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Algebras of symmetric analytic functions on Cartesian powers
of Lebesgue integrable in a power p € [1, +-00) functions

Vasylyshyn T.V.

The work is devoted to the study of Fréchet algebras of symmetric (invariant under the compo-
sition of every of components of its argument with any measure preserving bijection of the domain
of components of the argument) analytic functions on Cartesian powers of complex Banach spaces
of Lebesgue integrable in a power p € [1,+o0) complex-valued functions on the segment [0, 1] and
on the semi-axis. We show that the Fréchet algebra of all symmetric analytic entire complex-valued
functions of bounded type on the nth Cartesian power of the complex Banach space L,[0,1] of all
Lebesgue integrable in a power p € [1,+00) complex-valued functions on the segment [0, 1] is iso-
morphic to the Fréchet algebra of all analytic entire functions on C”, where m is the cardinality
of the algebraic basis of the algebra of all symmetric continuous complex-valued polynomials on
this Cartesian power. The analogical result for the Fréchet algebra of all symmetric analytic en-
tire complex-valued functions of bounded type on the nth Cartesian power of the complex Banach
space L, [0, +o0) of all Lebesgue integrable in a power p € [1, 4-00) complex-valued functions on the
semi-axis [0, +o0) is proved.

Key words and phrases: symmetric polynomial, symmetric analytic function, Fréchet algebra of
analytic functions.
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Introduction

Symmetric polynomials and symmetric analytic functions on Banach spaces with symmet-
ric structures were studied by a number of authors [1-10,12-19]. In some cases, an algebra of
symmetric continuous polynomials has a countable or even a finite algebraic basis (a subset
of an algebra is called an algebraic basis of this algebra if every element of the algebra can be
uniquely represented as a linear combination of products of powers of elements of this subset).
Since every element of the spectrum (the set of all continuous multiplicative linear functionals)
of a topological algebra of analytic functions is uniquely determined by its values on elements
of an algebraic basis of a dense subalgebra of polynomials, the knowledge of algebraic bases
of algebras of symmetric polynomials is important for the description of spectra of respective
topological algebras of symmetric analytic functions (see [1,3,5,7,12,18]). In turn, in some
cases, a topological algebra of analytic functions can be represented as a topological algebra of
analytic functions on its spectrum with a proper topologisation (see, e.g., [7]).

In this work we consider symmetric continuous polynomials and symmetric analytic func-
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tions on Cartesian powers of complex Banach spaces L,[0,1] and L,[0, +c0) of all complex-
valued Lebesgue integrable in a power p functions on [0, 1] and [0, +c0) respectively, where
1 < p < 400. We represent Fréchet algebras of symmetric entire analytic functions of bounded
type on these Cartesian powers as Fréchet algebras of entire analytic functions on their spectra.

1 Preliminaries

We denote by IN the set of all positive integers and by Z the set of all nonnegative integers.

Polynomials. A mapping P : X — C, where X is a complex Banach space, is called an
N-homogeneous polynomial, where N € IN, if there exists an N-linear mapping Ap : XN — C
such that

P(x) = Ap(x,...,x)

——
N

for every x € X.
It is known that an N-homogeneous polynomial P : X — C is continuous if and only if
|P|| < 400, where
[Pl = sup [P(x)].

[[xf <1

Consequently, for a continuous N-homogeneous polynomial P : X — C, we have
[P < [IPflx|™ ©)

for every x € X.
A mapping P : X — Cis called a polynomial of a degree at most N if it can be represented
in the form

P=Py+P;+...4+ Py,

where Py € Cand P; : X — C is a j-homogeneous polynomial for every j € {1,...,N}.
For details on polynomials on Banach spaces, we refer the reader to [11].

Algebraic combinations. Let T be an arbitrary nonempty set. A mapping f : T — C is called
an algebraic combination of mappings f, ..., fy : T — C if there exists a polynomial Q : C¥ — C
such that

f(x) = Q(fi(x),..., fi(x))

for every x € T. Mappings fi,...,fx : T — C are called algebraically independent when
Q(f1(x),..., fx(x)) = 0 for every x € T if and only if the polynomial Q is identically equal
to zero. If mappings fi, ..., fi are algebraically independent and polynomials Q;, Q, : C¥ — C
are such that

Qi(fi(x), .-, fi(x)) = Qa(f1(x), .-, fr(x))

for every x € T, then the polynomial Q; is identically equal to the polynomial Q. Thus, every
algebraic combination of algebraically independent mappings is unique.

A subset B of some algebra of mappings A is called an algebraic basis of A if every element of
A can be uniquely represented as an algebraic combination of some elements of 5. Evidently,
every algebraic basis is algebraically independent.
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Symmetric functions. Let p € [1,+o0) and n € IN. Let Q) be the Lebesgue measurable subset
of R with positive measure. Let L,(Q2) be the complex Banach space of (classes of) functions
y : QO — C, for which the pth power of the absolute value is Lebesgue integrable with the

norm
1/p
Wl = ([, o ar)

Let (L,(Q2))" be the nth Cartesian power of L,(Q2) with the norm

n 1/p
Wlhno = (3 [ P dr)
s=17Q

where y = (y1,...,yn) € (Lp(Q))".
Let Eq, be the set of all bijections ¢ : QO — Q such that both ¢ and ¢! are measurable and

preserve the Lebesgue measure. A function f : (L,(Q))" — C is called symmetric if

flyro0,...,yn00)) = f((y1,---,¥n))

for every (y1,...,yn) € (Lp(Q))" and for every o € Eq.

Denote L,[0,1] := L,([0,1]) and L,[0,4c0) := Ly([0, +oo)) For every multi-index
k = (ki,....kn) € Z such that 1 < |k| < p, where |k| = ki1 + -+ + ky, let us define a
mwm%&m (Lp[0,1])" — Cby

Ry jo (v A” ks dt,
&0

where y = (y1,...,yn) € (Lp[0,1])". If p € N, for every multi-index k = (ky,...,k,) € Z"
such that [k| = p, let us define a mapping Ry (o 4o : (Lp[0, +00))" — Cby
n
Refo o) = [ TTGs(0)"at,
[0,4-00) 5=
ks>0
wherey = (y1,...,yn) € (Lp[0, +00))".
Note that Ry o,1) and Ry o 4 o) are symmetric continuous |k|-homogeneous polynomials.

Theorem 1 ([14, Theorem 2.10]). Let N € IN. Every N-homogeneous symmetric continuous
polynomial P : (L,[0,1])" — C can be uniquely represented as an algebraic combination of
polynomials Ry (1), where multi-indexes k € Z'} are such that1 < [k| < min{p, N}.

Theorem 2 ([15, Theorem 3]). Let N € IN. Let P : (L,[0, +0))" — C be a symmetric continuous
N-homogeneous polynomial. If p N or N < p, thenP = 0. Ifp € N and N > p, then P can
be uniquely represented as an algebraic combination of polynomials Ry o 1), Wwhere k € Z',
are such that |k| = p.

Theorems 1 implies the following corollary.

Corollary 1. The set of polynomials
{Ry o) : k€ Z such that1 < |k| < p}

is algebraically independent.

Analogically, Theorem 2 implies the following corollary.
Corollary 2. Let p € IN. The set of polynomials

{Rijo,+c0) * k € 2 such that |k| = p}

is algebraically independent.
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Algebras of analytic functions. The set of all continuous multiplicative linear nontrivial func-
tionals (characters) of a topological algebra is called the spectrum of this algebra. Let us denote
M(A) the spectrum of a topological algebra .A.

Let X be a complex Banach space. Let H,(X) be the Fréchet algebra of all entire analytic
functions f : X — C, which are bounded on bounded sets, endowed with the topology of
uniform convergence on bounded sets.

Forr > 0and f € Hy(X) let

Ifll- = sup |f(x)].

llxll<r

Note that the topology of Hy,(X) is generated by any set of norms {|| - ||, : » € U}, where U is
an arbitrary unbounded subset of (0, +-0).

Note that for every x € X the functional dy : f € Hy(X) — f(x) € C, which is called a
point-evaluation functional at the point x, belongs to the spectrum of the algebra Hj,(X).

Let Hps ((Lp(€2))") be the subalgebra of the Fréchet algebra Hy, ((L,(€2))") , which consists
of all symmetric elements of Hy, ((L,(Q2))") .

The space 0331) (C"). Let M be a finite nonempty subset of Z" . Let CM be the vector space
of all mappings from M to C. Note that every element ¢ € CM can be considered as an
| M|-dimensional complex vector (&i)xenm, Where ¢ = &(k) for k € M and |M| is the cardi-
nality of M. Therefore, CM is isomorphic to C!M|. We endow the space CM with the norm

= Imax .
161l = max

For m € N, let c(%”)(C”) be the space of all sequences x = (x1,...,Xm,0,...), where x; =
(x}l), . .,x(")) eC'forje{l,...,m},and 0 = (0,...,0) € C". We endow the space c(()gq)(C”)

]
with the norm

], = (i i"#”}”)”?

j=1s=1

For every k € Z" \ {(0,...,0)}, let H]Em) : c(()gq)(C”) — C be defined by

() = Y TT ()" )

For an arbitrary nonempty finite set M C Z" such that |k| > 1 for every k € M, let us define a
mapping n](\T) : cégn)(C”) — CM by

ng\?)(x) = (H,Em)(x))keM forevery x € cégi) (cm.
We will use the following result, proved in [9].

Theorem 3 ([9, Theorem 6]). Let M be a finite nonempty subset of Z" such that |k| > 1 for
every k € M. Then

(i) there exists m € N such that for every & = (& )xem € CM there exists Xz € c(()gi)(C”)
such that nz(\zn)(xg) =

(ii) there exists a constant p > 0 such that if ||¢|| < 1, then |x¢[ls, < p for every p €
(1, +00).
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Form € N, let ], : cégi)(C") — (Lp[0,1])" be defined by

m - 3 (1)1 i SN AR 3 (n)1 -1 ) 3
] (x) (gx] [Tm] Zx] [_ ] ()

forx = (x1,...,xm,0,...) € c(()g’) (C"). Note that ], is a linear operator.

Lemma 1 ([14, Lemma 2.6]). For every x € c(()g’) (c"),

1
[T (%) |, 01] = WHXHE,,-

Consequently, ], is continuous. The following lemma is a partial result of [14, Lemma 2.7].

Lemma 2. Forevery k € Z" such that1 < |k| < pandl € N,

lH,Ezl)(x) forevery x EC(%I)(C").

Ry 01Uz (x)) = o

2 Symmetric analytic functions on Cartesian powers of L,[0,1] and
L,[0,+)

Theorem 4. Let X be a complex Banach space. Letm € N and T = {P;,P,, ..., Py} be a set of
polynomials on the space X, which has the following properties:

1) for every j € {1,...,m} the mapping P; : X — C is a continuous d;-homogeneous
polynomial, where d; € IN;

2) the set of polynomialsT is algebraically independent;

3) there exists a constant C > 0 such that for every vectorz = (z1,...,2z,) € C™" there exists
an element x, € X such that ||x;|| < C||z|« and P;(x;) = zj for every j € {1,...,m},
where ||z||0 = max {|z1|,..., |zm|} -

Let A(X) be a closed subalgebra of the Fréchet algebra Hy,(X) such that for every function
f € A(X) each term of the Taylor series of this function is an algebraic combination of elements
of the set I'. Then Fréchet algebras A(X) and H(C™) are isomorphic. The spectrum of the
Fréchet algebra A(X) coincides with the set of all point-evaluation functionals at points of the
space X.

Proof. Let f € A(X). Since A(X) C Hy(X), it follows that f is an entire analytic function of
bounded type on the space X. Therefore there exists the Taylor series } ) fu, where f, is a
continuous n-homogeneous polynomial for every n € Z., which is uniformly convergent to
the function f on every bounded subset of X. By the conditions of the theorem, every polyno-
mial f,, can be represented as an algebraic combination of elements of the set I'. By the condi-
tion 2), such an algebraic combination is unique. Since the polynomial f; is n-homogeneous, it
follows that this algebraic combination is a linear combination of n-homogeneous polynomials
of the form Pf ! sz e P,]f{”, where kq,ky, ..., km € Z, (here 0° = 1). Note that the polynomial
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P{( ! Pé(z .- Pkm is n-homogeneous if and only if dik; + ... + dyk, = n. Consequently, every
polynomial f, can be uniquely represented in the form

_ (n) k1 pka k
fo = Y DN B SRR
1Kyt oot k=11
kl,...,km€Z+

(

where “k’:,)...,km € C. Thus, every function f € A(X) can be uniquely represented in the form

o
— (n) k1 pka k
f - Z Z akl,...,kmpl PZ e Pmm/ (4)
n=0 dik1+...+dpky=n
kl,...,kWGZJr

where rx(") e C.
kl ~~rkm

r’s

Let us define a mapping J : A(X) — H(C™) in the following way. Let f € A(X). Then f
can be represented in the form (4). We set

o0
ki _k k
IHR=Y ¥ o (5)
n=0dk1+...+dmkn=n
kl,...,kmEZ+

where z = (z1,...,z,) € C™. Let us show that the function J(f) belongs to the Fréchet algebra
H(C™) for every f € A(X). By the conditions of the theorem, there exists C > 0 such that for
every vector z = (z1,...,zm) € C™ there exists x; € X such that ||x;|| < Cl|z|c and Pj(x;) = z;
forevery j € {1,...,m}. Therefore, taking into account equalities (4) and (5),

J(f)(z) = f(xz) (6)

for every z € C™. Since the function f is well-defined on the space X, by (6), the function J(f)
is well-defined on the space C". Therefore the series in the right hand side of the equality (5)
is convergent for every z € C™. Consequently, the function J(f) is analytic on the space C",
thatis, J(f) € H(C™).

Let us prove that the mapping ] is an isomorphism between Fréchet algebras A(X) and
H(C™). It can be checked that the mapping ] is linear and multiplicative.

Let us prove that J is injective. Note that for every function f € A(X) and for every element
x € X the following equality holds

f(x) =T ((Pr(x), P2(x), .., Pu(x))). )

Let functions f,¢ € A(X) be different. Then there exists xg € X such that f(xg) # g(xo).
Therefore, by (7),

J(f) ((Pi(x0), Pa(x0), - - -, Pu(x0))) # J(8) ((Pi(x0), Pa(x0), - - -, Pu(x0)))-

Thus, J(f) # J(g). Hence, the mapping ] is injective.
Let us prove that the mapping | is continuous. Let # > 0. For f € A(X) we have

TN = sup [J(f)(2)].

l[zlleo<r
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Taking into account the condition 3) and the equality (6), we obtain

sup [J(f)(z)| = sup |f(xz)] < sup [f(x)| = ||fllcr-

l[2llo<r l[llo<r [[x]|<Cr

Therefore, for every r > 0 and f € A(X), we have ||[J(f)|l < ||fllc;- Thus, the mapping ] is
continuous.
Let us prove that the mapping | is surjective. First we prove some auxiliary fact. Let 7 > 0

and f € A(X). By (7),
Ifll- = sup [f(x)] = sup [J(f)((Pr(x), Pa(x),..., Pu(x)))]

[lxll<r lxll<r
By (1), [P;(x)| < HP]-HHdef forevery x € Xand j € {1,...,m}. Therefore, if ||x|| < r, then

1(P1(x), Pa(x) ()l =

where
o(r) = max (||B[r) .

1<j<m
Therefore
sup |J(f)((Pi(x), Po(x),..., Pu(x)))| < sup |J(f)(2)] = IT(F)llper)

[l <l <r lIzlleo<p(r)

Hence, for every r > 0 and f € A(X),
1Al < 1T o) ®)

Now we prove that ] is surjective. Let ¢ € H(C™). Let us construct a function f € A(X) such
that J(f) = g. Since the function g belongs to the algebra H(C™), it can be represented as the
convergent on C" Taylor series

- bl I
- Z Z 511,- Z11222 “Zm s
n=01y+..+ly=n
11,...,IWEZ+
where z = (z1,...,2zm) € C" and By,
gn : C" = Cby

€ C. For every N € IN let us define a polynomial

/lﬂl

N

sn@ =Y Y Bz

n=0 ll+ +lm n
11,...,lm€Z+

where z = (z1,...,z,) € C™. Also we define a polynomial fy : X — C by

N

) =Y Y By P (x)PR(x) - Plr(x),

n=0 1+t ly=n
11,...,IWEZ+

where x € X. Note that fy € A(X) and J(fy) = gn for every N € IN. Also note that the
sequence {gn}%_; converges to the function g with respect to the topology of the Fréchet
algebra H(C™). By (8), forevery r > 0,j, N € N,

”fN+j —fullr < ”gN-i-j _gNHp(r)
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therefore, the fundamentality of the sequence {gn}%_; implies the fundamentality of the se-
quence {fn}3_;. Since the algebra A(X) is complete, it follows that the sequence {fn}%_;
converges to some function f € A(X). By the continuity of the mapping J,

J(f) = lim J(fy) = lim gy =g.
N—o0 N—oo
Thus, the mapping | is surjective.
Hence, the mapping | is linear, multiplicative, bijective and continuous. The continuity of
the inverse mapping J ! follows from (8). Thus, the mapping J is an isomorphism.
Let us describe the spectrum M (A(X)) of the Fréchet algebra A(X). Let us show that

every character of the Fréchet algebra A(X) is a point-evaluation functional at some point of
the space X. Let ¢ € M(A(X)). Let

z=(¢(P1), ¢(P2), ..., p(Pu)).
By the conditions of the theorem, there exists x, € X such that Pj(x;) = ¢(P;) for every
j€{1,...,m}. Consider the action of characters ¢ and d,, to the arbitrary function f € A(X).
The function f can be represented in the form (4). Then

o0

() =Y, L a, (Ple) (Pa() - (Par))

n=0diky+otdphkm=n
kl,...,kmEZ+

—Y X () (o) (g(Pu))

n=0d.k1+...+dpmkn,=n
kl,...,km€Z+

On the other hand, by the continuity, the linearity and the multiplicativity of ¢, we have

o(H=Y = o (oP) " (9(P) - (p(Pu))™

n=0d.k1+...+dpnky,=n
kl,...,km EZ+

Thus, ¢(f) = dx,(f) for every function f € A(X), that is, ¢ = Jy,. Therefore the spectrum
M(A(X)) is the set of all point-evaluation functionals at points of the space X. This completes
the proof. O

The following simple lemma will be used for proving that the subalgebra of symmetric
functions is closed in the algebra Hj, ((L,(€2))") .

Lemma 3. Let X be a complex Banach space. Let a sequence of functions {f,} ; C Hp(X)

converges to some function f € Hy(X). Let A : X — X be an arbitrary mapping. If x € X is

such that f,(A(x)) = fu(x) foreveryn € N, then f(A(x)) = f(x).

Proof. Let x € X be such that f,(A(x)) = fu(x) for every n € IN. Let r = max{||x]|, || A(x)]|}.

Since the sequence {f,}?° ; converges to f, it follows that, in particular, lgn \fn — fllr =0,
n—oo

that is,
lim sup [f(y) — fu(y)| = 0. ©)

n—o00
lyll<r

By (9), taking into account the inequalities ||x|| < r and ||A(x)| < r, we obtain

lim fu(x) = f(x) and  lim fu(A(x)) = F(A(x).
Since f,(A(x)) = fu(x) for every n € NN, it follows that nl1_r>n fn(x) = f(A(x)). By the unique-
ness of the limit of a sequence, f(x) = f(A(x)). This completes the proof. O
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Corollary 3. The algebra Hys ((L,(Q))") is a closed subalgebra of the Fréchet algebra
Hy ((Lp(Q2))") -

Proof. By Lemma 3, if the sequence of symmetric functions {f,}°; C Hj ((L,(Q))")
converges to f € Hy ((L,(€))"), then f is symmetric. Thus, Hps ((L,(€2))") is closed in
Hy ((Ly (). 0

Lemma 4. Let M be a nonempty subset of the set {k € Z". : 1 < |k| < p}. There exists a
constant C > 0 such that for every z = (zx)xem € CM there exists an element x, € (L,[0,1])"
such that ||xz[, ,j01] < Cllzlleo and Ry [o1)(xz) = zx for every k € M.

Proof. By Theorem 3, for the set M there exist numbers | € IN and pys > 0 such that for every
1
= (C)kem € CM, for which ~ < 1, there exists a sequence ¢ ¢2)(C") such that
€ q Ye 00
1 1
lvelle, < pm and HIEZ )(yg) = ¢y for every k € M, where polynomials H,EZ ) are defined by (2).

Let z = (2 )xem be an arbitrary element of CM. Consider the case ||z|| > 0. Let

2l

0=2"zle and &= |-k .
p

keM

Then
2lz 2zl 2zl 1
00 — _— < g = — .
Ielle =gt famr | =08 |~ 0 2!
I
Therefore there exists a sequence yz € c(% ) (C") such that ||y¢ Hép < pm and
)
(@) () — 22k
Hk (yC> - K] (10)

for every k € M. Let
Xz = Jy (ﬂyg),

where the mapping [, is defined by the equality (3). By Lemma 1, taking into account the
inequality [|yz(|s, < pm, we have

1 apm 21+1PM
”xz”p,n,[O,H = 21—/p”ay§”€p < Sl/p = Sl/p HZHOO

Therefore
HxZHp,n,[O,l] < C”ZHOOI

l+1pM
2l/p

where C = 2 . Note that the constant C does not depend on z. By Lemma 2, taking into

!
account the equality (10) and the |k|-homogeneity of the polynomial H ,EZ ), we obtain

1 ! 1 l 1 2l
Ry o1 (xz) = ?HIEZ)(W@) = E“'HHIEZ)(%) _ angl—k\k _ 2

for every k € M. Consider the case [|z|| = 0. In this case we set x; = 0. Evidently, Ry o 1)(xz) =
0 for every k € M. This completes the proof. O
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Lemma5. Letp € N. Let M = {k € Z", : |k| = p}. There exists a constant C > 0 such that for
every z = (zx)rem € CM there exists an element % € (L,[0, +00))" such that 1221 51,0, 400) <
Cllz[lo and Ry [0 4c0)(¥z) = zk for every k € M.

Proof. Let us define a mapping I : (L,[0,1])" — (Ly[0,4-c0))" by

[ x(b), ift €[0,1],
I(x)(t) —{ (0,...,0), ift e (1,+00),

where x € (L,[0,1])",t € [0,1]. It can be checked that

” I(x) ”p,n,[O,—i—oo) = ”pr,n,[(),l]

for every x € (L,[0,1])" and
Ry [0, 400y (1(x)) = Ry 0,17 (x)
for every x € (L[0,1])", k € Z", such that |k| = p.
By Lemma 4, there exists a constant C > 0 such that for every z = (zx)rem € CM there
exists an element x; € (Lp[0,1])" such that ||xz][, (1] < Cllz]le and Ry g1 (xz) = 2 for every
k € M. For z = (z)kem € CM, let %, = I(x;). Then

Hle‘p,n,[OnLoo) = HxZ”p,n,[O,l] < C”ZHOO

and
Ry [0,400) (%z) = Ry o7 (xz) = z¢

for every k € M. This completes the proof. O
Integral Cauchy formula [11, Corollary 7.3, p. 47] implies the following corollary.

Corollary 4. Let f € Hys ((L,(Q2))") . Then every term of the Taylor series of f is a symmetric
continuous homogeneous polynomial.

Theorem 1 and Corollary 4 imply the following corollary.

Corollary 5. Let f € Hys ((Lp[0,1])") . Then every term of the Taylor series of f can be uniquely
represented as an algebraic combination of polynomials Ry o), where k € Z!| such that
1< k| <p.

Analogically, Theorem 2 and Corollary 4 imply the following corollary.

Corollary 6. Let p € IN. Let f € Hys ((Lp[0,400))"). Then every term of the Taylor series
of f can be uniquely represented as an algebraic combination of polynomials Ry o 1), Where
k € Z"_ such that |k| = p.

Theorem 5. The Fréchet algebra Hy ((Lp[0,1])") is isomorphic to the Fréchet algebra H(C™),
where m is the cardinality of the set of multi-indexes

M={keZ}: 1<k <p}.

The spectrum of the Fréchet algebra Hys ((L,[0,1])") coincides with the set of all point-evalu-
ation functionals at points of the space (L,[0,1])".
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Proof. Let X = (Lp[0,1])", A(X) = Hps((Lp[0,1])") and I' = {Ry 1) : k € M}. Let us check
the conditions of Theorem 4. Since Ry o) is a continuous |k|-homogeneous polynomial for
every k € M, it follows that condition 1) is satisfied. By Corollary 1, condition 2) is satisfied.
By Lemma 4, condition 3) is satisfied. By Corollary 3, Hys((L,[0,1])") is a closed subalgebra
of H((L,[0,1])"). By Corollary 5, every term of the Taylor series of every f € Hys ((L,[0,1])")
can be uniquely represented as an algebraic combination of polynomials Ry ), where k €
M. Therefore, by Theorem 4, the Fréchet algebra Hy,((Lp[0,1])") is isomorphic to the Fréchet
algebra H(C™), where m is the cardinality of the set M and the spectrum of the Fréchet algebra
Hps((Lp[0,1])") coincides with the set of all point-evaluation functionals at points of the space
(Lp[0,1])". This completes the proof. O

Theorem 6. Let p € IN. The Fréchet algebra Hys ((L,[0, +00)") is isomorphic to the Fréchet
algebra H(C™), where m is the cardinality of the set of multi-indexes

M= {kez": |kl =p).

The spectrum of the Fréchet algebra Hy, ((Lp[0,4+00)") coincides with the set of all point-
evaluation functionals at points of the space (L,[0, +0))".

Proof. Let X = (Lpy[0, +00))", A(X) = Hps((Lp[0, +0))") and I = {Ry (g 4o0) : k € M}. Let
us check the conditions of Theorem 4. Since Ry [y 1) is a continuous |k[-homogeneous poly-
nomial for every k € M, it follows that condition 1) is satistied. By Corollary 2, condition 2)
is satisfied. By Lemma 4, condition 3) is satisfied. By Corollary 3, Hys((Ly[0, +0))") is a
closed subalgebra of H,((Ly[0, +00))"). By Corollary 6, every term of the Taylor series of every
f € Hps ((Lp[0, +00))™) can be uniquely represented as an algebraic combination of polynomi-
als Ry [0,400), Where k € M. Therefore, by Theorem 4, the Fréchet algebra Hy((Lp[0, +0))") is
isomorphic to the Fréchet algebra H(C™), where m is the cardinality of the set M and the spec-
trum of the Fréchet algebra Hy,((Ly[0, +00))") coincides with the set of all point-evaluation
functionals at points of the space (L,[0, +0))". This completes the proof. 0
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Bacyann T.B. Aneebpu cumempuunux aHarimuuHux ¢yHKyiil Ha 0ekapmosux cmeneHsx iHmeeposHux
3a AeGeeom y cmeneni p € [1, +00) ¢pynkyiii // Kapmarceki matem. my6a. — 2021. — T.13, N22. — C.
340-351.

PoboTy mpucBsTIeHO AOCAiIAKEHHIO aATebp Dperrie crmeTpraHMX (iHBapiaHTHMX IIOAO Ail KOM-
TIO3MIIii KOXXHOI KOOPAMHATY apTyMeHTY i3 AOBIABHOIO bieKITiero 06AacTi BU3HAUEHHS! KOOPAMHAT,
sIKa 36epirae Mipy) aHaAITHIHMX PYHKIII Ha AeKapTOBMX CTETEHSIX KOMIIAEKCHIX 6aHaXOBMX IIPO-
cropiB iHTerpoBHMX 3a AeberoM y cremneti p € [1, +00) KOMIIAEKCHO3HAUHMX (PYHKIIIN Ha BIAPi3Ky
[0,1] i na miBoci. ITokasaHo, 10 aArebpa Dpelte BCiX CHMETPUUHMX aHAAITIYIHMX IIAMX KOMILAE-
KCHO3HAUHMX (PYHKIi 06MeXXeHOTo TUITy Ha 1-TOMY A€KapTOBOMY CTeIleHi KOMIIAeKCHOro baHa-
xoBoro mpoctopy Ly[0,1] Bcix iHTerposHmx 3a Aeberom y creneni p € [1,+00) KOMIIAEKCHO3HA-
uHyX pyHKIIN Ha BiApisky [0, 1] € i3oMopdoHOIO A0 arre6pu dperire Bcix aHAATHUHMX IHAMX PYH-
Kuirt Ha ipocropi C”, Ae m — Ile MOTYXHICTh aATebpaiuHOrO 6a3mcy aare6pm BCiX CMMETPUIHIX
HeTllepepBHMX KOMIIAEKCHO3HAUHMX MOAIHOMIB Ha IIbOMY A€KapTOBOMY CTelleHi. AHaAOTiuHMIA pe-
3yABTaT AOBEAEHO AAS aATebpy Dpeltre BCiX CMMETPUYHMX aHAATIYIHIX IIAVIX KOMIIAKCHO3HAUHMX
dyHKIII1 06MeXXEeHOTO THITY Ha 11-TOMY A€KapTOBOMY CTeIleHi KOMIIAEKCHOTO 6aHaX0BOI'O IIPOCTOPY
Ly[0, +00) Bcix iHTerposrmx 3a Aeberom y cremeni p € [1,+00) KOMIAeKCHO3HAUHMX (PyHKIIiI Ha
miBoci [0, +00).

Kntouosi cnoea i ppasu: cvMeTpUIHMIA IOAIHOM, CUMeTPUYHA aHAAITHYHA PYHKIIIsI, arrebpa Dpe-
IIIe aHAAITMYHMX OYHKITI.



