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Approximation by trigonometric polynomials in the variable
exponent weighted Morrey spaces

Cakir Z.1, Aykol Cc.l, Guliyev V.S.23, Serbetci A1

In this paper we investigate the best approximation by trigonometric polynomials in the vari-
able exponent weighted Morrey spaces M, \(.)(lo,w), where w is a weight function in the
Muckenhoupt A,.)(lp) class. We get a characterization of K-functionals in terms of the modu-
lus of smoothness in the spaces M) 1(.)(Io,w). Finally, we prove the direct and inverse theorems
of approximation by trigonometric polynomials in the spaces M p()A(-) (I, w), the closure of the set
of all trigonometric polynomials in M) y(.)(lo, w).

Key words and phrases: variable exponent weighted Morrey space, best approximation, trigono-
metric polynomial, direct and inverse theorem.
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1 Introduction and preliminaries

Let Iy = [0,27t] and p(-) be a measurable function on Iy with values in [1,c0). We mainly
suppose that

L<p-<p(x) <ps <oo D
where p_ := essinfref, p(x) > 1, p+ := esssup,; p(x) < co. We say that p(x) satisfies the
local log-condition if the following inequality

P = p) € —o—— -yl <5 wyeEl ®
p p\y —_ln‘x_y’/ Yy _2/ 'Y 0,

holds, where A = A(p) > 01is independent of x and y.

For intervals we write I(x,7) = (x —r,x+r) C Rand Ip(x,r) = I(x,r) N I.

By w we always denote a weight, that is a positive, 27t-periodic and locally integrable func-
tion on Ip. We say that w is in the Muckenhoupt A, (Io) class (see [10,19]) if the following

-1 -1
Slltp ol ™ lleolle, ) o 107 Ly (to(r) < @
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holds, where L, (Ip) is the variable exponent Lebesgue space, the space with the following

norm ( )
el [ PR
W=t <1l

n
The variable exponent weighted Lebesgue space L,(.)(Io,w) is defined as the set of all
27t-periodic measurable functions for which || f|| Loy (pw) = || fwll Ly (Io)

Muckenhoupt’s A, .)(Io) class weights are important tools in mathematical analysis. Their
characterizing property in R" is that the Hardy-Littlewood maximal operator is bounded in
the variable exponent weighted space L,.)(lo,w) if and only if the weight w is in A,()(lo)
class (see e.g. [9]). Due to the importance of A,.)(Io) class-weighted function spaces, various
norm inequalities have been established for Ap(,)(lo) class both in Euclidean spaces and in
more general settings. The results taken with Muckenhoupt’s A, (Io) class weights help us to
obtain approximation results in unweighted cases, such as varible exponent Lebesgue spaces.

Let A(+) : Ip — [0,1] be a measurable function. We suppose that

0<A_=inf A(x) <supA(x)=Ay <1.
x€ly xelp

Following the convention, we add (-) to indicate that the parameters are actually dependent
on the position. Note that p(-) is required to be continuous while A(-) is allowed to be merely
measurable and bounded. This implies that the local regularity is essential in the theory of
approximation. We remark that this fact is observed in [23, Theorem 4.4], [26, Theorem 4.1]
and [27, Theorem 3.3].

We define the variable exponent Morrey space M) 1(.y(Io) as the space of all 27r-periodic
measurable functions such that the modular

I — =A%) / p(y)
p()A()(f) = sup o) f ()]

x€ly
0<t<2mr

is finite. The norm is defined by

1Aty 00 = IFI = inf > 01 1, ()<§)<1},

There is another plausible definition of the norm. We may define the Morrey norm by

”f”z = sup t p HfXIO (x,r) ”L

x€ly
0<t<2m

The following lemma shows that these norms are equivalent.
Lemma 1 (4, Lemma 3]). Forevery f € M, x()(lo) we have | fll1 = || f[2.

The interested reader can find more information about various versions of variable expo-
nent Morrey spaces in the recent survey papers [4,12,17,25].

The variable exponent weighted Morrey spaces M, 1(.)(lo, w) are defined as the set of all
2m-periodic integrable functions f on Iy with finite norm

||f”/\/l ) (Io, w) = Sup rp(x) HwHL ) (To( x,r))HfXIO(x,r)HL A (Tg,w)*
el p()
0<r<2m
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Hardy-Littlewood maximal function Mf of f on Ij is defined by
1
Mf(x) =sup 7+
PO =S T0 T i
Let f € M, )a)(lo,w) and w € A, )(Ip). Assume that A(-) satisfies the condition

0 < A < A4 < 1and p(-) satisfies the conditions (1) and (2). Using the suitable result
from [11, Corollary 3.1], we obtain

F(D)|dt, x € I

|’Mf|‘Mp()IA(>(Io,w) S C”f”./\/lp(,)l)‘m(lo,w)/ (3)

where a positive constant C does not depend on f.

We denote by 7, the set of trigonometric polynomials having degree not exceeding n and
C(Ip) the set of 27t-periodic continuous functions. The Weierstrass well-known theorem on the
approximation of the continuous function by the trigonometric polynomials and its quantita-

tive refinement represented by Jackson inequality E,(f)c(j,) < Cw < f, %) are one of the basics

of the Approximation Theory, where f € C(Ip) and E,(f) is the best approximation of f by
the trigonometric polynomials, i.e. E,(f)c(j,) = Tinfr If— T”HC(IO)’ and w(f,6), 6 > 0is the
716 n

modulus of continuity of f (see [8]). The analog of Jackson inequality is correct for the mean
approximation and higher order modulus of continuity as well (see [30]).

S. Bernstein [5] obtained the reversed estimations of Jackson’s inequality in the space of con-
tinuous functions for some specific cases. Later E.S. Quade [24], S.B. Stechkin [29], A.F. Timan
[30], A.E. Timan and M.F. Timan [31] etc. proved the reversed type inequalities of Jackson’s
inequality, including L,, 1 < p < oo, spaces. These type inequalities played an important role
in the investigation of properties of the conjugate functions, in the study of absolute conver-
gent Fourier series [29], and in the related problems. For the approximation in weighted and
nonweighted Lebesgue spaces, and weighted and nonweighted variable exponent Lebesgue
spaces the sufficiently wide presentation can be found in the works [1-3, 14-16, 18, 20-22, 28].
In [6,7], Z. Cakir, C. Aykol, D. Soylemez and A. Serbetci investigate the best approximation by
trigonometric polynomials in Morrey spaces Ly, A (Ip) and weighted Morrey spaces M, 1 (o, w),
respectively. In [13], V.S. Guliyev, A. Ghorbanalizadeh and Y. Sawano study the approxima-
tion by trigonometric polynomials in variable exponent Morrey spaces M) 1(.)(lo). In the
theory of approximation, variable exponent spaces are useful to show that the approximation
is essentially local.

We aim to study approximation properties of trigonometric polynomials in the variable ex-
ponent weighted Morrey spaces M, 1.)(lo, w), where the weight function w is in the Muck-
enhoupt class A,.)(Ip). Furthermore, we prove the direct and inverse theorems of approxima-

tion by trigonometric polynomials in the spaces M p(-),A(-)(lo,w), the closure of the set of all
trigonometric polynomials in M ) 1.y (lo, w).

We organize this paper as follows. In Section 2, we give some lemmas which will be very
useful in the proofs of our main results. We define rth, r = 1,2,3, ..., modulus of smoothness
and the Peetre K-functional. Then we give a characterization of K-functional in terms of the
modulus of smoothness, a Jackson type inequality and a Bernstein type inequality in the vari-
able exponent weighted Morrey spaces M. 1(.)(lo, w). Finally, the last section is devoted to
the direct and inverse theorems in M (¢ (o, w).

Constants such as C may have different values from one occurrence to the next, but they
will always be irrelevant for the arguments used.
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2 Some auxiliary lemmas

In this section, we will give some lemmas which we need in the proofs of our main results.

If a continuous function f on an interval Ij satisfies w(f, ) = o(t), then f is constant. Thus
the modulus of continuity is not useful for measuring higher smoothness. For the latter, we
will use the modulus of smoothness () which is connected with differences of higher orders.
The modulus of smoothness provide us a better tool to deal with the rate of the best approxi-
mation, inverse theorems and also some other similar problems.
Definition 1. Let f € M, (. (lo,w), A(-) satisty the condition(0 < A_ < A4 < 1and p(-)
satisfy the conditions (1) and (2). The function Q' (f, ; My x¢)(lo,w)) @ [0,00] — [0, +00),
defined by

O(f, i My ayow)) = sup (oAl w0 (o) 4)
0<é6<min{2m,h}

is called the modulus of smoothness of f of orderr in M. 1(.y(lo,w) withr € N and é,h > 0.
Here

05(f) () - 5/ |A7f ()t
with .
=L ( ) D (x4 st). (5)
Thus
Ol (f, i My acy (o, w)) = Q(f, 1 Moy a -y (To, w))
is the modulus of continuity.

Let A(-) satisfy the condition 0 < A_ < A, < 1 and p(-) satisfy the conditions (1)
and (2). From Lemma 3 we get O (f, 1, M,y 1) (lo,w)) < CHf||Mp(.),A(<>(Io,w) for every f €
MP(‘)/\(‘)(IO’ w) and

O (fi + fo, s My lo,w)) < Q' (f1, - My ay (o)) + Q7 (f2, - My ) (lo,w))

for f1, f» € Mp(-),A(-)(IOrw)-
For f € My a)(To,w), 0 < A- <Ay < 1and p(-) satisfy the conditions (1) and (2), we
denote

En(f)/\/l (A)A(,)(Io,w) = 1nf Hf - T’”IHM A)A(.)(Io,w)'

Letr € NU{0}. The homogeneous Sobolev—Morrey space W’( ) A )(IO, w) is defined as the

set of all functions f € LI(Ip, w) for which the weak derivative £) exists on Iy and

”f”w IAC) IO ZU Hf ”M A()(IO w) < ©o0.

The nonhomogeneous SoboleV-Morrey space W;(‘) /\(‘)(IO) is the subset of W;(‘) /\(‘)(IO), con-
sisting of all functions f € W’ o) A(.)(Io,w) for which

Fllwr,

Let f € W;(.) /\(.)(IO). For almostall x € Iy, € N and ¢t > 0 we have

IO w) = Hf”./\/lp(A),A(,)(Io,w) + ||f(7) ||Mp(A),A(.)(Io,w) < 0.

AL F(x / /f (x+ 4ot t)dt .. dt ©)

We use (6) to prove the following fact.
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Lemma 2. Let f € W;(‘) /\(‘)(IO, w) andw € Ap(.y(lp). Assume that A(-) satisfies the condition
0 < A_ < A4 < 1and p(-) satisfies the conditions (1) and (2). Then for h > 0 we have

Q' (f, 1 My ) (To,w)) < C8 NI pa o tow) 0> 0.

Proof. Let f € W;(.)A(.)(Io,w). Then f() ¢ Mpya¢)lo,w). Using (6) in definition of the
function O (f, h; M, z(.y(lo,w)) and applying r times generalized Minkowski inequality, we

obtain
HE 0 At ‘dtH () o) = Hé/ / / ’f Tttt +tr> At dty My a0y Tow)
. ﬁ/o /O ‘f’ (-+ti+ ot |dt Lty Ml
Ifwesetu =t +t, +...+t,, then we have
5 5 5 15+t2+...+tr "
Ha/ ATE(- ’dt” oS / O/{Stﬁ/% ) |ty ... dt, I
1 1 )
<r 0/ O/\ M/\f ) | IO
ro
ﬁo/‘f <'+u ‘duH st (Tow)
< ré" || MfO) < C(r)8"|| F) Mo ()

My ow)
In the last line we use the boundedness of maximal operators in the variable exponent
weighted Morrey space (see (3)). Thus the proof is completed. O

Lemma 3. Let f € M) y(lo,w) andw € A,.)(Ip). Assume that A(-) satisfies the condition
0 < A_ < A4 <1and p(-) satisfies the conditions (1) and (2). Then for h > 0 we have

Q" (f, 1 My aiy o, w)) < 20 1l a5 o)
Proof. By (4) and (5) using the triangle inequality we have

QO (f, 1 My ay(Io,w)) = sup H(S/ i<r>( 1)+ (o st) ‘dtH

0<6<min(27,h) s=0 §

= Supznhs()()H&/ )f (- st) ‘dtH Mp)a0)Tow)

0<d<min(

6
o AL b0kl SO el )

0<o<m1n 27t,h)

My Tow)

O<<5<m1n 27t,h)

O<5<f$rll)27rh { / Mp()a() o) +s§ ( >H5‘5/ ‘duH Ao, w)}
r
i { f My How) +§ ( >H5/ ’duH My )(IOIW)}
{

1 rd
5,

f + 2
MCTORIBICED)

sup f(-4u )duH

0<o<m1n 27t,h)

A Tos w)}.
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Since function f on R is 27t-periodic, without loss of generality, we can assume 7§ < 27 and
by boundedness of maximal operator in weighted Morrey spaces with variable exponent (3),
we get

Qr(fr h; Mp(~),)\(-) (I()r w)) < sup {”f”./\/lp(,)l)‘(,)(lo,W) + TZrC(p()) Hf”./\/lp(,)l)‘(.>(10,w)}

0<d<min(27,h)

= C(PC) NI Ny o)

For f € M,y ()(lo,w) and r > 1 the K-functional is defined as follows

K (£:1) = inf -t }-
) st = sere ™ oy U = 8000+ 08 Nt

For h > 0, the K-functional K, <f, t) Ny and O (f, h; M0 (In,w)) are equiva-

p()A() Tow)
lent as the following lemma shows.

Lemma 4. Let f € M) y(lo,w) andw € A,.)(Ip). Assume that A(-) satisfies the condition
0 < A_ < Ay < 1and p(-) satisfies the conditions (1) and (2). Then for h > 0 and for every
r € IN we have

¢ Y (f, 1; M) (o, w)) < ’Cr(f'h)/\/l () (o)
p()AC) oW

where the constants ¢, C > 0 are independent of f and h.

< CQr(fr h; Mp(.),)\(.)(l()rw))r

Proof. Let g € W' . (Ip,w), taking into account the definition of K, < f, t) ,
PLAC) Mpae o)
Lemma 2 and Lemma 3, we obtain

O(f, s My ay o, w)) < Q(f — g 1 My o, w)) + Q7 (g b My ) (To, w))
PO (IF = 8laty ey to) + 018 Lt () < 2C(p (DK (£1)

for any f S MP(‘)/\(‘)(IO’ w).
In order to prove the converse inequality, we introduce a Steklov-type transform for f €
M., (‘)(10, w)and h > 0:

Fonl(x) - / / /6”() ’+S+1f<x+—(t1+ b)) dty .ty 6.

My How)

rt1mes
Then
frh_fH p(M Iow)
o T
:H‘/ / y Z() (S () )b dtrchH
h Ju \_\,_Ozs 0 )(Iow)
rtlmes
2 i ) d .dt,dé
S 7 Y T
rtlmes
< su / /A f() dtp...dt .
”<th‘ o e ] e Mpa0) o)

r tlmes
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Therefore substituting t = t; + ... + t, we get

o — I Ty .
h— < su ) / / t dty...dt,_ H
" Mporao o) <6Eh o bttt "My (o)
r times
1) rd . ( )
< su / A FGar by 4H
h<(5Eh o do " ho I My a0 o)
r times
=r sup ‘ / / / ALf(4) dtl...dtr,lH .
h<s<n g1 } M,y Tow)

Now, by Minkowski’s integral inequality for variable exponent Lebesgue space, we get

- < r DRI r—
1 fen = Fll a0 (o) < TC(P( hiizh‘sr 1/ /Hé/ F(- dtH Iow)dtl dt, 4
1
<Clrpt)  swp |5 / wfea]
0<é<min (27t,h A Tow)
< C(r, p()Q"(f, b My a ) (o, w).
Meanwhile, by differentiating f, ,(x) in x, we have
-1,y 2 M1 (Y, r+s+1/5 TN At 5
Jon (x)_h %(gr;) s (=1) 0 <r—s) Ar 50 < )dtrd(S

2 h 1 = r r+s+1 %56 r—1

=5 Ws;;@ (—1) /O (r_s) N, <x+t)dtd5
2 h 1 = r r+s+1 x+%5(5 r r—1

“wlv & <s> (st [0 () i () dude.

Therefore,

(r) _ %/hlrl r _1\r+s+1 r r

fr'h(x)_h Lo =\s (=1) <r—s) A q5f<)

Hence,

50 <3 3 E () o () ot (1) o
2

r r o\l B
< _
- K _0<s> (r—s)h/o

Ly
r_S T’Sh

From the definition of O (f, h; M) z(.y(lo, w)), we have

A@f(ac))dé

(x) |ae.

LA O aty o) S CHTTQI (I My s (o, w)).
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Consequently, we deduce
o () e S = Fonll s ) S a0

< CO'(f, s My a0 (To, w)).

p()()Tos

O

The functions in Morrey spaces are not easy to approximate with polynomials since the
set of the all trigonometric polynomials are not dense in M, 5. (lo,w) (see [13,32]). If we

take f € M, \()(lo, w) instead of f € /Wp(,),/\(,)(lo,w), then it is not guarenteed that there
exists T, € Ty, the trigonometric polynomial of the best approximation to f in M. 1) (lo, w).

For this reason, in the rest of paper we will use M (), /\(,)(IO, w), the closure of the set of all
trigonometric polynomials in M, 1(.)(lo, w), for stating our results.
Now let

f(x) ~ % + Y ag coskx + by sinkx
k=1
be the Fourier series of f € Mp(.),A(,)(IO,w). Assume that A(-) satisfies the condition
0 < A_ < Ay < 1and p(-) satisfies the conditions (1) and (2) and S, (x, f) be its nth par-
tial sum. Under the condition w € A,.(lp), using the method of proof of Lemma 2 and
applying the appropriate results in variable exponent weighted Lebesgue spaces given in [16],
we see that
”f - Sn("f)HMP(,)I)‘(‘)(I(),W) S CE” (f)MP('),A(<)(IO’w)’ (7)
E” (f)/\/lp(,w\(‘)(lo,w) S CE” (f)./\/lp(),)[(.)(]o,w)/
where f is the conjugate function of f.

Lemma 5. Let f € W;(‘)A(‘)(IO, w), w € Apy(lo) and r > 1. Assume that A(-) satisfies the
condition0 < A_ < Ay < 1and p(-) satisfies the conditions (1) and (2). Then we have

C
Eﬂ(f)/\/lpm,)[(,)(lo,w) S F”f(r) ||Mp<A),A(.>(Io,w)/ ne N/
where the constant C is independent of f and n.
Proof. Let f(x) ~ Z ay cos kx + b sinkx be the Fourier series of f € M p()A(-)(lo,w) and
Su(x, f) be its nth partlal sum. Then

Fx) ~ Y by coskx — ay sinkx.
k=0
Setting
Ag(x, f) :==apcoskx + by sinkx, k€N,

we have f(x) = kio Ak(x, f) in the norm of M) y(.y(lo, w). Since

Ax(x, f) = ay coskx + by sinkx = a; cos (kx+ % — %) + by sin <kx+ % — %)

— Cosg[akcosk<x+ 2k) +bksmk<x+ 2k)}

) _ bkcosk<x+ k?{]

I
2

+ sin % [ak smk<x + ok

2
= Ak<x+ % f) C087+Ak<x+§,f) sin
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and
Ak <X,f(r)> = krAk <X + %,f);
we get
Ii)Ak(x,f = Ao(x, f)+cos—k_Z:1Ak<x+2k )—irsm ZAk< ~>
= Ao(x, f) —{—cosZ Z kerk< f )> +sin - Z leAk< L )).
Then
f(x) = Su(x, f) = Z Ax(x, f) —cosZ ) erk( ,f(r))—i-sinE ) erk( L),
k=n+1 2 k= n+1k 2 k:n+1k
Taking into account that
Y A f) = L[S ) = S, £0)
k=n+1 k=n+1
-3 S [5ee £~ FO)] = [Sea(x£7) — £00)] )
=n+1
= 1 1 r r 1 r r
s (o= g )3 (e F) = 1O @) = g[S ) = £ )
and
3 1 1 £(r £(r 1 Fr F(r
. ;1krAk kz-"-].(kr - W)[Sk(xzf( ))_f( )(x)} _m [Sn(x,f( ))_f( )(x)],
by (7), we have
Hf Sn HM p()A) Tow) = ; ( k+1 >)Sk(’f(r)) _f(r) My Tow)
n+1 ( f ) My Tow)

> (%—ﬁ)

k=n+1

Sk ( .,f(r)) — f)

My o)

1 ~ .
s, (-, fy — f)
(n+1) 7= Mpac) o)
o ey ) B B, (f1
< C{ k*z (kr (k + 1)1,>Ek (f )Mp(~),A(-)(IO/w)+ (1’1 T 1)1/En (f )Mp(.)IA(,>(Io,w)}
=n+1
- (L 1 - 1 )
=~ ey ) B (7Y L E,(f"
! C{ k:l;ﬂ <kr (k+ 1)V>Ek Y )Mp<~>,A<->(Io/w) + (n+1) Enlf )MP(-),A(~)(IO/W) }

After simple calculations and using second relation of (7), we get

Hf B S”("f)HMp«w.)(Io,w) = Ch (f(r))Mpm,A(»(lo,w){ . L <% N (kil)r> e i 1)r}

=n+1
~ > 1 1 1
(r) —
+CE(f )Mp<~>,A<~>(I°'w){ k_;b—l <k’ (k+ 1)r> CESE }
._C

= (r)
(n + 1)1’En (f )Mp(,%)L(,)(Io,w)'
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Hence,

IN

Hf - S”( "f>HMp(‘),A(.)(IO/w)

C C
= (r) ~ || £
- nr En (f ’ )Mp(~),)\(~)(101w) S ner ' HMP(')//W‘)(IO'W).

E, (f)./\/lp(),)t(.) (Ip,w)

O

Now we will give the Bernstein inequality in variable exponent weighted Morrey spaces.
Bernstein inequalities date back to 1912, when S.N. Bernstein proved the first inequality of this
type for L, norms of trigonometric polynomials. A generalization can be found in [2]; this
result states that any trigonometric polynomial T}, in 7, satisfies

k
1T e, o) < CHM Tl oy KEN,
where p(-) satisfies the conditions (1) and (2).

Lemma 6 (Bernstein inequality for variable exponent weighted Morrey spaces). Assume that
A(-) satisfies the condition0 < A_ < A, < 1 and p(+) satisfies the conditions (1) and (2), and
w € Ay(.y(lo). Then for every trigonometric polynomial T, in T, and k € N

k k
I8 1ty t0) < CHITall oty a1y 7 € NU{O},
where the constant C is independent of n.
Proof. The proof is obtained similarly to that of Lemma 2 by using [16, Lemma 5], where the
Bernstein inequality was proved in L.y (lo, w). O
3 Main results

Now, we present the direct and inverse theorems in the variable exponent weighted Morrey
spaces M,y 1) (Io, w).

Theorem 1 (Direct Theorem). Let f € /K/lvp(,),,\(,)(lo,w) andw € A, (lp). Assume that A(-)
satisfies the condition0 < A_ < Ay < 1 and p(-) satisfies the conditions (1) and (2). Then we
have

1
En(f)Mp(),A()(IO/w) S C Qf’(f’ E/.Mp(),)\()(lo, u))), ne N,
where the constant C > 0 is independent of f and n.

Proof. Letg € W;(.) A(,)(IO, w). By Lemma 5 we have

En (f)./\/lp(.w\(A)(Io,w) S En (f - g)./\/lp(),)[(,)(lo,w) + En (g)Mp(),/\(‘)(IO/w)
C
< Hf - gHMP(.),A(A)(Io,w) + F ||g(7’) HMP(.L/\(A)(I(),‘LU)‘
Since this inequality holds for every g € W;(.) AC) (In, w) by the definition of the K-functional
and by Lemma 4, we get
1

Ey (f)Mp(.),A(.)(IOIW) < CKy (f’ n

1
< CO'(f, —; My (Io, w)).
”)Mp<~>,A<.>(Io,w) - (f 7 C)A( )(lo, w))

Thus, the proof of Theorem 1 is complete. O
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Corollary 1 ([13]). Let f € /K/lvp(,),,\(‘)(lo), A(-) satisfy the condition0 < A_ < Ay < 1and p(-)
satisfy the conditions (1) and (2). Then we have

1
where the constant C > 0 independent of f and n.

Theorem 2 (Inverse Theorem). Let f € Mp(.),A(.)(IO, w) and w € Ap(y(lo). Assume that A(-)
satisfies the condition0 < A_ < A} < 1 and p(-) satisfies the conditions (1) and (2). Then we
have
r 1 C r—1
DS, - My ae) o, w)) < W{E () My (o) T Zlm Em (f)Mp(.M(.)(lo,w)},
m

where n € IN and the constant C > 0 is independent of f and n.

Proof. Let T, € T, be the polynomial of the best approximation to f in M p()A(-) (lo, w). For
any integer j = 1,2,..., from the definition of K-functional we obtain

1

1
K ,—) —  inf - g™
r<f 1/ My o) g6W£<~l>,rAl<A>(10,w){”f g”Mpww(’O'w) 8 ||Mp<~>,A<~>(10'W>}

< ”f T2/+1|‘Mp()A( Iow H ]+1”M A()(IO w)

Using Lemma 6, we get

H /+1HM () Tow) HT HM (A Tow) +ZH 2J+1_T p(A() (To,w)

= C{ ||T1 - TOHMP(.),/\(A)(I(),‘LU) + 22(i+1)r|’TZi+l - TZIVHMP(.),/\(A)(I(),‘LU)}
i=0

< C{El(f>/\/1 (a() Tow) + EO(f)Mp(-),A(~>(IO’w)

Since
2(i+1)rE2i(f)M,,(.),MA)(Io,w) < 2% Z m— 1Em(f) () (Tow) (8)
fori > 1, we have

” ]+1”M A()(IO w)
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No

Selecting j such that 2/ < n < 21, from (8) we get

E B 2(j+1)7’E2j+1 (f)Mp(A),A(.)(Io,w) < 1 2(j+1)rE A
2j+1 (f)Mp(,)IA(,>(Io,ZU) - 2(j+1)}’ = W 2j+1 (f)Mp(,>/)L(,)(Io,ZU)
1 < r—1
= n’ 2;:1“ b (f)MP(~>,A<~)(IO'w)'
m=
w by Lemma 4, we conclude that

1 1
ar(f, =; I < r\J,—~
(f, n,MP(.),A(.)( 0s ZU)) < CK <f TZ)MF,(A),A(.)(IOF‘U)

1
< CE2j+1 (f)./\/lp(),)[(,)(lo,w) + W H T2j+1 ”Mp(.),/\(A)(Io,w)

c & .
= L En(F) a0 o)

21141
C Z
+ W{Eo(f)/\/lp(.mm(lo,w) + ) mr_lEm(f)M,,m,A(.)(Io,w)}
c nm—l
= {Eo(f)f‘/‘;a(-)m(lofw) + mzl ' En (f)Mpm,A(-)(Io,w)}‘
Thus the proof of Theorem 2 is completed. O

Corollary 2 ([13]). Let f € Mp(-),)\(-)(l())/ A(-) satisfy the condition0 < A_ < A, <1, and p(-)
satisfy the conditions (1) and (2). Then for every r € IN we have

1 C noo
QV <f’ E’Mp(),A()(IO)) S W{EO(f)Mp(J,A()(IO) + X_:l mT’ Em(f)./\/lpm,)[(.)(lo) }/

where n € IN and the constant C > 0 is independent of f and n.
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Y #ift poboTi MU AOCAIAXKYEMO HaliKpallle HabAVDKEHHSI TPUTOHOMETPUUHMMY MOAIHOMaMM
3BAXEHMX IPOCTOpaX Moppi 3i smiaHOIO excrionenToo M) () (lo, w), Ae w —1e Barosa dpyHKLIsS
B Kaaci Myxenrymra A, (Io). AOBeAeHNo IIpsIMY Ta obepHeHy TeopeMM alpOKCHMMallii TpUroHoMe-
TPUYHVMM MIOATHOMaMM B IIPOCTOpax ./\/lp(.), A() (I, w), 110 € 3aMUKAHHIM MHOXVHY BCiX TPUTOHO-
MeTPUYHNUX HOATHOMIB Y M, 5.y (o, ).

Kntouosi croea i ppasu: 3BakeHmi mpocTip Moppi 3i 3MiHHIM TIOKa3HMKOM, HaliKpalre HabAvoKe-
HHSI, TPUTOHOMETPUIHIIT TIOAIHOM, TIpsiMa Ta 0bepHeHa TeopeMa.



