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Application of slice regularity to functions of a
dual-quaternionic variable
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In this paper, we present the algebraic properties of dual quaternions and define a slice regularity
of a dual quaternionic function. Since the product of dual quaternions is non-commutative, slice
regularity is derived in two ways. Thereafter, we propose the Cauchy-Riemann equations and a
power series corresponding to dual quaternions.
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Introduction

Many fields of analysis have explored the theory of quaternionic valued functions of quater-
nion variables, which consider holomorphic functions of complex variables. R. Fueter [4] first
defined the differential operator as follows

o 1,0 .0 .0 d

a_ﬁ = Z(B—XO +ZE +]a—x2 +kﬂ)’
called the Cauchy-Fueter operator and constructed a space consisting of solutions of the equa-
tion expressed by the Cauchy-Fueter operator. Since then, based on [3], many results on prop-
erties and applications of solutions of the Cauchy-Fueter equation have been reported (see
[1,11,12]). However, a function defined as a solution of the Cauchy-Fueter equation expresses
the identity as the equation f(q) = g, but there exists the situation that polynomials and series
of this function are not regular in quaternions. To solve these problems, consider the definition
of the Cullen regular function that was proposed and developed by C.G. Cullen [2]. According
to this definition, polynomials and power series of the form } ", 4"a,, where q € H, being the
set of quaternions, and 4, are constants in H, are regular. In addition, R. Fueter defined the
class of holomorphic functions over H and expressed polynomials and power series of quater-
nionic variables, based on that class. Thereafter, G. Laville and I. Ramadanoff [9] developed
the theory of holomorphic functions over H and constructed the definition of holomorphic
Cliffordian functions. Since the Laplacian equation denoted by the differential operator a%A
has solutions that are holomorphic functions over H, the set of Cullen regular functions and
the set of Fueter regular functions are not equivalent. The class of Cullen regular functions
consists of all solutions of a generalized Cauchy-Riemann system of equations, which pro-
poses polynomials and series expansion in IH. To provide the generalized Cullen definition,
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let S be the unit sphere of a pure imaginary quaternion, i.e.
S={g=ix; +jxy+kxz| 22 +x34+x%=1}.

If I € H, then > = —1 and the elements of S are called imaginary units. G. Gentili and
D.C. Struppa [5, 6] developed properties and theories of slice regularity by using the genera-
lized Cullen definition. Building upon [5, 6], this study extends the notions and properties of
slice regularity in dual quaternions. J.E. Kim et al. [7,8] investigated the extended the regularity
of dual quaternionic functions and represented dual quaternionic functions by using various
forms such as their polar form in Clifford analysis. This study shows that the generalized
Cullen definition can be applied to the set of dual quaternions and that theories of slice regular
functions can be applied to dual quaternions. Therefore, in this study, we provide the algebraic
properties of dual quaternions and define a slice regularity of a dual quaternionic function.
Due to the non-commutativity of the product of dual quaternions, slice regularity induces the
corresponding Cauchy-Riemann equations and power series in dual quaternions.

1 Preliminaries

In this section, we provide the basic definitions and algebraic properties of dual quater-
nions. We recall that the set of dual quaternions ID; is denoted by

D, ={p|p=x0+ix;+jxa+kxs, xy €R, +=0,1,2,3},

where the imaginary unit i and dual unit j with the condition that ij = k satisfy the following
properties:
?=-1, =0, ij=k=—ji, jk=kji=0, ki=j= —ik. (1)

Given the existence of these units, if we consider an example by means of the matrix form such

as
10\ . (i 0 (01 0 i
=)= %) = (o) me=(50)

then these matrices satisfy equations (1).
From the properties of units for dual-quaternions, we define the conjugate of a dual-qua-
ternion p as p* = xo — ix; — jxp — kx3. Then, its modulus | - |p is given by

b = pp* = x5+ 7

and the real and imaginary part of p are denoted by Re(p) = xp and Im(p) = ixy + jxp + kx3,
respectively. If the coefficients xp of 1 and x; of i are both nonzero, we have the multiplicative

inverse of p, denoted by

-1_ P
plp
Let IL be a set of pure imaginary dual-quaternions, denoted by

p

L ={peDy|Re(p) =0, [Im(p)| =1},

where |Im(p)| = |x1]|, i.e. [Im(p)| is isomorphic to a projection 77; : D, — RR;, where R; is the
set of real numbers that are coefficients of the uniti. Any I € L satisfies the equation I = —1.
Consider the complex plane

Ar={x+1Iy|x,y € R}
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For any p € Aj, there exist unique values of x,y € R such that p = x + Iy. Since the elements
of A satisfy the condition that the square of each element is —1, we obtain the differential

operators 5 5 5 5
« 1 1
D¥ = (ax + I@) and Dj= (5 _ 1@).

Using these operators, we define other functions that are described in the following section.

2 Slice regular function in dual-quaternions

To define the slice regular function in ID,, we introduce the following definition.

Definition 1 ([10]). A subset Q) of 1D, is said to be a dual subset if there exists a subset O C R?
such that QO = O x R2. The subset O is called the generator of Q). The subset () is said to be
an open dual subset of ID; if the generator of Q) is an open subset of R?. The set Q) is said to
be a closed dual subset of 1D, if its complementary is an open subset of ID,. The set () is said
to be a connected dual subset of D, if its generator is a connected subset of R?.

Let f : QO — DD, be a function with the units used in ID; such that
f(p) = uo +iuq + jus + kus,

where u, = u,(xo,x1,x2,x3), v = 0,1,2,3, are real-valued functions. The function f is called a
dual quaternionic function.
Next, we provide the definition of a slice regular function in dual-quaternions.

Definition 2. Let () be a domain inD,. A function f : O — 1D, is said to be slice left regular
(SLR), if its restriction f; : QN A; — 1D, has a continuous partial derivative and satisfies the
equation Dif(p) = Dif(x +1y) =0 forp = x + Iy € QN Ay, that is
ey — L(9f1(p)  9fi(p)
le(}?)—2< ax 1 dy )
on (Y N Aj. In addition, f is said to be slice right regular (SRR), if f; is ditferentiable and
satisfies f(p)D} = f(x + Iy)D} = 0O, that is we have

F(p)D} = %(%(3;; Iy) . afl(ﬁg; ly) 1)

on QN A;.

Example. We consider the power seriesof p = x + Iy € QN Ay, thatis, forp = x+ Iy € QNA;

n
o k A2k 2k n vk n—2k—1_ 2k+1
- _;<2k> +IZ<2k+1>( Vs s

Since f satisfies

Dif(p) = ). <2r;{>( 1)kan =2k 2k 1 Z <2k—|— 1) (—1)kxn 212kt
(

ke n—2k—1 2k < n ki, ~p _ 1\vn—2k—2 2k+1
2k>( 1)%(n — 2k)x +1kfa<2k+1>( 1) (n — 2k —1)x y

+ I{Xi: <2nk> (—1)k2ka =221 4 ] Xn: <2k1:l|— 1) (—1)k(2k + 1)xn—2k—1y2k},

k=0
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where

B R e et

fork =0,1,2,.... Thus, we obtain
i Zk) n— 2k71y2k . i n (_1)k(2k+1)xn72k71y2k}
k:o 2k = 2k +1
n

n
1)k(1’l — 2k — 1) n—2k—2 2k+1 < ) kzkxn 2ky2k 1
1{y <2k+1) oy }
=0.
Therefore, the function f can be called SLR.

Definition 3. Let () be a domain in ID; and let f be a SLR function. The slice left derivative
(SLD) Dy of f is defined as

(afl(x +1ly) ofi(x+ 1y)>
ox ay

and the slice right derivative (SRD) D of f is defined as

_ 1(8f1(X+ ly) ofi(x +Iy) 1)
2 ox Ay '

Dif(x+1y) =

f(x+1Iy)D

Since the calculus processes of SLR and SRR are similar, for brevity, we mainly deal with
the definition of SLR alone in this study:.

Proposition 1. Let () be a domain in ID; and a function f be SLR in D,. Then, the function f
satisfies the following equations

Ifi(x + Iy)

ofi(x +Iy)
ox ’

Dif(x+1y) = 3y

or Dif(x+1y)=—1I (2)

Proof. Since f is a SLR function, it satisfies

Dif(p) = 5 (L1 — 0

Therefore, we have

Dif(p) = (%— ?TJ;I) a_]z or Dif(p) = 1.

Thus, we obtain equation (2). O

Proposition 2. Let () be a domain in ID,. Let f be a SLR function that acts on Q). Then, the
SLD of f, denoted by D} f : () — Dy, is SLR and it satisfies

Djf(x +1y) = PLEEY) ®

Proof. From Proposition 1, by means of induction, equation (3) is obtained. O
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Proposition 3. Let () be a domain in ID,. If f is a SLR function, then the SLD of f is also
regular.

Proof. Since operators Dy and D7 commute with each other, they satisfy the equation
Dj(D;f) = D;(Djf). In addition, since f is SLR in (), the function f satisfies D} f(p) = 0.
Thus, we obtain D} (D;f) = Dy(Djf) = 0. O

Theorem 1. Let () be a domain in ID,. If f is a SLR function on (), then for every I, | € LL there
exist SLR functions F, G : QN A; — Aj such that for any p € A it satisties

fi(p) = F(p) + G(p)].

Proof. Consider the restriction f; of f to QN Aj such that fi(x + Iy) = fo+ If1 + Jf» + Kf3,
where f; : R? - R, t = 0,1,2,3, are real-valued functions and let K := I]. Since fisa SLR
function, it satisfies D} f = 0. Hence, we have

0 — %(% N [(%){fo(x,y) + I (xy) + ThH(xY) + Kf(xy)}

_ Lgofo Oh  jOfa (Ofs  Ofo 9h (92 9fs
B 2{8x+18x+]8x+K8x+18y 8y+Kay ay}

- HER-E) (B D) 1(E-L) (B L))

2W\ox 9y ox ox 9y ox  dy

This implies

O _ 91 o _ofs

ox  dy’ ox  dy’

d 4

% _ op M) op_ op @

ox dy’ ox dy
If welet F = fo+ Ify and G = f, + If3, then F and G satisfy the equations DF = 0 and
D7G = 0. Thus, F and G are SLR functions, and we obtain f; = F + GJ. O

The equations (4) that appeared in the above proof procedure are called corresponding
Cauchy-Riemann equations, and they are derived from D7 f; = 0.

We now consider polynomials and power series in ID,. The standard polynomial p"a;, with
a, being dual-quaternions for each n € N, is regular. In addition, the sum of SLR functions is
SLR. From these properties of regularity in ID;, we obtain polynomials with dual-quaternionic
coefficients on the right that are slice regular. We define the space of regular functions that
have a uniform convergence on compact sets.

Theorem 2. Let () be a domain in IDy. Let f : Q) — D, be a SLR function on Q). Then, there
exists

fp) = ¥ pr 29SO ©)

= n! ox"
converging on ().
Proof. Let ®©; be a disc centered at the origin with a radius a2 > 0, where a < R. From Theo-

rem 1, we consider an integral representation for f; in ©;. Since f; = F + GJ, where both F
and G are SLRin QN Ay, forany ¢, p € QN Aj, each of F(p) and G(p) is commutative with

-1 C—p)
(C—p) =
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where { = 19+ [Ty and p = xg + Ix; with 4 # x4, t = 0, 1. Therefore, we write the following

equations
C=p) = £ and (G- p) 6= £,

=

Hence, for any p in ©; we have

filp) = %(/bggl (g)g i(g)]dg) - 27111{/;@1 ; (—giyngr (/b@ 4 (ng@ }

Since { € QN Aj, we write {1 = % if it is expressed with other elements of Aj.

0 = gl o e e ——>}

:27112/ C+Z/

nelN nelN
Since the power series is regular in its domam of convergence, we have

ZP 0) + D}G ZP

nelN ! nelN
From Proposition 2, we have

an' ZP 8x”)'

nelN nelN
Since the function f;(p) can be expressed as a series for arbitrary I € A, we obtain the condi-
tion that for any I € Aj, the function f has a series expansion such that equation (5) holds. [

Example. Considering the definition of the exponential function in quaternion, we denote
exp(p) = exp(x)(cosy + I'siny). Since the exponential function of p € Q) N A satisfies
Diexp(p) = exp(x)(cosy + I'siny) + I exp(x)(—siny + Icosy) =0
n

forp € QN Ajp, exp(p) is SLR. The exponential function exp(p) has 32 exp(p) = exp(p), and

thus, exp(p) = ) p”% can be obtained.
n=0 :

3 Conclusion

In this paper, the algebraic properties of dual quaternions is given and the slice regularity
of a dual quaternionic function is defined. The interesting property of dual quaternions is that
they can be expressed as the Galilean transformation in one quaternion equation. Since the
multiplication of two dual quaternions is a dual quaternion, the set of dual quaternions form a
division algebra under multiplication. Dual quaternions are useful mathematical tools for the
rigid body motions in engineering and physics. The dual quaternions are applied as a num-
ber system to represent rigid transformations in three dimensions. Since the product of dual
quaternions is non-commutative, when defining the notion of slice regularity, it is necessary to
consider the order of the associated functional calculus. Also, before we consider power series
expansions of slice regular functions of a dual quaternion variable, we need to introduce a new
type of derivative for slice regular functions. Power series in the dual quaternion variable are
more complicated than complex power series because of the non-commutativity of the quater-
nionic multiplication. In view of the non-commutativity and slice regularity, we propose the
left(right)-Cauchy-Riemann equations and a power series corresponding to dual quaternions.
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Y Wil cTaTTi MU IMpe3eHTyeMO aArebpaidyHi BAACTMBOCTI AYaABHMX KBaTepHIOHIB i BM3HaUYaeMO
PETYASIPHICTD 3pi3iB OYHKIIII AyaabHOI KBaTepHIOHHOI 3MiHHOI. OCKiABKM AOOYTOK AyaAbHUMX KBa-
TepHIOHIB € HEKOMYTAaTUBHIM, TO PETYASIPHICTD 3pi3iB BUBOAUTBCSI ABOMa criocobamut. [Ticast mporo
MU pO3TAsIAaeMO piBHsIHHS Komri-PiMaHa Ta cTemeHeBi psiAM, IO BiATIOBIAQIOTh AyaAbHMM KBaTep-
HiOHAM.

Kntouosi cnoea i ¢ppasu: AyasbHe UMCAO, KBaTepHioH, piBHsiHHS Komi-PimMaHa, peryasipHa 1moao
3pisiB pysKIIis, aHAaAI3 Kaiddopaa.



