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p1-Continuity and weak pi-continuity
Boonpok C.

In this paper, we introduce the concepts of pi-continuous multifunctions and weakly pi-
continuous multifunctions by utilizing the notion of pre-.#-open sets in ideal topological spaces. We
also investigate some characterizations of pi-continuous multifunctions and weakly pi-continuous
multifunctions. Furthermore, the relationships between pi-continuous multifunctions and weakly
pi-continuous multifunctions are discussed.

Key words and phrases: pre-.%-open set, pi-continuous multifunction, weakly pi-continuous mul-
tifunction.
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Introduction

The field of the mathematical science which goes under the name of topology is concerned
with all questions directly or indirectly related to continuity. Preopen sets [23], semi-open
sets [22], a-open sets [24] and B-open sets [2] play an important role in the researching of gen-
eralizations of continuity in topological spaces. Using different forms of open sets, many au-
thors have introduced and studied various types of weak forms of continuity for functions and
multifunctions. A.S. Mashhour et. al. [23] introduced and studied the notions of preopen sets
and precontinuity in topological spaces. Precontinuity was also called almost-continuity in the
sense of T. Husain [19]. M. Przemski [28], V. Popa and T. Noiri [27] have independently defined
the notion of precontinuity in the setting of multifunctions. Moreover, V. Popa and T. Noiri [26]
showed that these notions are equivalent of each other and obtained several characterizations
of precontinuous multifunctions. V. Popa and T. Noiri [25] investigated some characterizations
of weakly precontinuous multifunctions. The concept of ideals in topological spaces has been
introduced and studied by K. Kuratowski [21] and R. Vaidyanathaswamy [29] which is one
of the important areas of research in the branch of mathematics. Every topological space is
an ideal topological space and all the results of ideal topological spaces are generalizations
of the results established in topological spaces. D. Jankovi¢ and T.R. Hamlett [20] introduced
the notion of .#-open sets in ideal topological spaces. M.E. Abd El-Monsef et. al. [1] further
investigated .#-open sets and .#-continuous functions. A. A¢ikgoz et. al. [3] introduced and
investigated the notions of weakly-.#-continuous and weak*-.#-continuous functions in ideal
topological spaces. J. Dontchev [14] introduced the notion of pre-.#-open sets and obtained a
decomposition of .#-continuity.
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In 2002, E. Hatir and T. Noiri [18] introduced the notions of semi-.#-open sets, a-.#-open
sets and B-.7-open sets via idealization and using these sets obtained new decomposi-
tions of continuity. In 2005, E. Hatir and T. Noiri [17] investigated further properties of
semi-.#-open sets and semi-.#-continuity. Moreover, E. Hatir et. al. [16] introduced and inves-
tigated the notions of strong B-.#-open sets and strongly -.#-continuous functions. In 2014,
W. Al-Omeri et. al. [9] presented and studied new classes of functions called contra
e-# -continuous functions, almost-e-.#-continuous functions, almost contra-e-.# -continuous
functions and almost weakly-e-.#-continuous functions. In 2016, W. Al-Omeri et. al. [7]
introduced and investigated new classes of continuous multifunctions called upper/lower
e-#-continuous multifunctions and upper/lower é3;-.#-continuous multifunctions by using
the concepts of e-.#-open sets and B -open sets. In 2018, W. Al-Omeri et. al. [6] presented the
degree of semi-preopenness, semi-precontinuity and semi-preirresoluteness for functions in
(L, M)-fuzzy pretopological spaces by using the implication operations and Ghareeb’s opera-
tors. In 2020, W. Al-Omeri [5] introduced and investigated mixed b-fuzzy topological spaces
and a fuzzy completely weak b-irresolute function over an initial universe with a fixed set of
parameters. In 2021, W. Al-Omeri and T. Noiri [4] introduced a new class of functions, namely,
almost e-.#-continuous functions containing the class of almost e-continuous functions by uti-
lizing the notion of e-.#-open sets due to W. Al-Omeri et. al. [8].

The purpose of the present paper is to introduce the notions of pi-continuous multifunc-
tions and weakly pi-continuous multifunctions. Furthermore, several interesting charac-
terizations of pi-continuous multifunctions and weakly pi-continuous multifunctions are
investigated.

1 Preliminaries

Throughout the present paper, spaces (X, 7) and (Y, o) (or simply X and Y) always mean
topological spaces on which no separation axioms are assumed unless explicitly stated. For
a subset A of a topological space (X, 7), the closure of A and the interior of A are denoted
by Cl(A) and Int(A), respectively. An ideal .# on a topological space (X, T) is a nonempty
collection of subsets of X satisfying the following properties:

(1) Ac Yand BC Aimply B € .7;
2) Ac SandBe S imply AUB € 7.

A topological space (X, T) with an ideal .# on X is called an ideal topological space and is
denoted by (X, T, .#). For an ideal topological space (X, 7,.#) and a subset A of X, A*(.¥) is
defined as follows: A*(.#) = {x € X : UN A ¢ .7 for every open neighbourhood U of x}.
In case there is no chance for confusion, A*(.#) is simply written as A*. In [21], A* is called
the local function of A with respect to .# and 7. Observe additionally that CI*(A) = A*U A
defines a Kuratowski closure operator for a topology 7*(.#) finer than 7, generated by the base
B(I, 1) ={U—-T|U¢ctand I' € .#}. However, (£, 1) is not always a topology [29].
A subset A is said to be x-closed [20] if A* C A. The interior of a subset A in (X, 7*(.%)) is
denoted by Int*(A).

A subset A of an ideal topological space (X,7,.#) is said to be pre-#-open [14] if
A C Int(CI*(A)). The complement of a pre-.#-open set is called pre-#-closed [14]. For a
subset A of an ideal topological space (X, 7, .#), the intersection of all pre-.#-closed sets of X
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containing A is called [15, 31] the pre-.#-closure of A and is denoted by piCI(A) (pCl,(A)).
The union of all pre-.#-open sets of X contained in A is called [31] the pre-.#-interior of A and
is denoted by pint(A).

Lemma 1 ([31]). Let A be a subset of an ideal topological space (X, t,.#) and x € X. Then the
following properties hold:

(1) x € piCI(A) if and only if UN A # & for every pre-.¥-open set U of X containing x;
(2) A is pre-.#-closed if and only if A = piCI(A);
(3) punt(X — A) = X — piCI(A);
(4) piCI(X — A) = X — punt(X — A).
Lemma 2. For a subset A of an ideal topological space (X, T, .¥), the following properties hold:
(1) if V€ 1,then VN CI'(A) C CI"(VN A) (see [16]);
(2) if F is closed in X, then Int"(AUF) C Int*(A) UF (see [32]).
Lemma 3. For a subset A of an ideal topological space (X, T, .¥), the following properties hold:
(1) piCI(A) = AUCI(Int"(A)) (see [30]);
(2) piInt(A) = AN Int(CI*(A)).

The following notions are taken from [8, 33]. A subset A of an ideal topological space
(X,7,.7) is said to be R-.#-open (respectively R-.#-closed) if A = Int (CI*(A)) (respectively
A = Cl(Int"(A))). A point x € X is called a 6-.#-cluster point of A if Int (CI*(V)) N A # &
for each open set V of X containing x. The set of all J-.#-cluster points of A is called the
0-~closure of A and is denoted by 6Cl »(A). The union of all R-.#-open sets of X contained
in A is called the #-.#-interior of A and is denoted by dInts(A). A subset A of an ideal
topological space (X, 7,.#) is said to be 6-.-closed (respectively J-.#-open) if 6Cl »(A) = A
(respectively dInt »(A) = A). A subset A of an ideal topological space (X, T,.#) is said to be
e-F-open if A C Cl(éInt 4 (A)) UInt (6Cls(A)). The complement of an e-.#-open set is called
e-#-closed.

By a multifunction F : X — Y, we mean a point-to-set correspondence from X into Y, and
we always assume that F(x) # & for all x € X. For a multifunction F : X — Y, following [10]
we shall denote the upper and lower inverse of a set B of Y by F*(B) and F~ (B), respectively,
thatis, F*(B) = {x € X : F(x) C B} and F~(B) = {x € X : F(x) N B # @}. In particular,
F~(y) ={xe X:y € F(x)} foreach pointy € Y. Foreach A C X, F(A) = UyeaF(x). Then F
is said to be surjection if F(X) =Y, or equivalent, if for each y € Y there exists x € X such that
y € F(x) and F is called injection if x # y implies F(x) N F(y) = @. Let &(X) be the collection
of all nonempty subsets of X. For any x-open set V of an ideal topological space (X, 1, .#), we
denote VI ={Ge Z(X):GCV}and V™ ={Ge Z(X):GNV # o}.
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2 On pi-continuous multifunctions

In this section, we introduce the notion of pi-continuous multifunctions and investigate
several characterizations of such multifunctions.

Definition 1. A multifunctionF : (X,t,.%) — (Y,0, #) is said to be pi-continuous if for each
x € X and each x-open sets V1, V, of Y such that F(x) C Vj and F(x) NV, # @, there exists a
pre--#-open set U of X containing x such that F(U) C V; and F(z) NV, # @ for every z € U.

Theorem 1. For a multifunction F : (X,t,.#) — (Y,0, _¢), the following properties are
equivalent:

(1) F is p1-continuous;

(2) x € punt(F* (V1) NF~ (V,)) for every x-open sets V1, Vo of Y such that F(x) C V; and
F(x)NVz # &;

(3) F™ (V1) NF~ (V,) is pre-#-open in X for every x-open sets V1, V, of Y;

(4) F~ (Ky) UFT (Ky) is pre-#-closed in X for every %-closed sets K1, K, of Y;

(5) Cl(Int*(F~(B1) UFT(By))) C F~(CI*(By)) UF*(CI"(By)) for every subsets By, By of Y;
(6) piCI(F~ (By) UFT (By)) C F~ (CI" (B1)) UFT (CI" (By)) for every subsets By, B of Y;
(7) F~ (Int* (By)) N F* (Int* (By)) C punt (F~ (By) N F* (By)) for every subsets By, By of Y.

Proof. (1) = (2) Let V4, V, be any x-open sets of Y such that F(x) C V5 and F(x) NV, # @.
Then there exists a pre-.#-open set U of X containing x such that F(z) C Vi and F(z) NV, # @
forevery z € U. Thus, U C F' (V1) N F~ (V,) and hence x € pilnt (F™ (V1) N F~ (V2)).

(2) = (3) Let V}, V, be any x-open sets of Y and x € F* (V) NF~ (V). Then we get
F(x) C Vy and F(x) NV, # &. By (2), we have x € pint (F* (V1) N F~ (V,)) and hence

F* (Vi) NE~ (Vo) C pilnt (F* (V1) NE~ (Vr)).

This shows that F* (V;) N F~ (V3) is pre-.#-open in X.

(3) = (4) From the fact that F~ (Y —B) = X — F"(B) and F*(Y — B) = X — F~(B) for
every subset B of Y, the desired result follows.

(4) = (5) Let By, By be any subsets of Y. Then CI* (B;) and CI* (B,) are x-closed in Y.
By (4), we have F~ (C1* (By)) U F* (Cl* (By)) is pre--#-closed in X and by Lemma 3, we get

Cl(Int*(F~ (B1)UF*(By))) C Cl(Int*(F~ (CI*(B1)) UF" (CI*(Ba))))
C piC1(F~ (CI*(B1)) UF*(CI*(By))) = F~ (CI"(By)) UF " (CI*(By)).

(5) = (6) Let By, B, be any subsets of Y. It follows from Lemma 3, that

piCL(F~ (By) UF*(By)) = (F~(B1) UF*(By)) UCI(Int* (F~(By) UF" (By)))
C F~(CI*(By)) U F* (CI*(By)).
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(6) = (7) Let By, B, be any subsets of Y. By (6), we have

X — pint(F~ (B1)NF*(B,))
= piCl(X — ( B1 NFT(By)))
= pCU((X —F~(B) U (X~ F*(By)))
= pol(F*(Y Bl) UF~ (Y — By))
C FH(CI*(Y — By)) UF~ (CI*(Y — By))
=F*(Y —Int"(By)) UF (Y — Int*(B,))
— (X~ F~(Int"(B1))) U (X — F* (Int" (By)) )
= X — (F~ (Int*(B1)) N F* (Int*(By)))
and hence

F~ (Int* (By)) N F* (Int* (By)) C punt (F~ (B1) NFT(By)) .

(7) = (1) Let x € X and Vi, V; be any x-open sets of Y such that F(x) C V; and
F(x)NV, # &. By (7), we have F* (V1) N F~ (Va) C pilnt (F™ (V1) N F~ (V2)).

Now, put U = F* (V) N F~ (V). Then U is a pre-.#-open set of X containing x such that
F(z) € Vyand F(z) NV, # @& for each z € U. This shows that F is pi-continuous. O

Definition 2. A function f : (X,7,.%) — (Y,0, ¢) is said to be pi-continuous if f~*(V) is
pre-#-open in X for every x-open set V of Y.

Corollary 1. For a function f : (X,7,.%) — (Y, 0, 7 ), the following properties are equivalent:
(1) f is p1-continuous;

(2) for each x € X and each x-open setV of Y containing f(x), there exists a pre-.# -open set
U of X containing x such that f(U) C V;

(3) f~Y(F) is pre--#-closed in X for every x-closed set F of Y
(4) CI(Int*(f~*(B))) C f~1 (CI*(B)) for every subset B of Y;
(5) piCL(f~1(B)) C f~1 (CI*(B)) for every subset B of Y;

(6) f~1 (Int"(B)) C pilnt (f~*(B)) for every subset B of Y;
(7) f(pCI(A)) C CI*(f(A)) for every subset A of X.

Definition 3 (4]). A functionf : (X, t,.#) — (Y,0, ¢ ) is said to be almost e-.# -continuous if for
each R-.-open set V of Y containing f(x), there exists an e-.¥ -open set U of X containing x
such that f(U) C V.

Remark 1. For a function f : (X, 1, #) — (Y,0, ¢ ), the following implication holds:

pi-continuity = almoste-.% -continuity.
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The converse of the implication is not true in general. We give an example for the implica-
tion as follows.

Example 1. Let X = {a,b,c,d} with a topology © = {@&,{a},{b},{a,b}, X} and an ideal
= {o@,{a}}. LetY = {1,2,3,4} with a topology 0 = {@,{1},{2},{3},{1,2},{1,3},
{2,3},{1,2,3},Y} and an ideal ¢ = {@,{1}}. Let f : (X,7,.#) — (Y,0, #) be a function
defined as follows: f(a) = f(c) =2, f(b) = 1 and f(d) = 4. Then f is almost e-.¥ -continuous
but f is not pi-continuous.

Recall (see [11]) that a family % of subsets of an ideal topological space (X, T,.#) is called
*-locally finite if every x € X has a x-neighbourhood which intersects only finitely many ele-
ments of %. A subset A of an ideal topological space (X, 7,.#) is said to be x-paracompact if
every cover of A by x-open sets of X is refined by a cover of A which consists of x-open sets of
X and is x-locally finite in X. A subset A of an ideal topological space (X, T,.#) is said to be
*-regular if for each x € A and each x-open set U of X containing x, there exists a x-open set V
of X such thatx € V C Cl(V) C U.

Lemma 4 ([11]). Let A be a subset of an ideal topological space (X,t,.#). If A is a x-regular
x-paracompact set of X and each x-open set U contains A, then there exists a x-open set V
such that A C V C CI(V) C U.

A multifunction F : (X, 7, .#) — (Y,0, ¢ ) is called punctually *-paracompact (respectively
punctually x-regular) if for each x € X, F(x) is x-paracompact (respectively x-regular). For a
multifunction F : (X,7,.#) — (Y,0, _#), a multifunction piCIF : (X,7,.%) — (Y,0, 7)is
defined as follows: [piClF](x) = piCl(F(x)) for each x € X.

Lemma 5. If F : (X,7,.9) — (Y,0, #) is punctually x-regular, punctually x-paracompact,
then [piCIF| ™ (V) = F(V) for every x-open set V of Y.

Proof. Let V be any *-open set of Y and x € [piCIF]" (V). Then piCl(F(x)) C V and hence
F(x) C V. Therefore, we have x € F*(V) and so [piCIF|" (V) C F* (V).

On the other hand, let V be any x-open set of Y and x € F" (V). Then F(x) C V.
Since F(x) is punctually x-regular and punctually x-paracompact, by Lemma 4, there exists
a x-open set G such that F(x) C G C CI(G) C V, hence piCl(F(x)) C CI(G) C V. Therefore,
x € [piCIF] (V) and so F* (V) C [piCIF] " (V). Thus, [piCIF] T (V) = FH (V). O

Lemma 6. For a multifunctionF : (X, t, %) — (Y,0, ¢ ), it follows that for each x-open set V
of Y we have [piCIF|~ (V) = F~ (V).

Proof. Let V be any -opensetof Y and x € [piCIF]~ (V). Thus, piCl(F(x)) NV # & and hence
F(x) NV # @. Therefore, x € F~ (V) and so [piCIF]~ (V) C F~ (V).

On the other hand, let x € F~ (V). Then we have @ # F(x) NV C piCl(F(x)) NV and so
x € [piICIF]~ (V). Thus, F~ (V) C [piCIF]~ (V). This shows that [piCIF]|~ (V) = F~ (V). O

Theorem 2. LetF : (X, 1, .#) — (Y,0, _#) be punctually x-regular and punctually *-paracom-
pact. Then F is pi-continuous if and only if piCIF : (X, t, %) — (Y, 0, ¢ ) is pi-continuous.
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Proof. Suppose that F is pi-continuous. Let x € X and Vj, V; be any x-open sets of Y such that
(piCIF)(x) € Vp and (piCIF)(x) NV, # @. By Lemma 5 and Lemma 6, we have
x € [pCIF|T (Vy) = Ft (V1) and x € [piCIF]~ (V,) = F~ (Va). Therefore, F(x) C V; and
F(x) NV, # @. Since F is pi-continuous, by Theorem 1, x € pint (F* (V;) NF~ (V3)) and
hence x € pilnt([piCLF|* (V;) N [piCIF|~ (V) ). This shows that piCIF is pi-continuous.
Conversely, suppose that piCIF is pi-continuous. Let x € X and V;, V, be any x-open
sets of Y such that F(x) C Vj and F(x) NV, # &. By Lemma 5 and Lemma 6, we have
x € F* (V1) = [pCIF]T (Vy) and x € F~ (V,) = [piCIF]~ (V7). By the pi-continuity of piCIF,
x € pint([piCIF]* (Vy) N [piCIF]~ (V) ) and hence x € pint (™ (V4) N F~ (V)). Therefore,
by Theorem 1, F is pi-continuous. O

3 On weakly pi-continuous multifunctions

In this section, we introduce the notion of weakly pi-continuous multifunctions. Moreover,
some characterizations of weakly pi-continuous multifunctions are investigated.

Definition 4. A multifunctionF : (X,t,.%) — (Y,0, #) is said to be:

(i) weakly pi-continuous at a point x € X if for each x-open sets Vi,V, of Y such that
F(x) € V' NV, , there exists a pre-#-open set U of X containing x such that
F(U) c CI" (V1) and F(z) N CI* (V) # @ forevery z € U;

(ii) weakly pi-continuous if F has this property at each point of X.

Theorem 3. For a multifunction F : (X,7,.%) — (Y,0, #), the following properties are
equivalent:

(1) F is weakly pi-continuous;

(2) x € piCI(FT(CI"(Vy)) N EF~(CI"(V))) for every %-open sets Vi, V, of Y such that
F(x)e Vi nVy;

(3) x € Int(CI"(F*(CI"(V1)) N F~(CI*(V2)))) for every x-open sets Vy, V5 of Y such that
F(x) € Vi N V;.

Proof. (1) = (2) Let V4, V, be any x-open sets of Y such that F(x) € V;" NV, . Then there
exists a pre-.#-open set U of X containing x such that F(z) C CI* (V1) and F(z) NCl* (V) # @
forevery z € U. Thus, we have x € U C F*(CI* (V;) ) NF~ (CI* (V3) ). Since U is pre-.#-open,
we have

x € U = pint(U) C pidnt(F*(CI* (V1) ) NF~ (CI* (V2) ).

(2) = (3) Let V4, V, be any x-open sets of Y such that F(x) € V;" NV, . By (2), we have
x € pilnt(F*(CI* (V;) ) N F~ (CI* (V») )) and by Lemma 3, we get

x € Int(CI*(F" (CI* (V1)) NF~ (CI* (V2)))).
(3) = (1) Let V4, V; be any x-open sets of Y such that F(x) € V;" NV, . Then

x€ Ft (V) NF~ (V) C FY(CI* (V1)) NF~ (CI* (Vp)).
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By (3), we have x € Int(CI*(F* (CI* (V4)) N F~ (CI* (V3)) )) and by Lemma 3, we obtain
x € pilnt(F* (CI* (V1)) NF~ (CI* (Va))).
Put
U = pilnt(F*(CI* (V1) ) N F~ (CI* (V2) ),
then U is a pre-.#-open set containing x such that F(z) C CI* (V;) and F(z) NCl* (V;) # & for
every z € U. This shows that F is weakly pi-continuous. O

Theorem 4. For a multifunction F : (X,7,.%) — (Y,0, #), the following properties are
equivalent:

(1) F is weakly pi-continuous;

(2) F* (Vi) N F~ (Vo) C Int(CI*(F* (CI*(V4)) N F~ (CI"(V,)))) for every %-open sets
Vi,VoofY;

(3) Cl(Int*(F* (V1) UF~(V»))) C F™(CI"(V4)) UF~ (CI*(V»)) for every x-open sets
Vl, V2 of Y,'

(4) Cl(Int*(F~ (Int* (K1) ) UFT (Int* (Ky)))) C F* (K1) UF~ (Ky) for every x-closed sets
Ki, Ky of Y;

(5) piCl (F~ (Int* (Kq) ) UFT (Int* (Kz) )) C F* (Ky) UF~ (Ky) for every x-closed sets Ky, K»
of Y;

(6) piCI(F~ (Int* (CI" (By)) ) UFT (Int*(CI*(By)))) C F*(CI" (By) ) UF~ (CI*(By)) forevery
subsets B1, By of Y;

(7) F* (Int*(B1)) NF~ (Int*(By)) C punt(F* (CI*(Int*(By))) NF~ (CI"(Int*(By)))) for every
subsets By, B, of Y;

(8) F* (Vi) NF~(V,) C punt(F* (CI*(V1)) NE~(CI*(V,))) for every x-open sets Vy, V, of Y;

(9) pCI(F~(Vh1) UFT(V,)) C F~ (CI" (V1)) UFT(CI*(V)) for every x-open sets V;, V of Y.
Proof. (1) = (2) Let V4, V, be any x-open sets of Y and x € F™ (V1) N F~ (V;). Then we have
F(x) € V;" NV, . By (1), there exists a pre-.#-open set U of X containing x such that F(z) C
CI* (V1) and F(z) NCI* (V,) # @ for every z € U. Thus, U C F*(CI* (V;) ) NF~(CI* (V2) ).
Since U is pre-.#-open, we get

x € U C Int(CI*(U)) C Int(CI*(E* (CI*(V1)) N F~(CI*(Va))))
and hence F* (V;) NF~ (V,) C Int(CI*(F*(CI*(V1)) N F~ (CI*(V2)))).
(2) = (3) Let Vi, V, be any x-open sets of Y. Then we have
X — (FH(CI*(V1))UF~ (CI"(Wr)))
= (X—F"(CI"(\))) N (X — F (CI*(V2)))

=F (Y -Qr'(vy)) nF" (Y - CI"(V2))

C Int(CI* (F~ (CI* (Y = CI*(W1))) N FH(CI* (Y — CI*(V2)))))
= Int(CI"*(F~ (Y — Int* (CI"(V1))) N F* (Y — Int*(CI*(V4)))))
C Int(CI*(F (Y = Vi) NF (Y — Vp)))

= Int(CI*(X — (F* (Vi) UF~ (V1))

= X - Cl(Int*(F" (V1) UF (Vr)))



pi-Continuity and weak pi-continuity 179

and hence
Cl(Int* (F* (V1) UF™(V))) C FT(CI*(V4)) UF (CI*(V2)).

(3) = (4) Let Ky, K; be any x-closed sets of Y. Then Int* (Kj ) and Int* (K;) are x-open sets
of Y. By (3), we get

CI(Int* (F* (Int*(K)) U F~ (Int* (K2)) )) € F*(CI* (Int*(Ky))) U F~ (CI* (Int*(K,)) )
C F*(K1) UF (Kp).
(4) = (5) Let Ky, K, be any x-closed sets of Y. Then by (4), we have
Cl(Int* (F* (Int*(K7)) UF~ (Int*(K2)))) C F"(Kq) UF~ (Ky).
Since F* (Int*(K;)) UF~ (Int*(Ky)) C F*(K;) UF~(Ky) and by Lemma 3, we obtain
piClL(F* (Int*(Ky)) UF™ (Int*(Ky))) € FH(Ky) UF(Ky).

(5) = (6) Let By, B, be any subsets of Y. Then we have C1* (B;) and CI* (B;) are x-closed
sets in Y. By (5), we have

piC1(F* (Int*(C1"(By))) UF~ (Int*(CI*(B2)))) C F"(CI*(By)) UF~ (CI*(By)).
(6) = (7) Let By, B, be any subsets of Y. By (6), we have

F*(Int*(By))NF (Int (By))
— (F~(CI*(Y ) UF*(CI*(Y — By)))

C X —pCl(F~ (Int (Cr(y — Bl))) UF" (Int* (CI*(Y — By))))

= pint(F* (CI*(Int*(By)) ) N F~ (CI* (Int*(By))))-
(7) = (8) This is obvious.
(8) = (1) Let V4, V, be any *-open sets of Y such that F(x) € V;" NV, . By (8), we obtain

x € FT (Vi) NF~ (V,) C punt (FH(CI*(V4)) NF~(C1*(V2)) ). Put
U = pilnt(F* (CI*(V4)) NEF~ (CI*(V2))),

then U is a pre-.#-open set of X containing x such that F(z) C CI* (V;) and F(z) NCl* (V,) # @
for every z € U. This shows that F is weakly pi-continuous.
(6) = (9) Let Vi, V, be any x-open sets of Y. By (6), we have

piCL(F* (V1) UF~ (V2)) C piCL(F* (Int* (C1* (V1)) ) UF~ (Int*(CI*(V2))))
C F(CI*(V4)) UF~ (CI*(V2)).
(9) = (8) Let Vi, V, be any x-open sets of Y. By (9), we have
F* (Vvi)NF~ (V») C FH(Int" (C1*(V1))) N F~ (Int*(CI*(V2)))
=X — (F(Cr"(y = CI"(W)) ) U F(CI* (Y - CI"(12))))
C X —piCl(F~ (Y = CI*(W1)) UF* (Y = CI*"(W2)))
= pilnt(FT (CI" (V1)) NF~(CI*(Va))).
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Remark 2. For a multifunctionF : (X,7,.%) — (Y,0, #), the following implication holds:
pi-continuity = weak pi-continuity.

The converse of the implication is not true in general. We give an example for the implica-
tion as follows.

Example 2. Let X = {a,b,c} with a topology T = {&,{c}, X} and an ideal .# = {&}. Let
Y = {1,2,3} with a topology ¢ = {&,Y} and an ideal ¢ = {@,{1}}. A multifunction
F:(X,7,7) — (Y,0, _¢) is defined as follows: F(a) = F(b) = {2,3} and F(c) = {1}. Then
F is weakly pi-continuous but F is not pi-continuous.
Definition 5. A function f : (X, t,.#) — (Y,0, #) is said to be weakly pi-continuous if for each
point x € X and each x-open set V of Y containing f(x), there exists a pre-.# -open set U of X
containing x such that f(U) C CI*(V).
Corollary 2. For a function f : (X,71,.%) — (Y, 0, 7 ), the following properties are equivalent:

(1) f is weakly pi-continuous;

2) fY(V) C Int(CI"(f~1(CI*(V)))) for every x-open set V of Y;

(3) Cl(Int* (f~1(V))) C f~1(CI*(V)) for every x-open set V of Y;

(4) CI(Int*(f 1 (Int*(K)))) C f1(K) for every x-closed setK of Y;

(5) pCI(f~1(Int*(K))) C f1(K) for every x-closed set K of Y;

(6) piCI(f~(Int*(CI*(B)))) C f~1(CI*(B)) for every subset B of Y;

(7) £~ (Int*(B)) C punt(f~1(CI*(Int*(B)))) for every subset B of Y;

(8) f~Y(V) C pulnt (f~1(CI*(V))) for every x-open set V of Y;

9) piCL(f~1(V)) C f~1(CI*(V)) for every x- openset V of Y.

Lemma 7 ([12]). For a subset A of an ideal topological space (X, T,.# ), the following properties
hold:

(1) if A is x-open in X, then CI"(A) = x¢CI(A);
(2) *9CI(A) is x-closed in X.
Recall (see [13]) that a subset A of an ideal topological space (X,t,.#) is said to be
R-.#*-open (respectively .#*-preopen) if A = Int* (CI"(A)) (respectively A C Int*(CI*(A))).

The complement of an R-.#*-open (respectively .#*-preopen) set is called R-.#*-closed (respec-
tively .#*-preclosed).
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Theorem 5. For a multifunction F : (X,7,.%) — (Y,0, #), the following properties are
equivalent:

(1) F is weakly p1-continuous;

(2) piCI(F~ (Int* (% CI(B1))) U F* (Int*(%¢CI(By)))) C F~ (% CI(B1)) UF* (% CI(B,)) for
every subsets By, By of Y;

(3) piCI(F~ (Int*(CI*(B1))) U F* (Int*(CI"(B2)))) C F~(p CI(B1)) UFT (g CI(By)) for
every subsets By, By of Y;

(4) pCI(F~ (Int*(CI*(V1))) U F* (Int* (CI*(V2)))) C F~(CI*(V1)) U Ft(CI*(V,)) for every
*-open sets V1, V, of Y;

(5) piCI(F~ (Int*(CI*(V4))) U F* (Int*(CI*(V2)))) € E~(CI"(Vy)) U FT (CI*(V,)) for every
I *-preopen sets V1, V, of Y;

(6) piCI(F~ (Int*(Ky)) U F™ (Int*(Ky))) C F~(Ky) UFT(Kp) for every R-_#*-closed sets
Ky, Ky of Y.

Proof. (1) = (2) Let By, B, be any subsets of X. By Lemma 7, we have x,Cl (B1) and x,Cl (B,)
are x-closed in Y. By Theorem 4, we get

piCl(F~ (Int* (% C1(By))) U F" (Int"(*¢ CL(B2)))) C F~ (*a C1(B1)) UF™ (% CL(By)).

(2) = (3) This is obvious since CI*(B) C %¢Cl(B) for every subset B of Y.

(3) = (4) This is obvious since CI*(V) = x,Cl(V) for every x-open set V of Y.

(4) = (5) Let Vy, Vo be any _#*-preopen sets of Y. Then we have V; C Int*(CI* (V;) ) and
CI*(V;) = CI* (Int* (C1*(V;))) fori = 1,2. Now, put U; = Int*(C1*(V;)), then Uj; is x-open in Y
and CI* (U;) = CI* (V). By (4), we obtain

pCL(F~ (Int* (CI* (V) ) U F* (Int* (CI* (V3)))) € B~ (CI*(V1)) U F* (CT* (V).

(5) = (6) Let Ky, Ky be any R-_#*-closed sets of Y. Then we have Int* (K;) and Int* (Kj)
are 7 *-preopenin Y. By (5), we get
piC1(F~ (Int*(K;))U F™ (Int*(K3)) )
= piC1(F~ (Int* (CI* (Int*(K7)) ) ) U F* (Int* (C1* (Int*(K7)) ) ) )
C F~(CI*(Int*(Ky))) UFT (CI* (Int*(K7))) = F~ (K1) UFT (Ky).
(6) = (1) Let V3, V, be any *-open sets of Y. Then CI* (V;) and CI* (V,) are R-_#*-closed
sets of Y. By (6), we have
piCL(F~ (V1) UFT(V2)) € piCL(F~ (Int* (CI* (V1)) ) U F* (Int* (CI*(V2)) ) )
C F~ (CI*(W1)) UF*(CI*(V2)).

It follows from Theorem 4 that F is weakly pi-continuous. O
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Corollary 3. Fora function f : (X,7,.%) — (Y,0, 7 ), the following properties are equivalent:

(1) f is weakly pi-continuous;

(2) piCI(f 1 (Int* (%9 CI(B)))) C f~1(*¢ CI(B)) for every subset B of Y;

3) piCl(f ' (Int*(CI*(B)))) C f (*9 CI(B)) for every subset B of Y;

(4) piCI(f~ (Int*(CI*(V)))) C f1(CI*(V)) for every x-open setV of Y;

(5) piCI(f~(Int*(CI*(V)))) C f1(CI*(V)) for every #*-preopensetV of Y;

(6) piCl(f 1 (Int*(K))) C f1(K) for every R-_#*-closed set K of Y.

Recall that a subset A of an ideal topological space (X, T,.#) is said to be semi-.#*-open
(respectively semi-.#*-preopen) if A C CI*(Int*(A)) (respectively if A C CI*(Int*(CI*(A)))).
The complement of a semi-#*-open (respectively of a semi-.#*-preopen) set is called
semi-.#*-closed (respectively semi-.#*-preclosed) (see [12]).

Theorem 6. For a multifunction F : (X,7,.%) — (Y,0, #), the following properties are
equivalent:

(1) F is weakly pi-continuous;

(2) pCI(F~ (Int*(CI*(V1))) U F* (Int* (CI*(V2)))) C F~(CI*(V1)) U Ft(CI*(V,)) for every
semi-_#*-preopen sets V1, Vo of Y;

(3) piCI(F~ (Int*(CI*(V4))) U F* (Int* (CI*(V2)))) € F~(CI*(V1)) U FT (CI*(V,)) for every
semi-_#*-open sets V1, Vo of Y;

(4) piCI(F~ (Int*(CI*(V1))) U F™ (Int* (CI"(V2)))) C F~(CI"(V1)) U FT(CI*(V3)) for every
7 *-preopen sets V1, V, of Y.

Proof. (1) = (2) Let V4, V, be any semi-_¢ *-preopen sets of Y. Then we have
Vi C CI"(Int*(CI*(V;)))  and  CI"(V;) = CI*(Int*(CI*(V})))
fori =1,2. Since CI* (V;) and CI* (V) are R-_# *-closed sets, by Theorem 5, we get
piCL(F~ (Int*(CI"(V1))) UFT (Int* (CI*(V2)))) C F~(CI*(Vq)) UCL* (V).

(2) = (3) This is obvious since every semi-_# *-open set is semi-_# *-preopen.

(3) = (4) Let V4, V, be any _#*-preopen sets of Y. Then we have that C1* (V;) and CI* (V)
are R-_#*-closed sets of Y. Thus, C1* (V4 ) and C1* (V;) are semi-_¢ *-open sets of Y. By (3), we
have

piCL(F~ (Int* (CI* (V) U F* (Int* (CI* (V3)))) € F~(CI*(V1)) U F* (CI*(V3)).

(4) = (1) Let V;, V; be any x-open sets of Y. Then we have that V;, V, are ¢ *-preopen sets

of Y and by (4), we obtain
piCL(F~ (V1) UF"(V2)) € piCL(F~ (Int* (C1* (V1)) ) U F* (Int* (CI*(V2)) )
F~(CI*(Vy)) UF* (CI* (V).

It follows from Theorem 4, that F is weakly pi-continuous. O
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Corollary 4. Fora function f : (X,7,.%) — (Y,0, ¢ ), the following properties are equivalent:
(1) f is weakly pi-continuous;
() pCI(f = (Inf (CF(V)))) € £~ (CF (V)
(3) piCI(f~ (Int*(CI*(V)))) C f~1(CI*(V)) for every semi-_#*-open setV of Y;
(@) pCI(f~ (Int (CI(V)))) € F7H(CF (V)

Theorem 7. For a multifunction F : (X,t,.#) — (Y,0, _¢), the following properties are
equivalent:

for every semi-_#*-preopen setV of Y;

for every 7 *-preopensetV of Y.

(1) F is weakly pi-continuous;

(2) Cl(Int*(F~ (V1) UF™(V,))) C F~(CI*(V1)) UF"(CI*(V,)) for every #*-preopen sets
Vl, V2 of Y,'

(3) pCI(F~(V4) UFT(V,)) C F~(CI*(Vy)) UFT (CI*(V,)) for every #*-preopen sets Vy, V»
of Y;

(4) FT (Vi) NF~(Va) C pi(FT(CI"(Vy)) NF~(CI*(V4))) for every _#*-preopen sets Vi, V,
of Y.

Proof. (1) = (2) Let Vq, V5 be any ¢ *-preopen sets of Y. Since F is weakly pi-continuous, by
Theorem 4 and Lemma 3, we obtain

Cl(Int*(F~ (V1) U F+(V2))) C Cl(Int*(F_ (Int*(C1*(V4))) U F* (Int*(C1*(V2)))))
P (CI (Vi) UF* (1" (V).
(2) = (3) Let Vq, V, be any _#*-preopen sets of Y. By (2) and Lemma 3, we get
piICL(F~ (V1) UFT(V,)) = (F~ (V1) UF*(V2)) UCH(Int* (F~ (V4) UFT(V2)))
F~(CI* (V1)) UF* (CI*(V2)).
(3) = (4) Let V;, V, be any _#*-preopen sets of Y. Then by (3), we have
X — pint (F (CI* (V1) )N F~ (CI*(V2)))
= piCL(X — (FT(CI*(\
= piCL((X — FF(CI*(V
= pol(P (Y —CI*(\1))
F~(CI* (Y = CI"(W)))
)
)

)N (Cl* 12))))

) U (X = F~(CI"(v2))))
UF (Y Cl*(Vz)))
UF (c1*(y CI* (1))
)
)

)
)

= (X F*(Int* (CI*(V1)))) U (X — F~ (Int*(CI*(V2))))
— (F" (Int* (Cl* 1))) NE~ (Int* (C1*(V2))))
— (F* (V1) NF~(V2))

and hence
Fr(Vi)NF (W) C sznt(F*(Cl*(Vl)) ﬂF*(Cl*(Vz))).
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(4) = (1) Let V4, V2 be any x-open sets of Y. Then we have that V;, V, are _# *-preopen sets
of Y and by (4), we obtain F*(V;) N F~(V,) C pint(F*(CI*(V;)) NEF~(CI*(V2))). It follows
from Theorem 4 that F is weakly pz-continuous. ]

Corollary 5. Fora function f : (X,t,.%) — (Y, 0, 7 ), the following properties are equivalent:
(1) f is weakly pi-continuous;
2) Cl(Int*(f~1(V))) C f~1(CI*(V)) forevery #*-preopensetV of Y;
(3) pCl(f~Y(V)) C fY(CI"(V)) for every #*-preopensetV of Y;

4) (V) C pulnt(f 1 (CI"(V))) forevery #*-preopensetV of Y.

4 Conclusion

In this paper, we have introduced two classes of multifunctions called pi-continuous
multifunctions and weakly pi-continuous multifunctions. Also, we have discussed the re-
lationships between pi-continuity and weak pi-continuity. Furthermore, several character-
izations and fundamental properties concerning pi-continuous multifunctions and weakly
pi-continuous multifunctions are established. In the upcoming work, we plan to apply the
concepts initiated in this paper to study a new generalization of pz-continuous multifunctions,
namely almost pi-continuous multifunctions. A multifunction F : (X,7,.¥) — (Y,0, 7)
is called almost pi-continuous if for each x € X and each %-open sets V;, V, of Y such that
F(x) C Vj and F(x) NV, # @, there exists a pre-.#-open set U of X containing x such that
F(U) c Int(ClI*(V4)) and F(z) NInt(Cl*(V,)) # @ for every z € U. The class of
almost pi-continuous multifunctions included in the class of weakly pi-continuous multifunc-
tions.
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Y 1iit po60Ti MM BBOAVIMO TIOHSITTSI pl-HETIEPEePBHMX MyABT(PYHKIIIN Ta CAAOKO pi-HellepepBHMX
MYABTYHKIIIM, BUKOPUCTOBYIOUM TOHSTTS IepeA-# -BIAKpUTUX MHOXMH B iA€aAbHMX TOIOAOTi-
YHMX HpOcTopax. TakoX AOCAIAXEHO AesKi xapaxTepusalil pi-HellepepBHMX MYAbT(PYHKILIN Ta
crabKo pi-HellepepBHUX MYABTYHKIIIN. KpiM TOro, 06roBopIoiOThCST B3a€MO3B SI3KM MiX pl-Helle-
PepBHMMM Ta CAA6KO pi-HellepepBHMMI MYABT(OYHKIIISIMIL.

Kontouosi cnoea i ¢ppasu: Tepea-.#-BiAKpWUTa MHOXMHA, pl-HellepepBHA MYABTYHKIIiSI, cAabKo
pi-HellepepBHA MYABTPYHKIIiS.



