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APPROXIMATION OF POSITIVE OPERATORS BY ANALYTIC VECTORS
DMYTRYSHYN M.I.

We give the estimates of approximation errors while approximating of a positive operator A in
a Banach space by analytic vectors. Our main results are formulated in the form of Bernstein and
Jackson type inequalities with explicitly calculated constants. We consider the classes of invariant
subspaces &£’ (A) of analytic vectors of A and the special scale of approximation spaces B3}, (A)
associated with the complex degrees of positive operator. The approximation spaces are determined
by E-functional, that plays a similar role as the module of smoothness. We show that the approxima-
tion spaces can be considered as interpolation spaces generated by K-method of real interpolation.
The constants in the Bernstein and Jackson type inequalities are expressed using the normalization
factor.
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1 INTRODUCTION

In the paper, we investigate an approximation problem by invariant subspaces £, (A) of
analytic vectors of positive operator A in a Banach space X. For this we will use the special
scale of approximation spaces By}, (A) associated with complex degrees of A. The defining
role in our approach is played by the functional E(t, x; 7 ,(A), X), which characterizes the
distance from x € X to the subspace £/, (A).

Analytic vectors of the unbounded linear operator on a Banach space first appear in [11].
It should be noted that the applications of analytic vectors to approximation problems can
be found in [5-8] and ect. The results obtained in this direction are formulated in the form
of so-called direct and inverse theorems (Jackson and Bernstein inequalities) of the theory
of approximation of functions. In this connection, the problem of precise estimates of the
constants of such inequalities is very important [1,6,9,14].

The main of our goal is to determine exact estimates of the constants in the Bernstein and
Jackson type inequalities, which allow us to estimate of best approximation errors by analytic
vectors of positive operator A in a Banach space X.

We will use the K-method of real interpolation (see, e.g. [2,13]). Let (Xo,] - |x,) and
(X1,| - |x,) are quasi-normed spaces, that form a compatible pair. For every such pair define
the K-functional by

1/2
K(t,x; X0, X1) := {inf <|x0|§€0 + £ |x1|§€1> txg € Xo,x1 € X1,x0+x1 = x}
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fort > 0 and x € Xy + X;. Elementary properties of this K-functional are noted in [10, Ap-
pendix BJ.
For0 < 6 <land1 <r < oo, we define an interpolation space

(X0, X1)g, = {x € Xo+Xy: ‘x’(%olfl)o,r < oo}

with the quasi-norm

- 1/
_ <fo [£70K(t, x; X, 361)]rdf/t> L 1<r<oo,
‘x’(%olfl)o,r - _o
sup,. ot K(t, x; X0, X1), r = oo.

Following [3], we will use the normalization factor

, r = oo.

o -1/
No. e (fO tr(l—(-))—l(l + tZ)—r/zdt> r, 1<7r< oo,
Or - 6-0/2(1 — g)~(1-6)/2

We note that Ny, = Nj_g, and Ny, = ((2/7) sin(76))!/2 [10, Exercise B.5].

2 INVARIANT SUBSPACES OF ANALYTIC VECTORS OF POSITIVE OPERATORS

In a Banach space (X, - ||) we consider a positive operator A with dense domain
D1(A) C X. It means that (—o0, 0] belongs to the resolvent set of A and there exists a number
¢ > 0 such that || (A —tI)7Y| < c/(1+|t]), t € (—o0,0].

Let ®%(A), k € Z, be a domain of A* with the norm 1x[| ok (a) = | Akx|| and A? = I is the
unit operator on X.

Let m, k € Z, m > 0. As well known [13, Section 1.15.1], for « € C such that —m < Rea <

c—m,0< o<k andall x € (%,@k(A))U/kl

I'(k)
I'(a+m)T(k—m—a)

Alx = /OOO patm=lak=ma 4 1) "kx dt
is an A-convergent integral, independent of the choice of m and k. A{ has the closure A"
that independent of ¢. The domain ©%(A) of A* we consider as a Banach space with the
norm [|x[[g«(ay = [[A%x[|, x € D¥(A). A* is a continuous operator for Rea < 0 and A" is an
isomorphic mapping from D%(A) onto X for Rea > 0[13, Theorem 1.15.2]. D¥(A) is dense in
X [13, Lemma 1.14.1]. A density of D*(A) in X is a consequence of D¥(A) C (X,D*(A))_ ., C
D*(A) C X. Ifa € Cwith Rea > 0and B > 0, then A*AP = APA* = A**F and AP is an
isomorphic mapping from D*+#(A) onto ®%*(A) [13, Theorem 1.15.2]. So, D*TF(A) C D*(A)
and D®(A) C Np=0D*TF(A) C D*(A), where D¥(A) := ez, DX(A).

Forany v > 0 and k € Z; we put x,, := (A/v)kx, x € D®(A). Let {x{ , }xez. denotes the
rearrangement of the elements by magnitude of the norms

[x0ulloxa)y = X7 ylloa(ay = - = g lloxa)y = -

Letl < g <ooand1 < p < co. Following [5], we introduce the spaces

EVR(A) = EL,(DY(A), X) = {x € D°(A): |xlleraa) < 0}
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where
r_1 1/P
HXHEV“(A) = { <Zk6]N ||x£*1,1/”3pjtx(A)kq ) , 1 < p < 0,
ap - .
SupkEIN Hx;(k,LVH@a(A)kql p — 0.

1/q iy
If g = p, then &7 (A) := &£ (A) and Hx”g;f"‘(A) = <Zkez+ ||xk,v||q©,x(A)> . In addition,
we consider the spaces

() = {x € 2°(A): xllgiaiy = L lxkulloe(a) < =},

keZ
et (A) = {x € D™(A): I|x]lgun(a) = = sup xky lox(a) < 0o}.
€L+

For & = 0 we obtain the spaces & (A) of analytic vectors of A, that have been studied in [4].
Thus, the elements of £,y (A) extend the class of such spaces. Next we give some of their
properties.

Theorem 1. (i) The following embedding £y (A) C Ery (A) with y > v holds.

(ii) The restriction A\g;,;c(A) is a bounded operator in £;, (A) with the norm HA]&%(A) | <w.
(iii) Every space &7y (A) is complete.

Proof. (i) If x € £]"(A), then x € £"(A), since

Ixllezeay = sup lxeullocay < Y lxkullon(a) = llxllgrea)
keZ keZ

On the other hand, if x € £5"(A), then ||Akx||®rx(A) < vk|]x||ggo,a( and |]Akx||1/k <

VHxH%ﬁ 4y S0 hrknsupHAkal/k < v and the series |]x|\g{4,a(A) = Y || (A/p) x‘

A) De(a) 18

convergent for any y > v. As a result, x € £]"*(A). Therefore, for any y > v we have

EVM(A) C ELM(A) C EMF(A). (1)

1/2
Replacing the 2-norm <|x0 |§€O + 2 |x; |§€1) by the 1-norm |xg|x, + t |x1]%, in the definition
of K-functional, we show that

(EP7(A), EL4(A))y, = E71_ o) (A). @
The space £;*(A) isisometricto [;"* = {x := {v ¥ Akx} ez, : x € £/ (A)} with the norm
”f”l;,a = ”JCH&;/AX( ), as well as, the space £;7; (A) is isometric to Iy, = {% := {v*AkxY ez, -
x € £ (A)} with the norm Hleg;;’,‘ = Hngq”;;‘ (A)-
For0 < v < 1 we have K(t7,x;1;",15") = 7|x§,llpe(4), and for all s € N we have
K(s, %1%, 18") = ||xkv||©a .For1 <r < oo, it follows that

(9]

,
el gy, ~ 25 (T Isialocn) = Es 1yl

s=1
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(o]

s—1 4 >
59r1< )3 Hxi,VHQa(A)) <o Y KO g e ay:
s=1 k=1 =

Consequently,

Ve qv,e _ U
(ll ’ZOO )Q,r o ll/(l—é‘),r’

that is equivalent to (2). In the case r = oo, we have

1%l o e,

s—1
~sups Y |Ixg llow(a) ~ supst P xi ) L lloaa)-
s k=0 s
By (1) and (2), it follows now that
Ein(A) CELM(A) C E7(A) C &)y (A)

for any p > v.
(ii) For x € £;5(A) and 1 < p < oo we have

r_
| Al gy = V7 Y (k1)1 | (A7) x]
r keZ

p p

< p v,x
ou(a) SV Ilgyn )
with the modification when p = oo,

k
1Ax||gra 4y = v sup (k+ 1)V (A/0)" x|l gu ) < vlxllers a)-
keZ
It follows the invariance and boundedness of Algva( 4) in Eqip (A).

(iii) By [4, Lemma 1.1], we have the completeness of £;*(A) for 4 = 1, 0. Now the space
&4y (A) is complete as interpolation space according to (2). O

3 ESTIMATES OF BEST APPROXIMATION ERRORS

In this section we give the estimates of best approximation errors by analytic vectors of
positive operator A in a Banach space X. These estimates are expressed by the Berstein and
Jackson type inequalities with exact values of constants.

Following [5], we will define the scale of approximation spaces By, -(A) associated with
the complex degrees of A. Let £5,(A) = U,~0 &y (A) be a subspace with the quasi-norm

xlex ay = 2] —|—inf{v >0:x¢€ 5;;;‘(A)},

so that [x +ylex (a) < |xlgx,(a) + [Ylex, (a) forall x,y € £5,(A).
For a pair indexes {0 <s < 00,0 < T < o0} or {0 < s < 00, T = oo} we consider the spaces
Byy(A) =B, (D%(A),X) ={x € X: |x|gss (a) < 00}, where
) T 1/t
2] - (fo [£°E(t, x; Egp(A),BE)} dt/t) , 0< T < oo,
Byp.(A) — .
" sup;o 'E(t, ;£ ,(A), X), T = oo,

and E(t, x; &7 ,(A), X) = inf{Hx —x0: x0 e Egp(A), \xolgg,p(A) < t} forall x € X.
Note that for « = 0 and g = p we obtain the approximation spaces 5 -(A), which were
considered earlier in [4].
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Theorem 2. The following Bernstein-type inequality

Xl a) < Coe [l Xl x € E5,(A), o

holds with cs;x = (7(1+ )"/ "Ny 1) i 0 < 7 < oand ey = Ny '3

Proof. Let1 <r < ooand x € £ ,(A). We have

-0 "dt
xr,x <xa X / ——N’x x’e.
Similarly,
1— 0 t-° 1(1-6 0
o < =N, " .
|x|(5q,p(A),ae)9,w > |x| ||x|! Stlig T+ 9,oo|x|gqlp(A)||xH

So, for 1 < r < oo, we have

|x[(gx,(4),%)5, < N@f\x@gf(,q)”xﬂq (4)
Let us define Kuo(t, x; £, (A), X) = inf max (‘XO’gtx ) t|xt]]). As follows from [12,
x=x0+4x1
Rem. 3.1]
Keolt, % E8,(A), %) < K(, %68, (A), X) < VaKe(t, 33 €% (A), X). 5)
Note that v %Ke (v, 5 E,(A),X) »0asv—0orv—ooand £°E(t x; &7, (A), X) — 0 as
t =+ 0ort — oco. Thus
[ee) _ 1 [ee) _
/0 (v 9K (0, ;& (A), X)) dv/v = “ar o Koo (v, x; & ,(A), X) dv or
1 _ _
:5/0 0 Koo (0, %; €2, (A ——/ (t/E(t, % €8, (A), X))t
1 (< .
- W/o (BE(t % EL,(A), X)dt/t with s=1/6—1.
Using (5), we have

1 1 o0 o0
ol 4 )—ﬁ/ (FE(t x:E2,(A), ))Wdt/t:/ (0 Keo(0, %; €2, (A), X)) do /0

9.p.T 0

) 0 " ’ T
< /0 (0 K0, x;84,,(A), X)) dv/o = [x[(g0 (4) x)

0,r

From the second inequality (5) it follows that

§2’/2/000(ng (0, % E%,(A), X)) do /v

e, a)2)

0,r

‘H’T

1 (e
:zf/zﬁ/o( E(t,%E2,(A), ))Wdt/tzzr/292| L.

As a result, from the previous inequalities, we get

S Zr/2(91’ ) 1’x‘Bsa

0,

y r/2) |7 . o
e, a)2) () SNy )y, with T =0 ©6)
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We choose t > 0 according to [2, Lemma 7.1.2]. Then we get

SE(t 5 €8 ,(A), X))° < v Keo(v, %65, (A), X) < ( SE(t—0,x;E%,(A), x))e, %

which gives \xle ) < \x]( (4)%), -

On the other hand, we have |x| (£2,(4) %) < V2|x|8sn (4) since
4 770,00 q.p,°

VK (v, ;82 ,(A), X) < V2(FE(t—0,x;E8,(A), X))’ < ﬁ!x\%;;g,m(/x)

Now applying (4), we obtain

(9r2)1/rN9_r1|x|é;9(A)||x|]9, 1<r<oo,
¥[G4 1m0 a6 (8)
qpc(A) Ngloo\x]&%p(A)HxHG, r = 0.
Setting s = 1/0 — 1 and T = 6r in (8), we get the required inequality (3). O
Theorem 3. The following Jackson-type inequality
E(t, %5 p(A), ) < cort ™ [xlgse_(a),  x € Byj-(A), ©)
holds with ¢ » = 20+9)/2(72(1 4 5))~ UTNl(}aSlS) (145 0 < T <ooandcseo=1.

Proof. Let us define the auxiliary function g(v/t) = (v/t)(1 + (v/t)?)~'/2, t,v > 0. By inte-

gration both sides of g(v/t)K(t, x; £, (A), X) < K(v,x; &5 ,(A), X), we get

rdv)l/r
v

”d o e o
( /O (0 (0v/1)) ”) K(t,x;€8,(4),%) < ( /O (0K (0, % E2,(A), X))
= ¥y 0),,
-0 rdo o\
/0 (v "g(v/t)) P (t"Np,)
It follows that

K(t, x,c‘fqp( ), )<t9N9,r‘x’(g;/p(A),x) :

0,r

Taking into account (5), (7), we have

o' B (v, €5,(A), X)" <4 Keolt, 25 €5, (A), X) < Nogl] (g (4) 1),

Applying (6), we obtain v' ?E(v, x; £ ,(A), X)? < V2(0r%) V" Ng .| x|%s (A) Ifs=1/0 -1
9.pT
and T = 6r, we get (9) for 1 < r < oo.
If r = oo, then

PE(t, % E5,(A), %) < sup FE(3:65,(4), %) = Ixlgg
>

for all x € By}, (A). Thus, we obtain the required inequality (9). O
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BcTaHOBAEHO OLIIHKY IOMMAOK HabAVDKEHD aHAAITUUIHIMI BEKTOpaMI TIO3UTHBHOTO OIlepaTopa
A B 6anaxoBomy npoctopi X. OcHOBHI pe3yAbTaTu cPOPMYABOBaHI y BUTASIAL HepiBHOCTEN TUITY
beprinrertaa i A>kekcoHa 3 O6UMCAEHHSIM 3HaUeHb KOHCTAHT. POSTASIHYTO KAacy iHBapiaHTHMX ITia-
MPOCTOPiB 8;’, ﬁ‘ (A) aHaAiTHUHNMX BEKTOpiB omeparopa A Ta CIeIlaAbHY IIKAAY arpOKCUMALHIIX
MPOCTOpiB Bs’,’;,T(A), TI0B’s13aHIMX 3 KOMIIAEKCHMMM CTeTIeHsSIMM ITO3UTVBHOTO OIlepaTropa. AIIpOKCcH-
MalliifHi mpocTopy BU3HAYAOThCsT E-pyHKITIOHAAOM, SIKMIT Biairpae MOAIGHY POAD, STK MOAYAD TAAA-
xocTi. IToxazaHo, 110 arrpOKCMMALIiVIHI IIPOCTOPY MOXHA PO3TASIAATH SIK iIHTePIOASILIINIHI IPOCTOPH,
nopoaxeHi K-meToaoMm aivicHoI iHTeprioasii. KorcranTy B HepiBHOCTsIX THITy bepHinTerHa i Axxex-
COHa BUPaKaloThcsl Uepes KoedpillieHT HopManaisariii.

Kontouosi cnoéa i ¢ppasu: TOUTUBHMIL OIlepaToOp, alpOKCMMALIMHMIA IPOCTip, HepiBHICTL THITy
Beprirrersa i AXxexcoHa.



