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Gradient almost Ricci solitons on multiply warped product
manifolds

Gunsen S, Onat L.

In this paper, we investigate multiply warped product manifold
M =B Xb, F X, F Xpg v+ Xby, Fy

as a gradient almost Ricci soliton. Taking b; = b for 1 < i < m lets us to deduce that potential
field depends on B. With this idea we also get a rigidity result and show that base is a generalized
quasi-Einstein manifold if Vb is conformal.
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Introduction

The term of warped products was first introduced by R.L. Bishop and B. O’Neill, who
used it to give a class of complete Riemannian manifolds with negative sectional curvature [5].
The notion of warped product plays very important role not only in geometry but also in
mathematical physics, especially in general relativity.

In order to give an answer to A.L. Besse [4, p. 265], D.-S. Kim and Y.H. Kim [17] shown that
there does not exist a compact Einstein warped product with non-constant warping function
if the scalar curvature is non-positive. Furthermore, the authors found a necessary condition
for a warped product to be an Einstein manifold, which is the base of the product manifold
B" x F™ to be a m-quasi-Einstein manifold, i.e. the Riemannian manifold B is endowed with
Bakry-Emery Ricci tensor such that

Ric + V2h — %dh ®dh = Ag, (1)

where & is a smooth function on B and A, m are constants. For more detailed work on the
m-quasi-Einstein manifolds, see [7,17,22]. We also need to mention generalized quasi-Einstein
manifolds, i.e. (1) is satisfed where the parameter A is also a smooth function defined on B,
which was studied in [8]. The m-quasi-Einstein manifolds are generalizations of Ricci solitons.
The concept of Ricci solitons emerges from the Ricci flow, introduced by R.S. Hamilton [14, 15].
A complete Riemannian manifold (M", g) is said to be a Ricci soliton if there exists a vector
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field X satisfying the equation

Ric + %iﬂxg =Ag,
where A is a constant. There are many studies involving Ricci solitons, some of which are
[6,18,19]. S. Pigola et al. [20] modified the definition of the Ricci solitons by taking A as a

function and introduced another generalization of Ricci solitons: the almost Ricci solitons.
Indeed, (M, g) is said to be a gradient almost Ricci soliton if

Ric + V2¢ = Ag 2)

is satisfied for ¢, A : M — R, where qu) is the Hessian of the potential function ¢. In [2,3],
some characterizations of the almost Ricci solitons are given and rigidity of such solitons are
studied. In particular, from (4) of Propositon 1 in [3], we know that the equation

V(R + |V —2(n—1)A) = 2AVe 3)
holds for a gradient almost Ricci soliton. Taking trace of (2) and plugging in (3), we get
—2AV@ +V((2—-n)A+|Ve|? — Ap) = 0. (4)

Likewise, we require a similar equation to hold in our theory to reach some new results.

We are inspired at first by [11], where the authors constructed a gradient Ricci soliton
(M,g,V¢,A) as a warped product manifold M = B X F, where the potential ¢ of gradient
Ricci soliton as the lift of a function defined on the base B. In [9, 13], the authors studied gra-
dient Ricci solitons as warped products. In [1,16], the gradient Ricci soliton multiply warped
product manifols are examined. In [12], the authors also studied the case of gradient almost
Ricci solitons. It comes to our attention that what happens when the multiply warped product
manifold is a gradient almost Ricci soliton. In this paper, we investigate gradient almost Ricci
solitons as multiply warped product manifolds and reach a rigidity result.

1 Preliminaries

In this section, we give a brief summary of multiply warped products defined in [21].

Definition 1 ([21]). Let (B,gg) and (F;, gr,) be r and s; dimensional Riemannian manifolds,
wherei € {1,2,...,m} and also M = B X F| X F, X ... X Fy, be an n-dimensional Riemannian
manifold, wheren = r+ Y s;. Letb; : B — R* be smooth functions fori € {1,2,...,m}.
The multiply warped product is the product manifold B xy,, F Xy, Fp Xy, ... X}, Fy furnished
with the metric tensor § = gg ® bigr, @ ... ® b2,gF, defined by

g =m"(gp) ® (b1 0 m)%07 (gR) B ... ® (bm © 7)%0,,(8r,),

where 7 and o; are the natural projections on B and F;, respectively. The functions b; are called
the warping functions fori € {1,2,...,m}. If m = 1, then we obtain a singly warped product.
If all b; = 1, then we have a product manifold.

We denote V, BV and iV; Ric, BRic and FiRic the Levi-Civita connections and Ricci curva-
tures of the M, B and F;, respectively. R stands for the scalar curvature.

The lift of X to M is the unique element of X(M) that is m-related to X and oj-related to
zero vector field on B. Similarly, V; € X(F;) can be lifted to M and the set of all such lifts is
denoted by £(F;). We will use the same notation for a vector field and its lift. In the same way,
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functions defined on B can be lifted to M. Let h be a smooth function on B. The lift of 1 to M
is the function i = h o 7.
Now, we recall the covariant derivative formulas for multiply warped products.

Lemma 1 ([10]). Let M = B X}, Fi Xy, F» X, ... X}, F be a multiply warped product manifold.
ForX,Y € £(B),V € £(F;) and W € £(F),

(i) VxY is the lift of BV xY on B,

(i) V5V = VX = (X(b) )V,
(iii)

0 ifi #
EVyW — (g(V, W) /b)gradg(b;), ifi=j.

Proposition 1. Let M = B X, Fi X3, F» Xy, ... Xy, Fyy be a multiply warped product manifold
and ¢ : B — R be a smooth function. Then

1) Vg =BV,
2) Ap = Agp+ Y1 si(g8(PVe,P Vb)) /b)).

If all of the warping functions b; = b, then the following result can be stated.

VyW =

Corollary 1. Let M = B X F; X Fp Xy, ... Xy, Fyy be a multiply warped productand ¢ : B — R

be a smooth function. Then
m BV b
=g (§5) 550
i=1

Lemma 2 ([10]). Let M = B Xy, Fi Xy, F» X, ... Xy, Fyy be a multiply warped product manifold.
ForX,Y € £(B),V € £(F;) and W € £(F),

(i) Ric(X,Y) = PRic(X, Y) — LI, (s/bi)Hess}i (X, Y),
(ii) Ric(X,V) =0,
(iii) fori # j, Ric(V,W) =0,
(iv) fori = j,

Agb; +(si—1) ]grad b;|? i gg(gradgb;, gradby)

b; biby
k;«éz

Ric(V, W) =FRic(V, W) — g(V,W).

The following proposition helps us to deduce that the potential function depends on B.

Proposition 2. Let M = B’ x;, F;! x; F;* X}, ... X}, Fy" be a multiply warped product, and
¢$: M — RandA : B— R be two smooth functions. If (M, g, Vi, A) is a gradient almost Ricci
soliton, then ¢ = ¢ for some function ¢ : B — R. Moreover, the equation

m

—ZABVq)—l—V((Z—r— ZSZ))H— 1BV |? — App — (i&‘) Bv%) =0 (5)

i=1 i=1
is satisfied.
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Proof. Assume that (M, g, Vi, A) is a gradient almost Ricci soliton. Let X € £(B) and V; €
S(F]-) for 1 < j < m. From Lemma 2, we have Ric(X,V]-) = 0foralll < j < m. Itis clear
that Vi can be written as Vi = (V¢)p + (V¢)r, + ...+ (V¢)r,,, where (Vip)p € £(B) and
(Vy)g, € £(F;), 1 <i < m.Now, we consider the equation (2),

Ric (X, V) + V2 (X, V) = Ag (X,V}),

which becomes
0= V2(X,V)) = (Vv Y) = 5(Tx(T9)n, V) +( V(L (V9 ) )

i=1
=8(Vx(VY)r, Vi) + ... +8(Vx(VY)E,, V))

Xb Xb Xb
= 5 8((VP)r, Vi) + ...+ 78 (V)R V) = 5-8((V§)E, V)).

We observe that (V§)p = 0 forall1 < j < m and hence Vi = (Vy)p € £(B). Thus, there
exists a smooth function ¢ : B — R such that y = @ because of the uniqueness of the lift.
From (4) we have

m

—2)1V(/3—|—V<<2—r—25i>7\+ ngbyz—Aqa) =0.
i=1

Using Lemma 1 and Corollary 1 in the above equation, we arrive

m

—ZABV¢+V<<2—r— Zsi>;\+ 1BV |2 — Apg — <fsi)w> = 0.

i=1 i=1
O

Using Lemma 2, we obtain some results for the components of the gradient almost Ricci
soliton multiply warped product.

Proposition 3. Let M = B Xy, Fy Xy, F» Xy, ... Xy, Fn be a multiply warped product, and
@ :B— Rand A : B— R be two smooth functions so that (M, g, V@, ) is a gradient almost

Ricci soliton. Then
m

BRic + Hessp = Agp + Z %Hess% (6)
i=1"1

and 'Ric = p Y | b?gF, with p satisfying

- BVe(b;) Agb; BV B> & BVbi(b
_ QD( z) BYi L | z| Z z( k)
p=A b b (5 =1) b? +i:15k biby

ki

Proof. Suppose that (M, g, V@, A) is a gradient almost Ricci soliton. From (i) of Lemma 1 and
(2), we have

mo..
Ags(X,Y) — V2§(X,Y) = PRic(X,Y) = ) %Hess%’(x, Y)
i=1

for X,Y € £(B). Since V2§(X,Y) = Hess}(X,Y), we find

Mmoo
Ags(X,Y) — Hess$(X,Y) = PRic(X,Y) — %Hess%‘(x, Y),
i=1
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which is (6). To prove the second assertion, we use again (2) and (iv) of Lemma 2, which yields

Ag(V, W)=V2p(V, W) ="Ric(V, W)— Abiibiﬂsf_1)wz#+i5kg3(321jg:wk) g(V, W)
B =%

for V,W € £(F;). Since

V(v W) = (T W) = v w) = VOO § g v, w

im

we may write
FRic(V, W) — X_Bngoi(bi) +A5ibi+( | |BVb |2+i ;88 VbIjZk V) ]sz
which completes the proof. O

If all of the warping functions b; = b, then we have the following corollary.

Corollary 2. Let M = B xy, Fi X, F, Xy, - - - X, Fyy be a multiply warped product,and ¢ : B — R
and A : B — R be two smooth functions so that (M, g,V ¢, 7&) is a gradient almost Ricci soliton.
Then

Br: Z;ﬂ:l Si b
Ric + Hessp = Agp + THessB (7)
and 'Ric = pu Y | g, with p satisfying
m
u = Ab* + bAgb + <Zsi—1>|BVb|2—bBVq)(b). (8)
i=1

The next proposition plays an important role to prove our results in the next section.

Proposition 4. Let (B", g) be a Riemannian manifold with smooth functions b > 0, ¢ and A
satisfying

: 2 Yit1Sin

Ric+ V (p:Ag+TVb 9)

and assume that the equation (5) holds for some constantss; > 0. Then b, ¢ and A satisfy
m
u = Ab> + bAb + (Zsi - 1) Vb2 — bV (D) (10)
i=1

for a constant y € R.

Before proving the proposition, we remind that a (0,2)-tensor field T on a Riemannian
manifold (M, g) can be considered as a (1,1)-tensor field by ¢(T(X),Y) = T(X,Y) for all
X,Y € X(M). The formula div(fT) = fdivT + T(Vf, ) is valid for a smooth function on M.
We know that the second contracted Bianchi identity

divRic = %VR 11)

holds. Now, we can prove the Proposition 4.
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Proof of Proposition 4. Taking trace of the equation (9), we have
m .
R=rA+ %Ab — Ag. (12)
The covariant derivative of the equation (12) is
VR = rVA — szl Li=1% A pgp lbl 'VAD - VAg. (13)
On the other hand, taking the divergence of (9), we have
m
g . .1 .
divRic = div(Ag) + (i;si> le<EV2b) — divVv2e. (14)
After some calculation, we get
div (Ag) = Adivg + ¢(VA,-) = VA, (15)
div(1V2b> _ Laivw2 - Lv2p(vn, ) = Laivw2 — L v vep
b b b2 b 2b2
_ 1 (Ric(Vb) + VAb) — —V\bez
b 2b2 (16)
= %[WH Li=1%g|yp[2 — (p(Vb,-)] +%VAb szvwbyz
_ 1 (XiZ1si—1) 2 1o 1
= bAVb—I— 2 VI|Vb| bV o(Vb,-) + bVAb,
and " .
div(V2¢) = AVe + #V%(V@ N - Evywyz + VAg. (17)
Plugging in (15), (16) and (17) in the equation (14) we have
divRic = VA 4 Zi=18 yyp 4 (B S) L si =D g gpe - LitiSigag gy,
b 2b2 b (18)
Lilisi Lil15i o2 1 2
Using (13) and (18) in (11), we have
0= _—VR +divRic = —Z VA + ZzblzslAbe - 12b1 VAb+ 5 VAq) +VA
i1 (2 m ysi)(Tiysi— 1) 2 LiliSig2 Lit1Si
+ 5 ==——AVb + 02 V|Vb|© — 2 == Vp(Vb, ) + 5 VAb
Y152 1 2
—AVe — TV b(qu, )+ —V|Vq)| —VAg
2 i= 1Sl _ - Zz 15i 1 15i _ 1 2
TVA+ T AbVD VAq) + == 2b VAb + ==—— 5 AVD — AV + 2V]Vq)]
+ (2121 )(2%;—1 i )V|Vb|2 Zbl L(V2p(VD,-) + V2b(Vg, )
2 'VA 4+ &= 1SZAbe——VA + L gab 4+ EELS ) - AVe 4 2V (Ve
212 P 2 b prpvIve
( i=1 1)(21:1 5i — ) 2 Z1:1 i
+ T V|Vb| 2 V(Ve(b)).

Plugging (5) in the last row and multiplying by 2b% /Y , s;, we obtain
m
0=V <Ab2 + bAb + < Y si— 1) |Vb|? — ngo(b)),
i=1
ie. Ab? +bAb + (X" s; — 1) |Vb|> — bV ¢(b) is constant.
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2 Main Results

In this section, we consider a gradient almost Ricci soliton multiply warped product M,
whose potential function is the lift of a smooth function ¢ defined on B.

Theorem 1. Let (B", gp) be a Riemannian manifold with smooth functions b > 0, ¢, and A
satisfying (7) and (8). Assume that for1 < i < m, (F;,gr) are complete Riemann manifolds
with Ricci tensor satistying fiRic = uY.J*, g, for a constant y as in the equation (10). Then
(M =B xy F| Xp... Xy Fn,g V,A) is a gradient almost Ricci soliton.

Proof. Let M = B X}, F; Xy F» X} ... X} Fy, be a multiply warped product with the metric tensor
g = m*(gp) @ (b1 o m)%07(gr) & ... ® (b o m)%0;(gE,). For X,Y € £(B), we know that
V23(X,Y) = Hess}(X,Y) and V?b(X,Y) = Hess4(X, Y). From (7), we have
m

BRic(X,Y) + VZ3(X,Y) = Agp(X,Y) + #VZE(X, Y).
Using this in (i) of Lemma 1, we conclude that Ric(X, Y) + VZ¢(X,Y) = Agp(X, Y) is satisfied.
For X € £(B) and V € £(F;), we have V2¢(X,V) = ¢(VxV @, V) = 0. Using (ii) of Lemma 2,
we assure that the equation (2) is satisfied. Fori # j, V € £(F) and W € £(Fj), we have
V2¢(V,W) = ¢((V@(b)/b)V,W) = 0 and by using (iii) of Lemma 2 we find that the equation
(2) is satisfied. Lastly, for V,W € £(F;), we have V?@(V,W) = ¢((V¢@(b)/b)V,W) and by
using (iv) of Lemma 2, (8) and the hypothesis fiRic = u Y/ ; gF., we get

[ m m
Ric(V,W) = | —bAgb — (s; — 1)[PVb> = Y s[PVb1* | Y g (V, W)
- o =
B m m
= |y — bAgb — ( Y si— 1) |BVb|2] Y gr(V, W)
L i=1 i=1
— [A- W’Tw)]g(v, W) = Ag(V, W) — V2¢(V, W),

which satisfies the equation (2). Hence, the multiply warped product manifold M is a gradient
almost Ricci soliton. O

Theorem 2. A multiply warped product gradient almost Ricci soliton
(M =B XbFl Xpoo- bem,g,ng,M
is a Ricci soliton and usual Riemannian product if one of the following conditions hold:

(i) b reaches a minimum and A > u/b* (or b reaches a maximum and A < u/b?),

(ii)) A < 0and A(p) < A(q), where p and q are maximum and minimum points of b, respec-
tively.

Proof. From Corollary 2, the equation (7) and fiRic = p Y1, gr. is satisfied, where y is

m

u = Ab* + bAgb + <Zsi—1>\BVb]2—bBV(p(b). (19)
i=1

By Proposition 2, we know that the equation (5) is also satisfied. Thus, by Proposition 1, y is

constant. If the function b reaches a minimum and A > u/ b2, then we have Agb < 0. Hence, b

is constant from the maximum principle.
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Let p and g be maximum and minimum points of b, respectively. So we have Vb(p) =
Vb(q) = 0and Ab(p) < 0 < Ab(gq). Since b > 0, we get

0> b(p)Ab(p) = u— A(p)b*(p) > 1 — A(q)b*(q) = b(q)Ab(q) >0

and hence u — A(p)b?(p) = 0 = u — A(q)b*(q). If A(p) = 0, then u = 0 and A(q) = 0. Thus,
the equation (19) becomes

m B 2

omabe (1) I nog 20

i=1

so we arrive that b is constant. If A(p) # 0, then A(q) # 0 and since A(p) < A(p) <0,

P = (55)1P0) < ¥ < B,

Thus, b(p) = b(q), i.e. b is constant. In both cases, M is a Riemannian product. O

Theorem 3. Let M = B X, Fi Xy ... Xy Ey, be a multiply warped product and ¢ be the lift of a
smooth function ¢ : B” — R to M such that (M, g,V ,A) is a gradient almost Ricci soliton. If
V ¢ is a conformal vector field on B, then B is a generalized quasi-Einstein manifold.

Proof. Assume that V¢ is a conformal vector field on B, i.e. Hessg = agp, wherea : B" — Riis
a smooth function. From the equation (7), we have

2?121 Si
b
Letting v = A — &, 7 : B = R and rearranging (20), we arrive

2?121 S

BRic — THess% = YYB.

BRic + agp = Agp + Hess}. (20)

For simplicity, we take k = Y7 s;. Let f = e~*/k so that V2u — (1/k)du @ du = —(k/ f)V?f,
we get BRic + V?u — (1/k)du ® du = vgp, i.e. (B,gp, Vu,7) is a generalized quasi-Einstein
manifold. 0

Remark 1. In [11], it is shown that the gradient Ricci soliton warped products consist a class
of quasi-Einstein metrics. The argument in the above theorem concludes a parallel result, i.e.
the gradient almost Ricci solitons on multiply warped products lead to the generalized quasi-
Einstein metrics.
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Y 1iit pobOTi MU AOCAIAKYEMO MHOTOBMA KPaTHMX BUKPUBAEHMX AOOYTKIB
M =B Xb, F Xb, b Xpg v+ Xp,, Fu

SIK TpaAieHTHIII Mavike coAiToH Piudi. [Toxaanatoum b; = b aast 1 < i < m, AOXOAMMO BUCHOBOKY,
IO TIOTeHIIil/iHe TIOAe 3aAeXUTh Bia B. 3a AomoMororo miel iael MM TaKoX OTPMMYEMO pe3yAbTaT
KOPCTKOCT] i IoKa3yeMo, o 6a3a € y3araAbHeHMM KBasi-AMHINTaTHOBMM MHOTOBMAOM, SKIIO Vb
KOH(pOpMHe.

Kntouosi croea i ppasu: KpaTHWMIA BUKPUBAEHWIT AOOYTOK, TpaAi€eHTHIIT Malike COAiTOH Piudi, y3a-
raAbHeHM KBasi-AMHIITafHOBIMIL MHOTOBMA, KOH(POpMHe BEKTOPHE IIOAE.



