Bari-Stechkin conditions [5,31]. This means the following.

A function of one variable ¢(7) > 0,7 € [0, 1], satisfies the condition (S*) if ¢(7)/T* almost
increases for some a > 0.

A function ¢(t) > 0, T € [0, 1], satisfies the condition (S;) if ¢(7)/77 almost decreases for
some(0 <y <[, €N

In the case of d > 1 we say that Q)(t),t € R%, satisfies these conditions if )(t) satisfies
these conditions in each variable ¢; for fixed ¢;, i # j.

We now define the functlonal classes B?e, which were considered in the paper [37] by
S. Yongshen, W. Heping.

Let1 < p,0 < oo and let Q)(t) be a given function of the type of mixed modulus of conti-
nuity of the order /, which satisfies conditions 1) — 4), (§*) and (S;). Then the classes 329 are
defined as follows

B = {f € L(ma) : [flgg, <1},

0 d g0
HfHBge:{/(%) Ht—t]} , 1<0 <,

where

j=1 "]

e O (f,t)p
||f”Bf} g Q(t) :

We note that, in the case r = (r1,...,74),0 < rj < I, j = 1,d, and Q(t) = Hd trj the
classes B’% are identical to analogs of the Besov classes B; which were considered in the
papers [2,16]. In turn, for 6 = co the classes B}, , = H}, are analogs of the Nikol’skii classes [18].
The classes Bé),oo =H ;9 were have studied in the paper by N.N. Pustovoitov [19].

In the following considerations we will use the definition of classes B?ﬂ in a slightly differ-
ent form. To do this, we recall the definition of order relation.
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For two non-negative sequences (a,,);>_; and (by,)’_, the relation (order inequality) a, < by
means that there exists a constant C3 > 0, which does not depend on n and such thata,, < Csbj,.
The relation a,, < b, is equivalent to a, < b, and b, < a,,.

To every vector s € N? we put the set

s)={kez?: 217 < |k;| <2%,j=1,d}

in correspondence, and, for f € 191 < p < oo, we denote

5(f) = 0(f,x) = Y flk)e't),

kep(s)

k) = (270)4 / F(B)e ik gp

are the Fourier coefficients of the function f.

Therefore, for f € ng, 1< p<oo, 1<6 < oo, where ()(t) is a given function of the type
of mixed modulus of continuity of order /, which satisfies conditions 1) — 4), (§%), (S;), and the
relations

where

1/6
(Zo )le, f>uz> , 1<6<o,
Ifllsg, = M
G sup 1) 0o
;o) '

hold. Here and below, ((27%) = Q(27%,...,27%),s; € N, j = 1,d.

Note that the case 1 < 6 < oo in (1) was considered in [37], and the case 6 = oo in [19].

For the norms of functions from the classes B? for p = 1and p = oo we can write relations
analogous to (1) by replacing the "blocks" ds(f) by others. Namely, by V;,(t),m € IN,t € R, we
denote the Vall’ee-Poussin kernel

2m—1 m—k
V()—1+2Zcoskt+2 Y. ( )Coskt
k=1 k=mt1 N\

(for the correctness of the definition of V,(t) we should assume that the last sum in this for-
mula vanishes for m = 1).
To every vector s € INY, we put the polynomial

d
d
— H (st] (x]) - stjfl (XJ)) 7 X E lR ,
=1
in correspondence, and, for f € 191< p < oo, we set

As(f) i= As(f,x) = (f * As) (%),

where * means the convolution operation. Then the following relations hold:

1/6

(ZQ ) As(f )Hi) , 1<6<o,

[As (O
PR

||f”B§1£ = )

0 = .
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Note that the case 1 < 6 < o0 in (2) was considered in [30], and the case 6§ = oo in [19].
In the following research, we consider the classes B;?e defined by a function of the type of
a mixed modulus of continuity of order / of the special form

d
Q) =w (H tj) , ©)
i=1

where w(7) is a given function (of one variable) of the type of a modulus of continuity of order
I that satisfies conditions (S*) and (S;).

It is easy to verify that the function Q)(t) of the form (3) satisfies properties 1) — 4) of a
function of the type of mixed modulus of continuity of order ! and satisfies conditions (5%)
and (S;). Therefore, the above mentioned relations (1), (2) for the norms of functions of the
class B}, remain true.

Now we define the norm in the subspace B 1. For any trigonometric polynomial ¢, it is
defined by the formula

oy = & 14O
seN4 [ J{0}
In the same way, the norm ||f||p_,, for the functions f € L; under the condition of convergence
of the series } ;. na (0} |As(f) |0 is defined. We note that, in this case, the relation

- lloo <1 [1Bo, 4)

holds.

2  APPROXIMATIVE CHARACTERISTICS AND AUXILIARY STATEMENTS

Let {u;}M, be an orthonormal in the space L (1) system of functions u; € Leo(71y), i =
1, M. For every function f € Ly(7y), 1 < q < oo, we put an approximative aggregate of the
form "M, (f,u;)u; in correspondence, i. e., the orthogonal projection of the function f onto the
subspace generated by the system of functions {u;},. Here and below, we set

(F,ui) = 27) " [ fo)mi ()
g
Then, for the functional class F C Ly(7,), the quantity

dy(F,L;) = inf sup
M 7 {ui}; fer

(5)

M
f- ;(f/ui)ui

1

q

is called the orthowidth (the Fourier-width) of this class in the space L;(7r;). The orthowidth
dy;(F, Ly) introduced by V.N. Temlyakov [35].

In addition, in [35] V.N. Temlyakov considered similar to the Fourier-width quantity of
d® (F, L), which is defined as follows

d8 (F,L,) = inf su — Gfl|,. (6)
m(F,Ly) GELM(B)qumS(G)IIf fllg
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Here by Ly(B); we denote the set of linear operators satisfying the conditions:

a) the domain of definition D(G) of these operators contains all trigonometric polynomials,
and their domain of values is contained in a subspace with dimension M of the space L;(714);

b) there exists a number B > 1 such that, for all vectors k = (ky,..., k), kj € Z,j =1,d, the
inequality "Gei(k")"z < B holds.

We note that Ly;(1), contains the operators of orthogonal projection onto the spaces of
dimension M as well as operators defined on an orthonormal system of functions involving a
multiplier defined by a sequence {A, } such that |A,,| <1 for all m.

From (5) and (6), it is easy to see that the quantities d]%/[(F ,Lg) and dﬁ/I(F , Lg) are connected
with each other by the inequality

dSi(F,Ly) < dy(F, Ly).

It is obvious that such a relation also holds for case in which instead of the space L; the
space By, 1 is considered, i. e.

A (F,Buo) < day(F, Beop)- )

The quantities (5) and (6) for various functional classes F, both in Lebesgue spaces L;(7z),
1 < g < o0, and in other functional spaces were investigated in [1, 3,4, 6,9,12,13, 20, 24-26, 30,
35,36]. A more detailed bibliography can be found in the monographs [10,23,32,33].

We recall some of the well-known statements that will be used in the subsequent consider-
ations.

Theorem 1 ([11]). Let1 < p < 00,1 <0 < 00, O(t) = W<H7:1 t]-), where w satisfies condition

S%) with some « > 1/p and condition (S;). Then for any M,n € N, such that M = 2"n%"1,
P y
the relations
diy (BSy, Leo) < dBy(BSY, Leo) < w(27")2"/ Py(d=1(1=1/0)

hold.

Theorem 2 ([11]). Let1 < 6 < o0, Q(t) = w(l—[?zl t]->, where w satisfies condition (S*) with
some « > 0 and condition (S;). Then for any M,n € N, such that M < 291 the relations

AR (B2, Leo) < w(27")n(@-D(1-1/6)

00,07
hold.

To formulate the following statement, we need the appropriate notation.
Ford > 2 and n € IN we denote by Q,, the set

Qn = U P(S)/ (8)

(s1)<n

which is called a step hyperbolic cross.
Accordingly, for the function f € L;(7ry) we denote by Sp, (f) its step hyperbolic Fourier
sum

So.(f) = ) flk)e'®

keQﬂ
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and for the functional class F C X we put

€q,(F)x :=sup||f = Sq,(f)lx-
feF

In the one-dimensional case, instead of £g, (F)x we use the notation £, (F)x, i. e.

En(F)x i=sup [|f = Su(f)llx,
feF

where
2}'1

Silf) = ¥ FR)e.

k=—21+1
The following statement is obtained in [29].

Theorem 3. Letd > 1,1 < p < 00,1 < 0 < 00, Ot) = w( }1:1 t]->, where w satisfies
condition (S*) with some « > 1/p and condition (S;). Then
£ (B ) = w22 P-0-1)

3 ESTIMATES OF APPROXIMATIVE CHARACTERISTICS
The following theorem is true.
j=1

(S*) with some a > 1/p and condition (S;). Then for any M,n € N, such that M < 2"n%~1,
the relations

Theorem4. Letd > 1,1 < p < 00,1 <60 < o0, Q)(t) = w(]—[‘-i t]-), where w satisfies condition

dii (B, Beo1) = diyy(BSy, Beo1) =< w(27")2" Pp(d-D(=1/60) 9)

hold.

Proof. According to the inequality (7), to prove the relations (9), it is sufficient to establish
the lower bound for the quantity d%(BSQ, Bs 1) and the upper bound for the orthowidth
dy1(Byg Boo)-

The lower bound for the quantity dﬂ(Bi}/e, B 1) is a consequence of Theorem 1 due to the
relation (4). The corresponding upper bound for the orthowidth is obtained as a consequence
of Theorem 3.

Thus, choosing the number n € IN according to the condition M =< 2"n9~1, we can write
dii(BYy, Beop) < €, (Bg)p,,, = w(27")2" Puld-DU-1/6),

O

The formulation of Theorem 4 does not contain the cases p = 1 and p = oo, where we
managed to establish only the order of the quantity df/l(ng, Bwj),p € {1,00}.

Theorem 5. Letd > 2,1 <60 < o0, Ot) = w(l_[?zl t]-), where w satisfies condition (S*) with
some a > 1 and condition (S;). Then for any M,n € N, such that M < 21191 the relation

5 (BSY), Beo 1) < w(27™)2"n(@-11-1/6) (10)
holds.
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Proof. Firstly, we establish the upper bound in (10). For this purpose, we choose the number
nelN according to the condition M < 2"n9~! and consider an approximation of the functions
f e B ' by polynomials of the form

Y. As(f). (11)

(s,1)<n
As it was noted above, the operator G, which puts into the correspondence to the function
f a polynomial of this form, belongs to Lys(1),. Then, according to the definition of the norm
in the space By,; and the convolution property, we can write

Z As As* Z As’(f)

(s,1)>n o/ eN4 Hoo

(s'1)=n (12)
Av Y Asf(f>H < T HAsnw\ YA =n.

Jls—Teos1 1)=n—d Jls—Teo<1 1

If = ta() B, =

Beo,1

<
(s,1)>n—d

Using the relation (see example [32, Ch.2, §5])
1As]|p = 26DA1P), 1 < p < oo,

we continue the estimate as follows

h= Yy, 200V jaNh < Y 25YA(AIk

(s1)>n—d [s—s"||o<1 (s1)>n—2d

= ¥ o' @O)A)he@ V)20 = b,

(s,1)>n—2d

(13)

Let us consider several cases depending on the values of parameter 6.
1. Let 6 € (1, ). Applying the Holder’s inequality, we obtain

1/6 1/6¢’
Iz<( > we(Z(S’”)IAs(f)?) ( )y w9’<2<5'1>>2<5'1>9’)
(s,1) (s,1)

1) >n—2d 1) >n—2d

1/6
< ”fHB{)e ( Z a)e/(Z(S/l))z(S/l)@/) < ( Z w@’(z(s,l))z(s,1)0’> — 1,
’ (s,1)>n—2d

(s1)>n—2d

where1/60 +1/6" = 1.
We denote n — 2d = m. Taking into account that for (s, 1) > m

w2(i((:111))) <G4 wz(za: )/ Cs >0,
we get
1/6' 1/6'
fs<<“’§i,f>( e ) (221“ zl)
(s1)=zm jzm (s1)=j (15)
< W27 o), (d-1)/0 _ —w(e™m) ~1)(1-1/0)

2*0{]’]”[
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2. Let 0 = 1. In this case we have

I, < sup w(2- )26 ) w 27N A(F)
s:(s,1)>m (s1)>m (16)

L w(27)2%|fllpo, < w(27)2".
3. If 0 = oo, then for the quantity I, we can write
[[As ()] —(s1)\(s1) w2 D) s
L< sup BULIL Y2606 < £l W Lot
s:(s1)>m w(z (s,l)) (S,Em B (S,%lzm 2—a(s,1)
—m
< wz(zlxm )Zf(ocfl)mmdfl — w(Z*’”)med”.
(17)
Thus, taking into account the relations (12)—(17), we obtain the required upper bound for
the quantity d?A(B&, Boo1)-

The corresponding lower bound in (10) follows from Theorem 1 according to the relation
(4). O

With a certain modification of the considerations, it is easy to establish an analogue of
Theorem 5 for the one-dimensional case. The corresponding statement is as follows.

Theorem 6. Letd = 1,1 < 6 < oo, and w satisfies condition (§*) with some « > 1 and
condition (S;). Then the relation

5 (B, Boop) < w(M )M
holds.

Now we establish the order estimate of the quantity dE/I(Bg,G' Boo1)-

Theorem 7. Letd > 2,1 < 6 < o0, O)(t) = w(]—[}izl t]-), where w satisfies condition (S*) with
some « > 0 and condition (S;). Then for any M,n € N, such that M =< 2"n9-1 the relation
d8 (B2 g, Boo1) = w(27M)n(d—1)(1-1/0) (18)

00,07

holds.

Proof. Similarly as in the proof of Theorem 5, the upper bound is obtained by approximating
the functions f € Bg,(, by trigonometric polynomials of the form (11) under the condition
M =< 2"n%~1. The corresponding estimate is obtained in [15].

Regarding the lower bound in (18), we note that it is a consequence of the Theorem 2 ac-
cording to the inequality (4). O

The corresponding statement for the one-dimensional case is as follows.

Theorem 8. Letd = 1,1 < 6 < oo, and w satisfies condition (§*) with some « > 0 and
condition (S;). Then the relation

dyr (B o,

Boo,l) = w(M_l)
holds.

Remark 1. Analyzing the results obtained in this part of the paper, we get the following con-
clusion: in the one-dimensional case, in contrast to the multidimensional one, the obtained
estimates of the corresponding approximative characteristics are independent of the parame-
ter 6.
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4 ESTIMATES OF NORMS OF APPROXIMATION OPERATORS

Firstly, we make some remarks and introduce necessary notation. Let Q, be a set denoted
by (8) and

T(Qn)—{t t(x Zcek") xEIRd}
keQn

Let X € L;(7ty) be some normed functional space with norm || - || x.
For f € X we denote the quantity

Eq,(f)x = 1Tn(f2 If —tlx

and for the class F C X we put

Eq,(F)x := sup Eq,(f)x-
feF

The quantities Eg, (f)x and Eg, (F)x are called the best approximations in the space X
respectively of the function f € X and of the class F by trigonometric polynomials from the

set T(Qy).

In the one-dimensional case, the corresponding approximative characteristics are defined
as follows.
Let X € Li(7r1) be a normed functional space with norm || - ||x and T(2"),n € IN, be the
set of trigonometric polynomials of the form
21
T(2") = {t tx) =) e, x € ]R} .

k=—2141

Then for the function f € X by Ex(f)x we denote the quantity of its best approximation
by polynomials from the set T(2"), i.e

Ex(f)x = telTngn 1f —tlx

and for the functional class F C X we put

Ezn (F)X = sup Ezn (f)X
feF

The following statement is established in the paper [15].
Theorem 9. Letd > 2,1 <60 < o0, Ot) = w(l_[?zl tj), where w satisfies condition (S*) with
some « > 0 and condition (S;). Then
EQ,(BS o)., < w(2 "t DA71/0), (19)

It is important to note that the estimate (19) is obtained by approximation using the lin-
ear method. More specifically, such a method in [15] used a sequence of linear operators
{Vg,}>>,, which to the function f € Bg/a put in correspondence the polynomial of the form

Wan = VQn Z AS f* VQn’

(sl <n
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where
Vo, =V, (x) = ). As(x).
(s1)<n
However, the sequence of operators {V, }% ; has one significant drawback, that is that
the norm of the operator V, , as an operator going from Le, to L is equal to ||V, [|1 and thus,
(see consequence [32, Theorem 1.2.1])

1Vg,ll1 > ni1.

In other words, the sequence of norms of linear operators {V g, }% ;, which realize the
order of quantity Eg, (Bglg) B, for d > 2, is unbounded.

Therefore, the question naturally arises about the existence of a sequence of linear operators
Lo, : Lee = T(Qn) with bounded norms ||Lq, ||, which well approximate the classes Bg,(, in
the space B 1.

The answer to this question is contained in the following two statements in multidimen-
sional (d > 2) and one-dimensional cases, respectively.

Theorem 10. Assume that on L3,(7),d > 2, a sequence of bounded linear operators Lq, is
defined, that to every function from LY, (7r;) put in correspondence the trigonometric polyno-

mial from the set T,, so that for the functions f € Bg/e,l <6 < o0 O) = w(l—[?zl t]->,

where w satisfies the conditions (S*), « > 0 and (S;), the order inequality

Hf - ‘CQn (f)HBoo,l < EQH(Bg,Q)Boo,l

holds.
Then for any € > 0 the following estimate is true

I1£g, Il > n@ D09,

Proof. Lett = (10,...,T4), T € R, j= 1,d, and I; denotes a shift operator of the argument of
the function f to the vector 7, i. e. I f(x) = f(x + 7). Following J. Marcinkiewicz [17], consider
the bounded linear operator T, defined by the equality

(To,f)(x) = @) [ (Lo, 1) (x)dr.

Then, due to the invariance of the norm for the shift of the argument, for the norms of the
operators T, and L, the relation

ITo, I < l1£q, | (20)

is valid.
It is also easy to see (see example [21]) that the operator T, acts on the function f as a
convolution operator, i.e.

(To.f)(x) = f(x)* Y cppe’®™). (21)

keQﬂ
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Next, let f € Bo%,(?' Then I, f € B 00,0 and according to the condition of the theorem we get

IIef — Lo, (Ief)||y < E,(BLg)Be - (22)

Let I be the identical operator. Then, using (22), we have

If = Ta, (Pl = / L+(1 - Lo, ()T

Boo,l

< (2m) / N~ (I(f) — Lo, (1)) 5., dT (23)
(27)~ / |E(f) = Lo, (Ie(F))llpdT < Eq, (Bg)bs-

Thus, it follows from relations (20) and (23), that it is sufficient to prove the theorem for the
operator acting according to the formula (21).

Let
Lo,(f) = @) [ flx—y)Lo, iy,
7tq
where .
Lo, () = Y cape’™
keQn
In this case, for the norm of the operator Ly, we have ||Lg, || = ||Lg,||1-

For further consideration, we need an auxiliary statement.
Lemma 1. There exists 6 > 0 such that inequality
Z ‘Cn,k’ > 5’Qn‘
keQn

holds for all n.

Proof. We use the method of the opposite, i.e. assume that for any § > 0 there exists n such
that

Z ‘Cn,k’ < 5’Qn‘-

keQn

Denote by S the set of such vectors s = (s1,...,54), (s,1) < n, p(s) € Qy, that for some
vector k° = (kj,..., k) € p(s) the inequality |c,4s| < 1/2 holds. In [21] it is established that
for the number of elements of the set S the following estimate is true

1
S| > n1log, 5 (24)
Let us consider the function

fi(x) = Cs|8] 70N w2 lslh)elx) 1 <9 <o, C5 >0,

seS

where the vectors k* = (kj, ..., k%) € Q, are defined above.
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It is easy to prove that this function with the corresponding constant Cs > 0 belongs to the
class B¢ ,,1 < 6 < oco.

00,07
Next we need the estimation obtained in [15], namely

Eq,(BLg)p,, < w2 ™n@"D0-1/8 1 <9 < oo, (25)
Since for the function f; the relation
11 = L£0,(f1)|Ber < EQ, (B g)Bus (26)
is fulfilled, according to (25) and (26) we get
1fi = Lo, (A)llB,, < @@ ™)n@DIV0, 1 <6 < oo, (27)
Now we establish the lower bound of left part in (20). We have

1f1 = L0, (fD)lIBe, = 11 = L0, (A1)l = [71(0) = Lo, (f1(0))]

_ -1/6 _ —|Is]|
= G L0 )Y (28)
> |5|_1/9 Zw(z_HSHl) > w(2‘”)|5|_1/9|5| _ w(z—n)|5|1—1/9‘

SES

From (27) and (28) we get the relation
w(zfn)ysylfl/e <<w(27n)n(dfl)(1fl/9);

it follows the estimation |S| < né~1.

By comparing (24), we get

1
nd-1 log, 5 < ni=1,
SO
lo L <C
gZ S~ 6/

where Cg is some constant.

It is easy to see that for some ¢ > 0 this inequality is false. O

To complete the proof of Theorem 10, we need the following auxiliary statement [34].

Lemma 2. For each > 0 there exists a constant C (1) such that for any polynomial t € T(Qy)
the following inequality holds

Y. [tk < COp)n2"||t])s. (29)
keQﬂ

So by submitting (29) as
Ity = C(@)n=°27" - [E(K)]
keQn
and using Lemma 1, where the number § > 0 satisfies its conditions, we have

HﬁQnH _ ”Lin‘l > n*‘SZ*”\Qn\ — nfﬁzfnznndfl _ n(dfl)(lfé/(dfl)). (30)

Now we put e = ¢/(d — 1) and with (30) we get the necessary estimate. O
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Thus, as the obtained result shows, in the case of 4 > 2 the norms of sequences of opera-
tors {Lg, }>_;, which realize the orders of the best approximations of the classes Bg/e in the
space B 1 by trigonometric polynomials from the set T(Qj,), are unbounded. In this regard,
it should be noted that in the one-dimensional case, the situation is completely different.

We recall that in the paper [15] the following statement was established.

Theorem 11. Letd = 1,1 < 6 < oo, and w satisfies condition (S*) with some « > 0 and
condition (S;). Then
EZ"(BSJO,())BDO,1 = w(27"). (31)

It should be noted that the estimate (31) is realized by approximation by trigonometric
polynomials

n—1
tn(f) == ta(f, x) = Z As(f,x), x€R,feBgy,
s=1
which are generated by the operators A, acting by the formula

Anf = Tu(f).

But it is easy to see that the sequence of norms of the operators {A,}?’; is bounded be-
cause

| Anll = <|Vill1 + | Vizalh £ G, Gz > 0.

n—1
) As
s=1

1

Remark 2. In the case of Q)(t) = H?th]r.j , 1.e. for the classes B; o similar problems were studied
in [22].
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BcraHOBAEHO TOUHI 3a TIOPSIAKOM OIHKY OPTOINOIEPEUHNKIB Ta OAM3BKMX AO HMUX allpOKCHMa-
LIVHMX XapakTepucTuk xaaciB Tvry Hikoabcbkoro-becosa B’% niepioaMuHMX (PYHKIII oAHi€l Ta
faraTboX 3MIHHVIX y IPOCTOPi B 1. BusiBAeHO, 110 B 6araroBumipHOMY BumaaKy (d > 2) mopsiaku
OPTOIONePEYHNKIB 3raraHMX KAaciB PyHKIIN pearisyroThes 3a HabAVDKeHHs ix cxiagacTo-Timep6bo-
AluaMMYM cymamu Dyp’e, SIKi MiCTSITh HEOOXiAHY KiABKICTh TapMOHIK. Y OAHOBMMIpPHOMY BUITAAKY
ONITMMAABHVMI, 3 TOUKM 30py MOPSIAKOBMX OLIHOK OPTOIOIEepPeUHNKIB BiAIOBiAHMX KAaciB dpyH-
KIIili, € 3BMYAVHI YaCTMHHI cyMM ix psiaiB Dyp’e. Kpim 1boro caia 3a3HaumTH, 10 B OAHOBMMIPHOMY
BUIIAAKY OIIHKM POSTASHYTUX allpOKCHMMAILVHIX XapakTepUCTUK He 3aAeXaTb Bia mapameTpa 6.
Tako mokasaHo, IIT0 HOPMM AiHIIHIX OIIEpaTOpiB, SIKi peaAi3yloTh MOPSIAOK HAMKpPAIIOro HabAM-
JKeHHS KAacCiB Bgﬁ y IpocTopi By, 1, y 6araToBMMipHOMY BUITAAKY € HEOOMEXEHMMI.

Koouosi cnosa i ¢ppasu: xaac tmmy Hikoabcbkoro-becosa, opTononepedsnk, Haikpalie HabAm-
JKeHHSL.



