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A Bezout ring with nonzero principal Jacobson radical

Gatalevych A.L, Dmytruk A.A>

In this paper, we study a commutative Bezout domain with nonzero Jacobson radical being a
principal ideal. It has been proved that such a Bezout domain is a ring of the stable range 1. As a
result, we have obtained that such a Bezout domain is a ring over which any matrix can be reduced
to a canonical diagonal form by means of elementary transformations of its rows and columns.
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Introduction

All rings considered in the paper are commutative ones with 1 # 0. Throughout the paper,
Z. and Q denote the ring of integers and rational numbers, respectively. We will denote the
Jacobson radical and prime radical of a ring R by J(R) and P(R), respectively. Let us consider
the example of M. Henriksen [3]:

R={zg+mx+ax*>+...|20 €Z, a; € Q}.

It has been constructed as an example of a Bezout domain, which is an elementary divisor
ring and is not an adequate ring. We should notice that the Jacobson radical in the ring R is of
the following form

J(R) = {a1x + ayx* +...| a; € Q}

and it is a nonzero prime ideal, which is not a principal ideal.

A stable range of this ring is equal to 2. The ring of integers Z is an example of a ring of the
stable range 2 with zero Jacobson radical.

There appears a question about the structure of a Bezout domain with nonzero principal
Jacobson radical. A trivial example of such a ring is a local domain of principal ideals which
is not a field.

Moreover, for the case of a domain of principal ideals, the following result holds.
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1 Main results

Theorem 1. Let R be a domain of principal ideals. Then R is a ring with nonzero Jacobson
radical if and only if R is a semilocal domain.

Proof. Let J(R) = aR be a principal ideal. Since a domain of principal ideals is a factorial
and a # 0, then the element a is decomposed into the finite product of atoms, which are the
generators of the maximal ideals of the ring R. Since the Jacobson radical coincides with the
point of intersect of all maximal ideals, then we obtain that R contains only a finite number
of maximal ideals, which means that R is a semilocal domain. The converse proposition is
obvious. O

The main objective is to investigate the Bezout domains with nonzero principal Jacobson
radical. For this purpose, let us introduce the necessary definitions and facts.

By a Bezout ring we mean a ring in which all finitely generated ideals are principal. A
Bezout ring R with identity is said to be adequate if it satisfies the following conditions: for
every a,b € R, with a # 0, there exist a;,d € R such that

(i) a =a;d,
(ii) (a;,b) = (1),
and

(iii) for every nonunit divisor d’ of d, we have (d’,b) # (1).

Definition 1. A ring R is said to have the stable range 1 if for alla,b € R such thataR +bR = R,
there exists y € R such that (a + by)R = R [1].

First, note the following results.

Theorem 2 ([2]). Let R be a Bezout domain and fora € R\(0) J(R/aR) be a principal ideal.
Then an element a is contained only in a finite number of maximal ideals which are principal
ideals.

Let us now prove the main result.

Theorem 3. Let R be a Bezout domain in which the Jacobson radical ] (R) is a nonzero principal
ideal. Then R is a ring of the stable range 1.

Proof. Let J(R) = aR be a principal ideal. Denote by R = R/J(R) the factor ring over the
Jacobson radical, and b = b + J(R). Let b # 0. Denote

Annb={xeR|x-b=0}

where ¥ = x + J(R).

Let X # 0, then bx = ay for some element y € R. Since R is a Bezout ring, then aR + bR =
dR, and therefore, a = apd, b = bpd, and agdR + bpdR = dR. Hence, agR + byR = R for some
elements ag, by € R.

Thus, agu + bpv = 1 for some elements u,v € R. Since bx = ay, then dbpx = dayy,
d # 0. Therefore, bpx = agy. It follows from the equality apu + bpv = 1 that apux + byvx = x,
apux + agyv = x. Thus, x € agR.
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Since agb = aby, then @y € Annb, where 4y = ag + J(R). Due to the arbitrariness of a
nonzero element ¥ and due to the fact that x € ayR, 4y € Annb, we obtain that Annb = ayR.
Moreover, Annay = bR. Note that bR N agR = {0}. Indeed, if k € bBRN ayR, then k = bA = ayf3
for some elements A, B € R. Then k* = bA - ag = bapgAB = 0. Since J(R/]J(R)) = {0}, we have
that the ring R is reduced, and since k* = 0, then k = 0. Therefore, bR N @R = {0}.

Since a Bezout domain, as well as its homomorphic image, are rings of Hermite, then ac-
cording to [3, Theorem 1], we have bR + 4yR = 6R for some element § € R. Then b = b4,
g = 6_115 and ElR +a3;R =R.

Since ba; € bR N ayR, then ba; = byay = 0.

Moreover, prove that b1a; = 0. Since ba; = 0, then 71 € Annb = 4yR, i.e. 4, = af for some
element f € R. Hence,

ba; = Elﬁof = I_ﬂlﬁlf € bRN agR = {0}
Consider byag = 0. Then by € Anndy = bR and by €
BlR C bR.
Since R = @R + b1R C @gR + bR, then 4yR + bR = R. Hence
aom + b =1

for some elements 77,7 € R. Since bayg = 0, then b?7i = b, i.e. the element b is regular in the
sense of von Neumann. Due to the arbitrariness of the element b, we obtain that R is regular by
von Neumann. Since a stable range of a regular ring is 1, the stable range of the ring R is equal
to 1. And since R = R/J(R), then according to [1], the stable range of R is 1. O

According to [4], as a result we obtain the following assertion.

Theorem 4. Let R be a Bezout domain with nonzero principal Jacobson radical. Then over the
ring R, an arbitrary matrix can be reduced to a canonical diagonal form by means of elemen-
tary transformations of its rows and columns.

Also we note that if R is a Bezout domain with nonzero principal Jacobson radical
J(R) = aR, then the element a € R is free of squares in the sense of the following
definition.

Definition 2. Let R be a domain. An element a € R is said to be free of squares if for an
arbitrary decompositiona = b - ¢, where b, c are irreversible elements of the ring R, it always
follows that bR + cR = R.

Theorem 5. Let R be a Bezout domain with nonzero principal Jacobson radical J(R) = aR.
Then the element a is free of squares.

Proof. Let a = b - ¢, where b, c are irreversible elements of the ring R. Since R is a Bezout
domain, then bR + cR = dR. Suppose that d is not an invertible element of the ring R. Let
b = dby, c = dcy, where byR + cyR = R.

Let us denote R = R/J(R). Show that bydcy € J(R) = {0}. First, note that * = x + J(R) is
an invertible element in R if and only if xR + aR = R. Indeed, if xR +aR = R, then xu +av = 1
for some elements u,v € R. Hence

Xi+4ao=1,

and since @ = 0, then ¥ -7 = 1, i.e. ¥ is an invertible element of the ring R. The converse
proposition is analogous.
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Prove that bodcy € J(R). Let x be an arbitrary element of the ring R. We show that
1 — bodcyx is an invertible element in R, i.e.

(1 —bodcox)R +aR = R.
Since bodcy = bey = bygc, then (1 — begx)R + bR = R.
(1 —bcox) -1+ (b-cox) =1.
Then (1 — bpdcox)R + bR = R and similarly is proved that (1 — bpdcox)R + cR = R. Hence
(1 — bpdcox)R + beR = (1 — bpdcox)R 4+ aR = R.

Therefore, bydcy = at for some element t € R. Therefore, byday = bct = bydcydt, i.e. dt = 1.
Thus, here we obtain a contradiction with the choice of the element d. O
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Y po6oTi AOCAiAXEHO KOMYTaTHBHY 06AaCTh be3y 3 HeHyAbOBMM paanKaroM AXXeKobcoHa, SIKIIA
€ TOAOBHIM iaearoM. AOBeAEHO, IO Taka obaacThb besy e kiablieM crabiarbHOrO panry 1. SIk Hachi-
AOK, OTPMMaHO, 0 Taka obAacTh be3y € KiablleM, Haa, SIKMM AOBiABHA MaTPMIIS 3BOAMTBCS AO KaHO-
HIYHOTO AlarOHAABHOTO BUTASIAY IIASIXOM eAeMeHTapHMX IlepeTBOPeHb PSIAKIB i CTOBIILIIB.

Kntouosi cnosa i ppasu: obaacts besy, paankan AXekob6coHa, CTabiABHMIL paHT.



